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Abstract

Quantum theory developed at the beginning of the last century has made enormous
progress in the last few decades. The experimental achievements to generate and control
different quantum systems in the laboratory not only led to partial answers to funda-
mental questions of quantum theory, but also to numerous proof-of-principles demon-
strations pushing the technological progress of quantum information science. This in-
cludes, for example, the developments towards a quantum computer, promising faster
computation for several tasks or the implementation of quantum enhanced metrology
improving the precision of measurements beyond the limits imposed by classical physics.
Entanglement is a key ingredient to all this developments and it is therefore essential
to characterize and generate entangled quantum states suited for different applications.

In this thesis, we will use photons to generate entangled quantum states and con-
tribute to photonic quantum information with mainly two aspects: First, we develop
a new source to generate multi-photon entangled states with high count rates, which
enables us to observe and characterize different quantum states up to six photons. And
second, we experimentally demonstrate the applicability of these states for quantum
enhanced metrology and are able to identify useful multi-particle entanglement for the
estimation of an unknown phase shift.

The new source of multi-photon entangled states is based on the well known process
of spontaneous parametric down conversion (SPDC). Previous sources have increased
the yield of multi-photon generation using ultra-short laser pulses directly pumping a
non-linear crystal for SPDC, but these sources still suffer from low six-photon count
rates. Here, we additionally enhance these laser pulses in a cavity for ultraviolet (UV)
femtosecond pulse trains. With this cavity, we improve the count rates for six-photon
entangled states by two orders of magnitude, compared to previous sources, and demon-
strate the applicability of our source with the observation of a six-photon symmetric
Dicke state. In addition, we are interested to fully characterize our quantum states in
an efficient way. But performing full quantum state tomography is demanding, because
the measurement effort scales exponentially with the number of qubits. We therefore
demonstrate the applicability of permutationally invariant quantum state tomography,
which applies to all permutationally invariant quantum states, like for example, all
Dicke states or the Greenberger-Horne-Zeilinger state. This enables us to reduce the
measurement effort to only quadratic scaling and paves the way for future characteri-
sations of quantum states of higher qubit numbers.

For the second part of this thesis we experimentally prove the applicability of en-
tangled quantum states for quantum enhanced metrology. In the experiment, the im-
proved performance of an entangled state is clearly revealed by the direct comparison
to a separable state. In addition, we demonstrate a general criterion to characterize
the entanglement useful for the estimation of an unknown phase shift. This provides
a guideline for the future technological exploitation of multi-particle entanglement to
outperform current metrological limits.

iii





Zusammenfassung

Seit der Entdeckung der Quanten-Mechanik zu Beginn des letzten Jahrhunderts, wur-
den vor allem in den letzten zehn bis zwanzig Jahren enorme Fortschritte erziehlt. Aus
experimenteller Sicht führte diese Entwicklung zur besseren Kontrolle verschiedener
Quantensysteme im Labor, zur teilweisen Beantwortung von verschiedenen offenen
Fragestellungen in der Quanten-Mechanik, sowie zu Beweisen der experimentellen Mach-
barkeit neuer Prinzipien. Der damit mit einhergehende technologische Fortschritt kann
grundsätzlich bis zur Entwicklung eines Quantencomputers führen, von dem man sich
- für verschiedene Anwendungen - eine höhere Rechenleistung verspricht. Aber zum
Beispiel auch in der Quantenmetrologie konnte man bereits zeigen, dass man mit nicht-
klassischen Teilchen genauer messen kann, als dies mit normalen Teilchen überhaupt
möglich ist. Dies ist im Wesentlichen durch die Eigenschaft der Verschränkung von
mehreren Teilchen zu begründen, was gegenüber klassischen Teilchen der entscheidende
Vorteil ausmacht. Die Erzeugung und Charakterisierung von verschränkten Zustanden
für verschiedene Anwendungen ist deshalb von grosser Bedeutung.

In dieser Arbeit befassen wir uns mit der Verschränkung von Photonen und tragen
zur weiteren Entwicklung dieses Gebiets bezüglich zwei Punkten bei: Dies beinhaltet
einerseits die Entwicklung einer neuen Quelle zur Erzeugung und Charakterisierung
von Sechs-Photonen-Zuständen mit hohen Zählraten. Andererseits nutzen wir diese
Zustände für Phasenmessungen und sind in der Lage, diejenige Verschränkung des
Zustands, die zu einer nutzbar genaueren Phasenmessung beiträgt, zu identifizieren.

Die Quelle zur Erzeugung von mehrfach verschränkten Photonen basiert auf dem
Prozess der spontanen parametrischen Fluoreszenz (SPF). Bisherige Quellen konnten
durch den Einsatz von gepulsten Lasern die Zählraten für Vier-Photonen-Zustände
erhöhen, was aber für Sechs-Photonen-Zustände immer noch sehr niedrig ist. De-
shalb zeigen wir experimentell, wie man die für den Pumpprozess der SPF benötigten
ultravioletten Laserpulse in einem Resonator weiter erhöht. Mit diesem Resonator
sind wir in der Lage die Zähraten für Sechs-Photonen-Zustände, im Vergleich zu bish-
erigen Quellen, um zwei Grössenordnungen zu erhöhen. Dies wird mit der Erzeu-
gung eines symmetrischen Sechs-Photonen-Dicke-Zustands gezeigt. Darüber hinaus
möchten wir möglichst effizient Quantenzustände vollkommen charakterisieren können.
Dies ist anspruchsvoll, denn für Quantenzustandstomographie skaliert die Anzahl der
Messbasen exponentiell mit der Anzahl der Qubits. Eine Alternative bietet die hier
gezeigte permuationsinvariante Quantenzustandstomographie. Da zum Beispiel alle
Dicke-Zustände und der ”Greenberger-Horne-Zeilinger”-Zustand permutationsinvari-
ant sind, wird diese Symmetrie genutzt, so dass die Anzahl der Messbasen nur noch
quadratisch mit der Anzahl der Qubits skaliert.

Im zweiten Teil dieser Arbeit zeigen wir experimentell, dass man mit verschänkten
Zuständen eine Phase genauer bestimmen kann, als mit separablen Zuständen. All-
gemein können wir mit Hilfe eines Kriterums diejenige Verschränkung eines Zustands
identifizieren, die nutzbar zur genaueren Phasenmessung beiträgt. Damit schaffen wir
neue Richtlinien zur optimalen Nutzung verschränkter Zustände für Phasenmessungen.

v





1
Introduction

One of the foundation of quantum mechanics was laid at the beginning of the twentieth
century by Max Planck. He concluded in his quantum hypothesis, that energy is not
emitted or absorbed in continuous amounts, but only in discrete quantities. Few years
later, this development motivated Albert Einstein to the explanation of the photoelec-
tric effect, where a light quantum or photon absorbed by a photoelectric material leads
to the emission of an electron [1]. On the one hand, Albert Einstein contributed de-
cisively to the development of quantum mechanics, but on the other hand he was also
one of the biggest critics concerning the interpretation of quantum mechanics. This
was mainly due to the feature of entanglement, which describes a quantum system of
two or multiple particles being in a superposition of, for example, two states – the
ground and excited state. The system as a whole is fully described by this superposi-
tion, but the state of a single particle is completely unknown. If one performs now a
measurement on such a system of, for example, two entangled particles then there is
no prior information available about the result of the first particle to be measured, but
once the experimental outcome is revealed, the state of the other particle is determined
immediately. This behaviour was confusing to Albert Einstein and together with Boris
Podolsky and Nathan Rosen he questioned in the famous EPR1 paper of 1935 [2] the
complete description of physical reality by quantum mechanics. A theory can only
be considered complete if for each element of this theory a corresponding element of
reality exists, which is according to EPR in contradiction to quantum mechanics. It
took then 30 years until John Bell formulated in 1964 the ideas of the EPR paper in an
inequality based on the joint assumptions of locality and realism [3]. Locality implies
that a space-like separated, for example, two body system, which has interacted in the
past, cannot communicate faster than the speed of light. Realism is attributed to the
assumption, that independent of observation an external reality exists, which can be de-
scribed by a hidden variable model. Later on, more revised versions of Bell inequalities
have been developed [4, 5] which all allowed to experimentally test whether a physical
system follows quantum mechanics or obeys local realism. To date, all experiments are
in complete accordance with quantum theory [6, 7, 8, 9, 10] and exclude locality and
realism to hold at the same time. However, for the sake of completeness one has to

1Einstein, Podolsky and Rosen
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CHAPTER 1. INTRODUCTION

mention that despite the apparent violation of local realism, mostly technical loopholes
exist that could allow to explain the observed correlations by local realism. These are
mainly the locality loophole, which can be closed if space-like separated measurements
are performed not allowing the particles to communicate within the speed of light [9]
and the detection loophole, which requires an overall detection efficiency of more then
66.6̄% [11] to close it [10]. Although the violation of local realism is well established
a conclusive experiment closing those two loopholes at the same time is still missing.
Today also other interpretations of quantum mechanics exist assuming, for example,
a class of non-local realistic theories developed by Anthony James Leggett [12], which
have recently been violated experimentally [13, 14, 15] pointing towards alternative di-
rections of the demanding2 goal to reveal the essence of quantum mechanics by empirical
means.

Entanglement reveals not only fundamental aspects of quantum theory but also
emerged to be the key ingredient of new research fields improving multiple tasks with
respect to classical physics, such as, for example, quantum information and compu-
tation [16]. One possible future technology resulting from this field is the so called
quantum computer, which promises exponential faster computation for several tasks
[17, 18] or more efficient factorisation of large numbers [19]. Another benefit of quan-
tum information is quantum key distribution, which allows in principle perfectly secure
communication, because every measurement on a quantum state perturbs the system
and immediately allows to notice the presence of an eavesdropper [20]. Further tech-
nological improvements on the basis of entanglement are demonstrated with quantum
lithography, which enables to write features smaller than the classical diffraction limit
[21, 22] or quantum metrology which pushes the ultimate limit of measurement pre-
cision beyond the classical shot noise limit, which can be implemented, for example,
in an interferometer to measure the path length difference between two propagating
non-classical light beams [23].

To physically implement all the aforementioned tasks different two-level systems
exist, which are also called qubits, to produce the desired superposition. For the quan-
tum computer the requirements for such a physical implementation are summarized by
the Di Vincenzo criteria [24]. These criteria are very similar to the general conditions
to further exploit entanglement. These are the implementation of a scalable two level
system for large qubit numbers, a general set of gates to manipulate and create entan-
glement, long coherence times of the qubits much longer than the gate operation time,
which enables them to interact without suffering from decoherence by disturbances of
the environment and finally, the ability to read out the quantum states with high fi-
delity to generate the desired output. In the laboratory several numbers of qubits have
been achieved based on different physical realization like photons [25, 26, 27], atoms
in optical cavities [28, 29] or ultra cold atoms in optical lattices [30], trapped ions
[31, 32, 33], nuclear spin of molecules [34, 35], solid state based quantum dots [36, 37],
superconducting qubits [38, 39] or nitrogen vacancy centres in bulk diamond [40, 41].

2or maybe even unachievable
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The maximal number of prepared qubits so far is 14 [42], but today it is still very
difficult to absolutely favour one of these attempts with respect to another, which is
also represented by the fact that so many distinct physical implementations exist.

Here we will focus on the implementation with photons for quantum information us-
ing their polarization as a physical qubit. This has several advantages [26]. For example,
the decoherence of photons is negligible due to their weak coupling to the environment
and they are the fastest carrier of information, which can simply be transmitted by opti-
cal glass fibres over large distances. The downside of marginal decoherence is the small
probability of interaction with other photons, which is essential to generate qubit gates
for quantum computing. A solution to this problem is proposed by the scheme of opti-
cal one-way quantum computing [25], which has also been demonstrated experimentally
[43] allowing to manipulate the photons by projective measurements, phase shifters and
interference at beam splitters [26]. Another benefit of photons is the fact that different
states of entangled photons can be produced in a ”straightforward” manner using the
process of spontaneous parametric down conversion (SPDC) in combination with linear
optical elements. Proceeding in this way, photons have been intensively used for several
proof-of-principle demonstrations in the last decades [20, 44, 26].

In this work, we proceed with the development of photonic entanglement and imple-
mented to this aim a new SPDC source allowing a high yield of multi-photon generation
to characterize and observe entangled states up to six photons. This is achieved by con-
siderably increasing the laser pump power for the SPDC process within an enhancement
cavity for ultraviolet (UV) femtosecond (fs) pulse trains. Only recently, fs pulses in the
infrared wavelength region have been successfully enhanced in a cavity [45, 46, 47], but
the extension to the UV is not obvious and is demonstrated in this work for the first
time (see publication 3.1.1 [48] and Nature Photonics News & Views [49]). To further
characterize the enhancement cavity we determine the duration of the circulating laser
pulses inside the cavity. For this purpose, we profit from the non linearity of the SPDC
process, which emits in its nth order 2n photons with half the wavelength of the pump
photons (see section 2.2). The desired pulse length is then determined by counting
the four photon events in dependence on two delayed pump pulses, implemented by a
Mach-Zehnder interferometer in front of the enhancement cavity (see preprint 3.2.1).

After this short excursus to ultra short laser pulses, we will further concentrate on
the characterization and utilization of entangled quantum states based on the afore-
mentioned SPDC source for different tasks in quantum information science. For this
reason, we built a specific linear optics setup to observe the six photon entangled sym-
metric Dicke state with three excitations (see publication 3.3.1 [50]). This state has
remarkable properties: on the one hand it has a high entanglement persistence against
qubit loss [51] and on the other hand, it severs as a resource to generate other states
of lower qubit number by projective measurements [52]. Proceeding in this way we
are thus able to observe a 4 photon W state, which has the first time been observed,
or a 4 photon Greenberger-Horne-Zeilinger (GHZ) state, which has already intensively
been studied for different number of qubits [53, 54, 55, 56]. In addition we violate a
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CHAPTER 1. INTRODUCTION

Bell inequality and apply tailored entanglement witnesses to prove genuine 6-partite
entanglement for our symmetric Dicke state (see publication 3.3.2 [57]). In the next
step, we are further interested in a full characterisation of our state. To this aim, full
quantum state tomography is the method of choice [58], but the price we pay for the
complete characterisation is the exponential scaling measurement effort with the num-
ber of qubits. Especially for higher qubit numbers this is a general problem. Because
the most prominent quantum states , like the GHZ and all Dicke states, are all permu-
tationally invariant3, we propose to measure only the permutationally invariant part of
our probe state. This enables us to reduce the measurement effort to only quadratic
scaling with the number of qubits. In a proof-of-principle experiment with a 4 photon
symmetric Dicke state we demonstrate the applicability of permutationally invariant
quantum tomography for future characterisations of quantum states (see publication
3.4.1 [59]).

At the beginning we have mentioned that entangled states can in principle improve
several tasks with respect to classical states. Although the benefit of entanglement
is demonstrated in numerous experiments it is not obvious to find the best suited
entangled state for the desired application. In the last chapter of this thesis we therefore
study the usefulness of quantum states, on the example of symmetric Dicke states, for
entanglement enhanced metrology. For this purpose we identify useful multi-particle
entanglement, intrinsic to our probe state, for the estimation of an unknown phase
shift beyond the classical shot noise limit (see preprint 4.1.3 [60]). Our criterion is
used for an experiment with a symmetric four photon Dicke state proving sub shot
noise sensitivity and we also compare two complete phase estimation protocols. With
this criterion at hand, useful multi-particle entanglement to directly improve a specific
technological task can be successfully characterized (see preprint 4.1.5). In addition,
we achieve in an experiment with a six photon symmetric Dicke state sub shot noise
sensitivity, which has not yet been observed for this photon number (see preprint 4.2.1).

This thesis is organized as follows: Before presenting the appropriate publications
in each chapter, every topic is introduced and parts, which are only shortly described
in the publication, will be explained in more detail. In chapter 2 the very basics for the
understanding of all the further explained experiments are given. Chapter 3 describes
the new SPDC source and the observation of the six photon symmetric Dicke state,
followed by the explanation and demonstration of permutationally invariant quantum
tomography. In the last chapter, the applicability of symmetric Dicke states with respect
to quantum phase estimation is studied and demonstrated with different experiments.

3which means that the state after exchange of two qubits stays the same
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2
Multi-partite entanglement with photons

In this chapter we will discuss the very basics, which will be used throughout this work.
It starts with the description of qubits compared to classical bits and the formal defi-
nition of entanglement. Further characterizations of entangled states by entanglement
witnesses or Bell inequalities are explained in section 3.3 on the example of the experi-
mental observation of a symmetric Dicke states. The same holds also for full quantum
state tomography, which will be described on the example of permutationally invariant
quantum state tomography in section 3.4. As motivated in the introduction, all exper-
iments described in this thesis use photons as qubits and we therefore introduce their
polarization encoded notation. In the last part of this chapter the theoretical back-
ground to spontaneous parametric down conversion (SPDC) is given, which is here the
relevant process to generate multiple entangled photons, followed by an introduction
to the general experimental framework to observe a desired entangled state by linear
optical elements.

2.1 Qubit notation and entanglement

In the classical world of ordinary computers a bit of information is either in the well
defined state 0 or 1. The difference from classical to quantum bits, or qubits, is, that
the latter can also be in a superposition of 0 and 1. This is described in quantum
mechanics by the normalized state |ψ 〉, as

|ψ 〉 = α |0 〉+ β |1 〉 (2.1)

with |α|2 + |β|2 = 1. For photons the polarization encoded qubit notation is used and
they can therefore be described as a vector on the Bloch sphere (see Fig. 2.1) as [16]

|ψ(θ, φ) 〉 = cos
θ

2
|H 〉+ eiφ sin

θ

2
|V 〉 ≡

(
cos θ

2

eiφ sin θ
2

)
; (2.2)

with θ ∈ [0, π], φ ∈ [0.2π). Here, H denotes a horizontally and V a vertically polarized
photon. A measurement on such a quantum state is represented by an observable and
the outcome of the measurement is expectation value of this observable. A general

5



CHAPTER 2. MULTI-PARTITE ENTANGLEMENT WITH PHOTONS

YX

Z
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f
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L

Figure 2.1: Bloch sphere representation of a polarization encoded qubit. The
state |ψ(θ, φ) 〉 is represented by a point on the surface of the Bloch sphere. The
angle φ corresponds to a rotation around the Z-axis and the angle θ to a rotation
around the Y-axis. The horizontal polarization H is represented by the point (0, 0). V:
vertical polarisation (π, 0); +: positive diagonal polarisation (π

2
, 0); –: negative diagonal

polarization (π
2
, π); R: right circular polarization (π

2
, π

2
); L: left circular polarization

(π
2
, 3π

2
).

observable can, for example, be described as the linear combination of the Pauli spin
operators as

σ̂(θ, φ) = cos(φ) sin(θ)σ̂x + sin(φ) sin(θ)σ̂y + cos(θ)σ̂z (2.3)

where the Pauli spin operators are given by

σ̂0 = 1 =

(
1 0
0 1

)
; σ̂x =

(
0 1
1 0

)
; σ̂y =

(
0 −i
i 0

)
; σ̂z =

(
1 0
0 −1

)
(2.4)

Further, the eigenstates of the Pauli spin operators are lying directly on the X-, Y-
and Z-axis of the Bloch sphere shown in Fig. 2.1 and are denoted by H/V, +/– (posi-
tive/negative diagonal polarization) and L/R (left/right circular polarization) with

σ̂z |H/V 〉 = ± |H/V 〉 (2.5)

σ̂x |+/−〉 = σ̂x
(
|H 〉 ± |V 〉

)
= ± |+/−〉 (2.6)

σ̂y |R/L 〉 = σ̂y
(
|H 〉 ± i |V 〉

)
= ± |R/L 〉 (2.7)

In the following, we explain the concept of entanglement, which only makes sense if
we talk about multiple particles and we therefore define states of more than one qubit.
A two qubit state is, for example, given by the tensor product of |H 〉1 ⊗ |H 〉2 =
|HH 〉, which corresponds to a 22 = 4 dimensional system. The generalization to N
qubits is very natural and a 2N dimensional quantum state is, for example, given by
|H 〉1 ⊗ ...⊗ |H 〉N = |H...H 〉. Entanglement can now be specified either for pure or
mixed states. A pure state is given, in the language of quantum mechanics, by a single
ket-vector |φ 〉 and is given as its projector

ρpure = |φ 〉〈φ | . (2.8)

6



2.2. SPONTANEOUS PARAMETRIC DOWN CONVERSION AND PHOTON
PROCESSING

A mixed state is then a mixture of several pure states and can be written in its matrix
form as

ρmixed = pi
∑

i

|φi 〉〈φi | (2.9)

with pi ≥ 0 and
∑

i pi = 1 4. A possibility to check whether a state is pure or mixed
is to calculate the trace of the states density matrix squared, which is Tr(ρ2) = 1 for
pure states and for mixed states Tr(ρ2) < 1 [16]. An example of a well known mixed
state is, for example, the state

ρwn =
1

2

(
1 0
0 1

)
, (2.10)

which is also called totally mixed state. This is the origin of equally probable measure-
ment results described as white noise. A pure quantum state is now called entangled if
it can not be written as a tensor product of two other states, as [61]

|ψab 〉 6= |ϕa 〉 ⊗ |φb 〉 (2.11)

or for mixed states
ρ 6=

∑

i

piρa ⊗ ρb (2.12)

with pi ≥ 0 and
∑

i pi = 1. If a quantum state is not entangled it is called separable.
Eq. 2.11 and 2.12 are the formal mathematical definitions of entanglement. Proving
entanglement of a quantum state in the experiment is not a obvious task and can be
realized by using witness operators or Bell inequalities, which will be explained later
on the example of a symmetric Dicke state (see section 3.3). Other methods to detect
entanglement are further described in [62, 63, 64] or in the review articles [65, 66]. In
the next section we describe how to generate entangled photons in the experiment by
using the process of spontaneous parametric down conversion.

2.2 Spontaneous parametric down conversion and pho-
ton processing

The process of SPDC originates from the interaction of an intense laser beam with a
non-linear medium, like for example, a non-linear crystal. An applied electric field ~E
(with its components Ek) induces the polarization ~P (with its components Pk) in an
anisotropic medium. The polarization Pk can be expanded into a Taylor series of the
form [67]

Pk = ε0
(
χ

(1)
k,lEl + χ

(2)
k,l,mElEm + χ

(3)
k,l,m,nElEmEn + ...

)
(2.13)

with ε0 the permittivity of the vacuum and χ(1) is the linear contribution of the dielectric
susceptibility. For the case of SPDC we are basically interested in the non-linear second

4Note that the decomposition of a mixed state into pure states is not unique.
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CHAPTER 2. MULTI-PARTITE ENTANGLEMENT WITH PHOTONS

order term χ(2), which is also used for the well known second harmonic generation. The
success probability of the SPDC process is rather low and on the order of 10−10. This
means that only for high electric fields, this process yields a non negligible contribution5.
However, during the process of SPDC a photon incident to the non-linear medium
converts into two photons with lower frequency. In terms of angular frequencies and
because of the conservation of energy we obtain

~ωp = ~ωs + ~ωi (2.14)

where p stands for pump and s, i for signal and idler. This is not the only condition
which has to be fulfilled for SPDC. Because optical materials are dispersive, they cause
relative shifts between the propagating light fields inside the medium resulting in a
phase mismatch over a specific region in space. Phase-matching is therefore needed for
conservation of momentum and we observe

~kp = ~ks + ~ki (2.15)

where km (m = p, s, i) are the components of the wave vector with angular frequencies
ωm with

km =
ωmn(ωm)

c
. (2.16)

where n(ωm) are the refractive indices of the three interacting waves and c the speed

of light. Phase-matching ∆~k = 0 = ~kp − ~ks − ~ki is naturally achieved in uniaxial
crystals, where two refractive indices are equal no = n1 = n2 and the third different
ne = n3 6= no. If the light is polarized in the plane with the wave vector ~k it is
described by the extraordinary refractive index ne and perpendicular to it with the
ordinary refractive index no. In general, the difference in the refractive indices ne and
no is called birefringence. Crystals are said to be positive if ne > no and negative
if ne < no. In practice, the refractive indices ne and no are obtained by using the
Sellmeier formula. Characteristic coefficients for different material are, for example,
given in Ref. [68]. Further, two choices in the polarizations of the down-converted
photons exist, also known as type I or type II phase matching. In the first case, the
idler and signal photons have identical polarizations and in the second case they are
orthogonal. If the momentum vectors are all aligned in parallel (~kp ||~ks,i), collinear, and
otherwise non collinear phase matching occurs.

In the experiment throughout this work we use a negative uniaxial crystal of β−barium-
borate (BBO) for type II phase matching in a collinear configuration illustrated in
Fig. 2.2. The birefringence of the crystal leads to polarization dependent splitting of
the SPDC emission cones. This birefringence causes an additional temporal walk-off be-
tween horizontally and vertically polarized photons and reduces therefore the temporal
indistinguishability affecting the entanglement of our probe state. In the experiment,

5Because SPDC is a second order process we neglect in the following the impact from cubic and
higher order susceptibilities
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Figure 2.2: Collinear SPDC emission from a type II cut BBO crystal. The
photons are emitted in two degenerate cones of horizontal and vertical polarization.
The photon emission cones intersect in a line (collinear) and will be collected by a
single mode fiber defining one spatial mode [69].

the temporal walk-off is compensated with a half wave plate and another BBO crystal
with half of the length of the initial BBO [70]. The half wave plate turns the polariza-
tion from horizontally to vertically and vice versa. After passing through the second
BBO crystal6 with switched polarizations the temporal walk-off is compensated.

To describe the full quantum mechanical state emitted from the crystal we will use
the notation of second quantization with creation and annihilation operators of photon
number n. The creation â† and annihilation â operators have the following properties:

â† |n 〉 =
√
n+ 1 |n+ 1 〉 and â |n 〉 =

√
n |n− 1 〉. (2.17)

The relevant Hamiltonian for the single mode a, collinear7 type II SPDC is given by
[72]

Ĥ = i~κ(â†H â
†
V + h.c.) (2.18)

where κ is proportional to χ(2) of the crystal and the amplitude of the electric pump
field |Ep|. The state vector |ψ 〉 is then given as

|ψ 〉 = e
i
~ Ĥt |0 〉 (2.19)

where t is the time of pump field propagating through the crystal and |0 〉 the state of
the vacuum. A detailed derivation of the state vector for collinear type II SPDC is, for
example, given in [64] and we obtain

|ψ 〉 =

√
1− tanh2 |τ |

∞∑

n=0

tanhn |τ |
n!

(â†H â
†
V )n |0 〉 (2.20)

6which is also called compensation crystal
7the non-collinear case is, for example, treated in [71]
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with τ ∝ κt (∝ |Ep|). An often used approximation for low pump powers (τ � 1) is

tanh τ ≈ τ and therefore (1 − tanh2 |τ |) 1
2 ≈ 1. Assuming a pulsed laser source8 the

probability qn to create n photon pairs per pump pulse is qn = (1−tanh2 |τ |) 1
2 tanh2n τ ≈

τ 2n. With the previous approximations for low pump powers P we observe that the
photon count rate cn = qnfr (with fr the repetition rate of the pulses) depends on the
pump power as

cn ∝ τ 2n ∝ |Ep|2n ∝ (P )n. (2.21)

For the observation of multiple photon pairs, the pump energy for the non linear crystal
is thus concentrated in short pulses, increasing the emission probability considerably
[73]. In our experiments we use therefore a mode-locked Ti:sapphire oscillator at central
wavelength of 780nm and pump our BBO crystal at a wavelength of 390nm obtained
after second harmonic generation. The repetition rate of the laser is ∼ 80MHz and the
pulse duration lies typically between 100-200fs.

To observe entanglement of multiple emission pairs, we have in addition to guarantee
indistinguishability between the emission time of the multiple photon pairs within the
coherence time of the pump pulse [73, 74, 75]. This can be achieved with a narrow
bandwidth interference filters, which broadens the coherence time of the SPDC photons
and therefore makes it impossible to determine the creation time of the photon pairs.
The coherence time for Sech shaped pulses is given as [76]

tc =
4λ2

0arcsech(1/
√

2)

cπ2∆λFWHM

, (2.22)

with ∆λFWHM the full with half maximum spectral bandwidth of the SPDC photons
and λ0 the central wavelength. For a typical interference filter of a bandwidth of 3nm
the coherence time calculates to approximately 241fs, which is clearly above the typical
pulse duration of the pump photons. In addition, the interference filter also washes-
out the indistinguishability of the (slightly) distinct spectra of signal and idler photons
emitted by a pulsed SPDC source. Finding the optimal bandwidth for the interference
filter is thus an important task, because narrow filtering leads to high quality entangled
states but also lowers the count rates significantly.

In the next step we would like to observe a specific entangled state emitted from
the previously described SPDC process. Because the desired state is often not directly
observed from the SPDC itself, the photons have to be processed with linear optical
elements, like for example mirrors, beam splitters or phase shifters (wave plates), which
are the key ingredients to construct any unitary operator building arbitrary complex
networks using optical devices [26]. If we now would like to create a state of photon
number 2n we have to split the photons into 2n different spatial modes and after
detection of one photon in each mode we have observed the state of the desired photon
number 2n. To rotate and analyse our probe state in every desired polarization basis
introduced in Eq. 2.5 we perform a polarization analysis with half- and quarter wave

8which will be explained right away
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plates followed by a polarizing beam splitter in each arm. The state is finally observed
if in each arm a photon is detected by silicon avalanche photo diodes, which destroys
the state after observation. A possible alternative to generate a desired state without
destroying it is the heralded generation by conditioned detection of auxiliary photons,
where a coincidence detection of four auxiliary photons leads to the generation of a
two photon entangled state [77, 78]. Unfortunately, the generation of more than two
entangled photons is still very challenging with this approach, because of the need of
auxiliary photons.

11





3
Experimental observation and

characterization of multi-photon Dicke
states

Multi-photon entangled states are commonly observed using pulsed SPDC sources and
dedicated linear optical setups. So far, this approach resulted in a wealth of observed
states, but with rather low multi-photon count rates. In section 3.1 we introduce a new
SPDC source and utilize it throughout all experiments in this thesis. The difference to
previous sources is, that here the SPDC is performed inside an enhancement cavity of
UV femtosecond pulse trains increasing the available pump power for SPDC drastically.
For the successful enhancement of ultra short UV laser pulses several more conditions, in
comparison to a continuous-wave (cw) laser, have to be fulfilled, which will be outlined
in the following and the experimental results are described in publication 3.1.1 [48]. In
the next section 3.2 and also in the preprint 3.2.1, we demonstrate additionally how
to measure the length of these pulses inside an UV enhancement cavity. To determine
the pulse length in the UV alternatives to the commonly used second harmonic gener-
ation (SHG) are necessary to produce the desired autocorrelation signal. Therefore, we
propose to use the nonlinearty of our SPDC process instead (see Eq. 2.20).

Based on the aforementioned new SPDC source, we are able to observe entangled
states of up to six photons with high count rates. This enables the observation and
characterization of a symmetric six photon Dicke state, which is described in section 3.3
and in publication 3.3.1 [50]. Symmetric Dicke states serve as a resource to generate
other entangled states, which will also be described. Furthermore, the entanglement
of the state is proven by entanglement witnesses described in publication 3.3.2 [57].
Finally, in section 3.4 and in publication 3.4.1 [59] we describe and verify in a proof
of principle experiment with a symmetric four photon Dicke state the applicability of
permutationally invariant quantum tomography. In comparison to full tomography,
which scales exponentially with the number of qubits, permutationally invariant quan-
tum state tomography scales only quadratically. This is a considerable advantage in
the characterization of permutationally invariant quantum states, which includes, for
example, the GHZ or all Dicke states.
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CHAPTER 3. EXPERIMENTAL OBSERVATION AND CHARACTERIZATION
OF MULTI-PHOTON DICKE STATES

3.1 High power spontaneous parametric down conver-
sion source with a ultraviolet enhancement cavity

In the end of the 1980s, the first experiments to generate correlated photons with spon-
taneous parametric down conversion (SPDC) were performed. At this time, argon-ion
lasers were typically used to pump a nonlinear crystal of LiIO3 [79] or potassium di-
hydrogen phosphate [80]. This led to the first successful attempts to violate a Bell
inequality with a SPDC source [81, 82]. Later, in the 1990s SPDC sources were devel-
oped still using argon-ion lasers, but with a non-linear crystal of β-barium borate (BBO)
in a type-II configuration. The advantage of this configuration was the possibility to
produce two photon entangled states without additional interference at a beam splitter
[83, 84, 70]. In the end of the 1990s, the development of frequency doubled femtosecond
Ti:sapphire lasers9 pumping a nonlinear crystal for SPDC led to generation and obser-
vation of higher photon numbers than two. The reason for this improvement comes
from the fact that the energy of laser pulses is concentrated in short pulse trains, which
considerably increases the emission probability of SPDC photon pairs with respect to
continuous-wave (cw) lasers [73]. Hence, pulsed femtosecond lasers pumping a nonlin-
ear crystal for SPDC have become the workhorse observing multi-particle states with
three [53, 85], four [54, 55, 86, 87, 88], five [89] or even six photons [56, 50, 90, 91, 92].
But nowadays, the frontiers of commercially available laser systems are clearly visible,
resulting in low count rates already for six photons (on the order of 10 to 80 per hour,
depending on the linear optics setup [90, 56]) due to limited ultraviolet (UV) pumping
powers on the order of ∼ 1.4W [56, 90, 91]. Another attempt achieved to increase the
pulse energy with a frequency-doubled, amplified Ti:sapphire laser with a repetition
rate of 20kHz, but did not succeed to observe a specific multi-photon entangled state
of large photon numbers [93], because of limited detection efficiency of single photon
detectors and noise originating from higher order SPDC emissions, due to too high
pulse energies compared to other SPDC experiments.

In general, higher order emissions are SPDC’ Achilles heel, which can be explained
by having a closer look at the process itself. The state emitted by a type-II, collinear
SPDC process is (see Eq. 2.20)

|Ψ 〉 =
√

1− tanh2 τ

∞∑

n=0

tanhn τ |H⊗nV ⊗n 〉 (3.1)

=
√

1− tanh2 τ
(

tanh τ |HV 〉︸ ︷︷ ︸
1st order

+ tanh2 τ |H⊗2V ⊗2 〉︸ ︷︷ ︸
2nd order

+... (3.2)

...+ tanhn τ |H⊗nV ⊗n 〉︸ ︷︷ ︸
nth order

)
(3.3)

9with a repetition rate on the order of about 100MHz
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Figure 3.1: SPDC emission. In a) and b) the emission probability amplitude fn(τ) =
(1 − tanh2 τ) tanh2n τ as a function of τ is exemplary shown for n=1 (green) up to
n=7 (red), once in a linear plot a) and once in a logarithmic plot b). The integer n
corresponds to the nth order SPDC emission.

with horizontally (H) and vertically (V) polarized photons and τ is proportional to
the pump field amplitude and the coupling between the electromagnetic field and the
crystal. In Fig. 3.1 a) the down conversion emission probability amplitude is exemplary
shown for the first up to the seventh order. It is clearly visible that with increasing τ ,
the observation of higher order emissions becomes more and more probable. In addition,
the contribution from the desired to the next higher order emission increases for big τ
(which is visible in the logarithmic plot of Fig. 3.1 b)). This means that for big τ the
ratio of the emission of the desired, for example, third SPDC order to the undesired
forth order decreases. If one would like, for example, to observe a desired state of six
photons from the third order SPDC emission, we will end up with noise originating
from the forth order SPDC emission (of eight photons) reducing the visibility of the
desired six photon state. This is a general problem inherent to SPDC and reduces the
fidelity to observe multi-qubit states of larger photon number 10.

In the following publication 3.1.1 [48] we will increase the yield of multi photon
generation by enhancing the UV pump power for SPDC in an enhancement cavity for
ultra short laser pulses. This enables us to address a regime of τ , which allows for
high count rates compared to other state of the art SPDC sources, an in-depth state
characterization [50] and, despite the contribution of higher order SPDC emissions, the
observation of genuine six photon entanglement. The initial laser pulses are generated
by a commercially available laser system11 with a 10W Nd:YVO4 laser pumping a mode-

10A solution to the problem of higher order emissions in the future is the development of photon
number resolving detectors with high detection efficiency (see for example [94, 95] and references
therein). Another promising attempt is the development of triggered single photon sources, which
would allow, by coupling of several single photon sources, the generation of a desired multi-photon
state (for a review see, for example, [96]).

11The cw-diode pumped solid state Nd:YVO4 laser is a 10W Millenia R©XS by Spectra Physics R©,
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Figure 3.2: Time and angular frequency domain picture of ultra short laser
pulses. In the time domain a) the carrier wave (orange) of the pulses emitted from the
laser is shifted with ∆φ after each round trip with respect to the pulse envelope (blue).
In the angular frequency domain b) this phase shift corresponds to a carrier envelope
offset ωCEO = ∆φCEO

Tr
and Tr is the periodicity. The angular frequency ωc denotes the

center of the frequency comb and ωr the angular repetition frequency (figure is adapted
from [97]).

locked Ti:sapphire oscillator delivering 130fs short pulses with a repetition rate fr of
80.8MHz at a wave length of 780nm with an output power of 2.05W. These pulses are
then frequency doubled with a lithium-borate (LBO) crystal delivering ∼ 0.54W at
390nm. Now, instead of directly pumping our BBO crystal for SPDC we additionally
enhance these femtosecond UV pulses in a cavity and place our BBO crystal inside.
Due to the cavity enhancement of the UV pulses the pump power is thus considerably
increased.

For the infrared regime, ultra short laser pulses12 have been successfully enhanced
in cavities to generate, for example, high order harmonics [45, 46, 47] and we adopt this
technique to the UV, a wavelength region which has not yet been applied to femtosecond
enhancement cavities. In general, the enhancement of ultra short laser pulses is more
challenging than in the cw case, because the spectrum of a mode-locked laser contains
not only a single cw mode but a comb of such modes (see Fig. 3.2) containing the
frequencies

ωn = nωr + ωCEO (3.4)

with ωr = 2πfr the angular repetition frequency and ωCEO the angular carrier envelope

the Ti:sapphire oscillator is a Tsunami R©by Spectra Physics R©
12on the order of 200fs
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offset frequency [98]. Therefore, to achieve coherent pulse addition in a cavity basically
three conditions have to be fulfilled:

(I) The round trip time of a laser pulse inside the cavity has to be set in such a way
that a cavity pulse perfectly overlaps with an external laser pulse entering the
cavity. Or in frequency language: the laser frequency fr and the cavity frequency
c

Lcav
have to match (c is the velocity of light and Lcav the length of the cavity).

(II) The difference between the carrier envelope offset frequency of a cavity and laser
pulse has to be zero.

(III) Dispersion inside the cavity has to be minimized, in order to avoid a shift of the
frequency comb modes inside the cavity, with respect to the frequency comb of
the laser.

Dispersion inside the cavity mentioned in point (III) can be compensated by chirped
mirrors [99] inserting negative dispersion to the pulses. Point (I) can be fulfilled by con-
trolling the cavity length Lcav according to an error signal, which is typically generated
either by the Hänsch-Couillaud technique [100] or the Pound-Drever-Hall technique
[101] and for point (II) the carrier envelope offset can be stabilized - if necessary - using
a f -to-2f interferometer, which is explained, for example, in Ref.[102] 13.

To calculate the power enhancement inside the cavity with respect to the input
power, we assume an incident electric light field of E0(t) = 1

2
(E0e

iωt+E0e
−iωt) in front of

the input coupler (IC). This is incident to a four mirror bow-tie cavity shown in Fig. 3.3.
The electric field after transmission through the input coupler tIC(ω), reflectivity on
the mirrors rM(ω) and transmission through additional components tloss(ω) after one
round trip calculates to E1 = tIC(ω)tloss(ω)rM(ω)3rIC(ω)E0e

iφ(ω) with φ(ω) the round
trip phase. In the following we denote the quantity G(ω) as the round trip gain with
G(ω) = tloss(ω)rM(ω)3rIC(ω)eiφ(ω). If the electric field amplitude is now superimposed
after every round trip and the circulating field amplitude calculates to

Ecav = tIC(ω)E0 + tIC(ω)E0G(ω) + tIC(ω)E0G(ω)2 + ... (3.5)

Eq. 3.5 corresponds to a geometric progression and we obtain

Ecav = tIC(ω)E0

∞∑

n=0

(
G(ω)

)n
=
tIC(ω)E0

1−G(ω)
. (3.6)

13In our case, we did not use chirped mirrors, because the enhancement was sufficient even without
dispersion compensation. Adjusting the length of the cavity was performed according to the Hänsch-
Couillaud technique and we did not have to actively stabilize the carrier envelope offset, because the
drift was small and allowed for a stable cavity operation on the order of some days (for details see
publication 3.1.1 [48])
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Figure 3.3: Schematic four mirror bow-tie cavity. The input laser beam has an
electric field of E0 and is transmitted through the input coupler (IC) with transmittivity
tIC(ω). The circulating electric field inside the cavity Ecav is reflected by the mirrors (M)
with reflectivity rM(ω) and by the input coupler with reflectivity rIC(ω). Additional
losses introduced by, for example, a nonlinear crystal, air or additional components is
denoted by the transmittivity tloss(ω).

The power enhancement PE can now be calculated as the ratio between the absolute
value squared of the circulating field inside and in front of the cavity [103]

PE(ω) =
|Ecav|2
|E0|2

=
|tIC(ω)|2

1 + |tloss(ω)rM(ω)3rIC(ω)|2 − 2|tloss(ω)rM(ω)3rIC(ω)| cosφ(ω)
.

(3.7)
In the experiment further described in the following publication 3.1.1 [48] and shown

in Fig. 3.4, we achieve with our 4 mirror bow-tie cavity and a 1mm BBO crystal inside
an overall power enhancement of PEcavity = 13.3 ± 0.5 resulting in a circulating UV
power of PUV,cav = 7.2 ± 0.2W. In comparison with a UV power of ∼ 1.4W, which is
typically available for commercial laser systems used in other experiments [56, 90, 91],
we improved the pumping power for SPDC by a factor of 5. To quantify the performance
of our enhancement cavity with respect to SPDC, we count the number of six fold events
observed by the linear optics setup shown in Fig. 3.4. To this aim, we calculate the
effective six photon count rate at the output of the fibre.

Every linear optics setup has a well defined probability to observe a desired state.
Here, we count all six fold events with 3H and 3V polarized photons of all combinations
between the 12 detectors (6 detectors for H and 6 for V polarized photons). In our linear
optics setup we observe such a six fold event with probability pexp = 0.284, which is
close to the theoretical probability of pth = 25/81 = 0.30914. The observed count rates
are then divided by pexp and the effective six photon count rate is 527± 6 coincidences

14The probability p1H to observe one H photon in any out of six H detectors is 1. The probability
p2H to observe one H photon in five out of six H detectors is 5

6 . The probability p3H to observe one
H photon in four out of six H detectors is 4

6 . Proceeding the same way with V we get also p1V = 1,
p2V = 5

6 and p3V = 4
6 . The probability to observe 3H and 3V events in 6H and 6V detectors is

therefore pth =
∏6
i=1H,2H,3H,1V,2V,3V pi = 25

81
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Figure 3.4: Enhancement cavity and linear optics setup. The spontaneous para-
metric down-conversion (SPDC) source consists of a 4 mirror (M) bow-tie cavity with
a β-barium borate (BBO) crystal of 1mm length inside. The cavity is pumped with
a pulsed laser of 130fs at 390nm and 0.54W input power. The error signal of the
polarization lock drives two piezo electric transducers (PZT) mounted on mirrors M.
The down converted photons, generated in the BBO crystal, leave the cavity through
a mirror reflective (R) at 390nm and transmissive (T) at 780nm and are then guided
with a single mode (SM) fibre to the liner optics setup. The photons coupled out of the
fibre are spectrally filtered with a interference filter (IF) of ∆λ = 3nm. After dividing
the photons with beam splitters (BS) on six spatial modes, birefringence of the BS is
compensated with a pair of YVO4 crystals. In each arm a polarization analysis (PA)
is performed with half- and quarter wave plates (HWP & QWP) followed by a polar-
izing beam splitter (PBS). The photons are detected by twelve avalanche photo diodes
(APD).

per minute. This is more than one magnitude higher than in any other state-of-the-art
experiment [56, 90].

In the following publication 3.1.1 [48] we characterize the cavity and measure the
spectra of the external and circulating UV pulses to observe the spectral power en-
hancement. We further demonstrate the performance by using our enhancement cavity
as SPDC source. We measure the multi-photon count rates in dependence of the UV
pump power and show the influence of higher order SPDC emissions according to the
model of Eq. 2.21. Additionally, we apply entanglement witness to our observed states
and are able to proof genuine six-partite entanglement even for high pump powers.

3.1.1 Publication: Ultraviolet enhancement cavity for ultra-
fast nonlinear optics and high-rate multiphoton entan-
glement experiments
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Ultraviolet enhancement cavity for ultrafast
nonlinear optics and high-rate multiphoton
entanglement experiments
Roland Krischek1,2*, Witlef Wieczorek1,2, Akira Ozawa1, Nikolai Kiesel1,2†, Patrick Michelberger1,2,

Thomas Udem1 and Harald Weinfurter1,2

Ultrafast, ultraviolet light pulses are a key tool for spectro-
scopic studies (for example, molecular formation1,2 and
carrier dynamics in semiconductors3) as well as a source for
non-classical states of light4–13. The power required for many
nonlinear processes makes amplifier systems mandatory,
which significantly reduces the available repetition rate and
thus often lengthens the experimental acquisition time. Here
we adopt techniques recently developed for the infrared
regime14–16 to design the first enhancement cavity for femto-
second ultraviolet pulses. An average ultraviolet power of
more than 7 W at a repetition rate of 81 MHz is now available
to pump a nonlinear crystal inside the cavity, applied here to
implement a powerful source for high-rate experiments with
entangled multiphoton states. The field enhancement enables
a new scale of experiments in photonic quantum logic and in
nonlinear optics research, for example, to operate optical
parametric amplifiers at high repetition rates or to create
high-harmonic-frequency combs14–16.

Recent developments in generating infrared (IR) frequency
combs show that spectrally broad, ultrashort pulses can be enhanced
in narrowband resonators, provided that they are phase-coherent
with one another14–17. In the time-domain picture, a laser pulse
can then add to the circulating field inside the resonator. In the fre-
quency domain, this corresponds to the condition in which the fre-
quency comb characterizing a series of mode-locked pulses18 has
sufficient overlap with the mode spectrum of the cavity. The transfer
of these methods to the ultraviolet regime (UV), a frequency regime
not yet tested for femtosecond pulse enhancement, needs special
care due to the significantly higher dispersion of nonlinear crystals
and air, and the higher demands on the quality of the optical com-
ponents and the stability of the set-up.

An example of a nonlinear optics process in constant need of
higher pump powers is spontaneous parametric down-conversion
(SPDC), where n photon pairs are available in its nth-order emis-
sion; this process is widely applied in multiphoton entanglement
experiments. With typical systems using a frequency-doubled
Ti:sapphire mode-locked laser with an average pump power of
0.6 W at a repetition rate of �80 MHz, a wavelength of �400 nm
and a pulse duration between 100 and 150 fs, a series of exper-
iments on four-photon entangled states have been performed5,7,10,12.
More recently, high-power oscillators providing UV pump power of
�1 W have enabled six-photon experiments, but count rates are
rather low and limit state analysis due to the long measurement
times6,8,13. In contrast, increasing the pulse energy by several
orders of magnitude, as realized in amplified femtosecond laser
sources working in the kilohertz regime19, leads, at the expense of

the repetition rate, to a very high number of generated photon
pairs per pulse. However, owing to the limited detection efficiency
of the single-photon detectors, noise originating from higher-
order emissions fully dominates and renders this approach unsuit-
able for studies of multipartite entangled states. Developments in
alternative sources are promising but not yet mature enough for
multiphoton entanglement generation20–23 (see Supplementary
Information). Here, we use, for the first time, a femtosecond UV
enhancement cavity with a nonlinear crystal inside to address a
regime in which high multiphoton count rates allow an in-depth
state characterization9 and the observation of genuine six-
partite entanglement.

In the experiment, the output of a Ti:sapphire laser, delivering
130-fs pulses centred at 780 nm with an average power of 2 W
and a repetition rate of fr¼ 81 MHz, is frequency doubled by a
3-mm lithium triborate (LBO) crystal, yielding an average power
of 0.54 W at 390 nm. It is crucial for multiphoton experiments to
achieve stability in the system over days because of the long
measurement times necessary, even with increased pump power.
A beam pointing stabilization is therefore implemented to correct
for position and direction fluctuations originating in the laser and
frequency doubling unit. The femtosecond UV enhancement
cavity is designed as a bow-tie resonator with an input coupler of
97.5% reflectivity and a dichroic mirror to couple the SPDC
photons out of the cavity (Fig. 1).

The cavity has to be stabilized to continuously match the modes
of the free running, Ti:sapphire laser. The characteristic frequency-
comb spectrum fm¼mfrþ fCE depends on two parameters: the rep-
etition frequency of the pulses fr and the carrier-envelope offset fre-
quency fCE. First, we equalize fr between the laser oscillator and the
enhancement cavity by actively adjusting the cavity length. To this
end, an error signal is generated using the Hänsch–Couillaud
method24. This signal, resulting from interference between the
cavity field leaking through the input coupler and a component
reflected directly therefrom, is spectrally selected to reduce the
impact of the spectral envelope instabilities of the laser. The error
signal controls two piezoelectric transducer (PZT)-driven mirror
mounts, where the mirror on PZT 1 compensates for short-term
(maximum 2 mm travel range, �10 kHz) and the mirror on PZT 2
for long-term drifts (12 mm, �3 Hz). Second, additional servo
motors steer the Ti:sapphire laser wavelength and prism insertion
to keep its central wavelength at 780 nm and to optimize the
offset frequency fCE to maximize the intracavity power over a long
timescale (typical locking time of 24 h). Hence, no feedback
signal, for example, as generated by an f/2f interferometer18, is
required to control fCE of the Ti:sapphire laser. With this

1Max-Planck-Institut für Quantenoptik, D-85748 Garching, Germany, 2Fakultät für Physik, Ludwig-Maximilians-Universität München, D-80799 München,
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configuration, we achieve, for operation over a long time, a UV
power of PUV¼ 7.2+0.2 W inside the cavity (Fig. 1b), which corre-
sponds to an overall power enhancement of 13.3+0.5. We estimate
the intracavity pulse length to be �175 fs from an interferometric
autocorrelation measurement (Fig. 1c; see also Methods).

Air and the nonlinear crystal, here b-barium borate (BBO), cause
dispersion inside the cavity, which shifts the resonant cavity modes
away from being equidistant in frequency and consequently changes
the cavity spectrum relative to the laser spectrum. For our set-up
(Fig. 1a), the relevant group delay dispersion (GDD) calculated at
390 nm is essentially due to air (�190 fs2) and the BBO crystal
(�190 fs2), with a negligible contribution from the mirrors. The
influence of dispersion is estimated from the spectrally resolved
power enhancement (Fig. 2a, blue line), which results from dividing
the measured intracavity spectrum (orange) by the external one in
front of the resonator (black). The two spectra are similar, indicated
by the flat dependence of the power enhancement around the centre
wavelength, even without dispersion compensation. Removing the
crystal and consequently choosing an input coupler of 99% reflectiv-
ity decreases loss, yielding a UV power of 21+1 W, that is, a power
enhancement of almost a factor of 40, again with flat spectral depen-
dence (Fig. 2a, inset) due to the lower dispersion inside the cavity.
The similarity of the two power enhancement curves can be attrib-
uted to an increase in acceptance bandwidth of the resonator for the
case with a BBO crystal inside, because the finesse decreases with
higher loss. These measurements are in good agreement with calcu-
lations16 (Fig. 2b, orange and black line). Additionally, Fig. 2b shows
the expected cavity spectra for an evacuated cavity and for a reduced
crystal thickness with a broadband spectrum as cavity input.
Remarkably, our calculations show that, in an evacuated cavity

with a 0.5-mm-thick crystal (overall GDD � 95 fs2), pulses with
durations as low as 40 fs (corresponding to Dl¼ 3.9 nm) can be
enhanced without the need for dispersion compensation.

To illustrate the potential of this enhancement cavity we have
used it as a new source for experiments on linear optics quantum
logic. To evaluate its performance, we analysed the statistics of
multiphoton events and the achieved entanglement of two-, four-
and six-photon Dicke25 states (see Supplementary Information) in
dependence on the intracavity UV pump power. For this purpose,
IR photons created inside the cavity were coupled into a single-
mode fibre, and a linear optics set-up was used to distribute them
to six polarization analysers (see Methods). To evaluate the
photon detection statistics and contributions from higher-order
emissions, we used this set-up merely as a polarization-sensitive
photon number detector26. In the type-II collinear SPDC process
that was used, which generates an equal number of horizontally
(H) and vertically (V) polarized photons, the emission rate of n
photon pairs for typical pump powers is proportional to (PUV)n

(see Methods). The experimentally measured count rates are
shown in Fig. 3 and are divided into two groups: the first comprises
coincidences with an equal number of H and V polarized photons
(square symbols, Fig. 3) and thus, to a good approximation, is pro-
portional to (PUV)n (solid lines in Fig. 3). All other possible coinci-
dences with an unequal number of H and V polarized photons
(diamond symbols, Fig. 3) form the second group and can only
be due to an emission of (nþ 1) photon pairs followed by photon
loss (dashed lines in Fig. 3). Consequently, this rate is proportional
to (PUV)nþ1. The decreasing distance between solid and dashed lines
in Fig. 3 for higher n shows clearly the increasing influence of
higher-order emissions. To compare our count rates with other
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OF MULTI-PHOTON DICKE STATES

state-of-the-art experiments we evaluate the yield of the cavity
source by estimating the number of six- and eight-photon events
at the output of the fibre (see Methods). For a pump power of
PUV¼ 7.2 W, effective six- and eight-photon count rates of
527+6 and 3.9+1.0 coincidences per minute are obtained, respect-
ively. The six-photon count rate is almost two orders of magnitude
higher than achieved in any other state-of-the-art experiment6,8.
Despite the high pump power, which results on the one hand in
an increased photon count rate, but, on the other hand, in a
higher contribution from SPDC noise, all observed states still
show genuine multiphoton entanglement9. The overall entangle-
ment and state fidelity are even increased thanks to an improved col-
lection efficiency caused by the mode filtering of the cavity (see
Supplementary Information and Fig. 1d).

In this Letter, we have introduced a femtoscond UV enhancement
cavity as a novel device in ultrafast nonlinear optics. For the particu-
lar case of a 1-mm BBO crystal inside the cavity, we have demon-
strated its benefits by significantly increasing the yield in
multiphoton experiments. UV pulses with an approximate duration
of 175 fs have been enhanced by an overall factor of 13 (or even 40 for
the case without a crystal), which has resulted in an improvement of
the six-photon count rate by almost two orders of magnitude without
sacrificing genuine multiphoton entanglement. With an average cir-
culating UV power of more than 7 W and a pulse energy of about
100 nJ at a repetition frequency of 81 MHz, this long-term stable

enhancement cavity is well suited for a series of different applications
in nonlinear optics such as an efficient source generating squeezed
light inside the cavity27,28, a pump source for optical parametric
amplifiers used, for example, to study molecular dynamics1,2, or as
a possible extension of recent developments for generating high-har-
monic far-UV light in a gas jet14–16.

Methods
SPDC photon preparation and analysis. Photons collinearly emitted by the cavity-
pumped SPDC were transmitted through a dichroic mirror with R390nm . 99.9%
and T780nm . 99.5%. To compensate for walk-off effects between the H and V
polarized photons emitted from the SPDC BBO crystal, a half-wave plate together
with another 0.5-mm-thick BBO crystal were positioned outside the cavity. The
SPDC photons were subsequently focused into a single-mode fibre to define
their spatial mode. To achieve spectral selection, a narrowband interference filter
(Dl¼ 3 nm) was placed at the output of the fibre. After distributing the photons
into six modes by polarization-independent beamsplitters, the birefringence of these
beamsplitters was compensated by pairs of perpendicularly orientated 200-mm-
thick birefringent yttrium-vanadate crystals (YVO4) (not shown in Fig. 1). For each
mode, we chose the direction of the polarization analysis with half- and quarter-
wave plates and detected photons in the outputs of polarizing beamsplitters using
single-photon avalanche photodiodes. The detection signals were evaluated by an
FPGA-controlled coincidence logic, which allows the simultaneous registration of
any possible coincidences. To detect the 2n-fold coincidences, we considered all
possible combinations of the 12 detectors. To compare our count rates with other
experiments we evaluated the effective number of six- or eight-photon coincidences
(with an equal number of H and V polarized photons) at the output of the fibre,
taking all possible combinations of the 12 detectors into account. For this purpose,
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we divided the experimental count rates by the probability of observing such events,
which was calculated to be 0.284 for six-photon events and 0.065 for eight-photon
events, deviating slightly from the theoretical probabilities for optimal beamsplitters
of 25/81 and 25/324, respectively, due to small asymmetries in the beamsplitting
ratios. The coincidences for the calculation of the entanglement witness were
corrected for the different relative detector efficiencies. The total uncertainty was
determined from errors on the independently measured relative detector efficiencies
and Poissonian counting statistics.

SPDC photon statistics. For a type-II collinear SPDC process we obtained
the state19

jCSPDCl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� tanh2 t

p X1

n¼0

ðtanh tÞnjV�nH�nl ð1Þ

where jV�nH�nl represents n horizontally (H) and n vertically (V) polarized
photons emitted by the source, and t is the coupling between input and output
fields, which depends linearly on the pump field amplitude, the nonlinearity of the
crystal and its length. From this state it is possible to obtain the probability of
creating n photon pairs per pulse with pn¼ (1 2 tanh2t)(tanh t)2n and thus the rate
of emission of n pairs, cn , as cn¼ pnfr. For t� 1, that is, for low pump powers, we
can approximate tanh t� t, (1 2 tanh2 t)� 1 and thus pn� t2n. Hence, increasing
the pump power PUV increases the rate of n photon pairs according to cn/ (PUV)n.
For high pump powers, the observed rate of the nth-order emission is contaminated
by photons originating from higher-order emissions due to the limited detection
efficiency, predominantly from the (nþ 1)th-order emission and the loss of two
photons. In our case, we obtained t [ [0.26, 0.46] and an overall detection efficiency
of about 14%. We applied the simple model cn/ (PUV)n to illustrate the trend for
growing pump powers. A more elaborate analysis is described in ref. 29.

Pulse length measurement of the intracavity UV pulses. Estimating the length of
ultrashort pulses can be achieved by interferometric autocorrelation. The general
idea is to overlap two pulses with different time delays and subsequently measure the
intensity of a signal derived from a nonlinear process, such as second harmonic
generation (SHG). Applying SHG is quite problematic for UV pulses, so we instead
make use of the nonlinear intensity dependence of the second-order SPDC emission.
A Michelson interferometer was therefore used in front of the cavity to create two
delayed pulses. We measured the count rates of four photon events as a function of
the pulse delay. The interferometric autocorrelation envelope provided an
approximate pulse duration of 175 fs, when assuming a sech-shaped pulse. This
value is slightly above that deduced from the spectrum (Fig. 2) because the set-up
was optimized for high entanglement visibility in the latter case. The contrast of the
signal, being approximately 4:1 (compared to an ideal of 8:1), can be attributed to a
reduced interference visibility. We would also like to note that there is no
background noise on the offset outside the interference region as random fourfold
coincidences have not been registered.
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Alternative multi-photon sources:

Recently, promising methods have been developed to generate multi-photon states. These

methods are well suited regarding the number of generated photons as a function of the pump

power, but the observation of multi-photon polarisation entangled states imposes further require-

ments, namely spectral, spatial and temporal indistinguishability1, 2. So far, the highest number of

photon pairs for pulsed sources was obtained using spontaneous processes in waveguide structures3

and photonic crystal fibres (PCF)4–6. Though these sources are promising, their application for

multi-photon entanglement studies has still to be proven. For example, the PCF sources are usu-

ally operating in the non-degenerate mode, resulting in different wavelengths for the signal and

idler photons. This prevents the use of signal and idler photons for the same linear optics logic

gates. Alternatively, working at telecom wavelengths for down converted photons might simplify

their generation due to high available pump powers. However, in this case the detection efficiency

1
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of about 10% for InGaAs-avalanche diodes is still too low for multi-photon experiments. In the

future, these systems might profit from the development of high-efficient cryogenic single photon

detectors or more elaborate waveguide and PCF structures. To date, sources based on our approach

are still the workhorses for multi-photon entanglement studies.

Multipartite entanglement depending on the intra-cavity UV pump power:

In general, distributing 2n photons from the nth order emission of a type II collinear SPDC

process symmetrically into 2n spatial modes allows to observe polarisation-entangled multi-photon

Dicke7 states. Formally, these states are described by

D
(n)
2n =




2n

n




− 1
2


i

Pi( |V ⊗nH⊗n  1,...,2n ), (1)

where


iPi(...) represents the sum over all distinct symmetric permutations of distributing 2n

photons one in each of 2n different output modes (1, ..., 2n). Here, we are able to observe the states

D
(1)
2 , D(2)

4 and D
(3)
6 , whose genuine 2n-partite entanglement has been shown recently experimentally8–11.

The high symmetry of the Dicke states enables one to formulate entanglement witnesses, which

use the collective spin-component in the x- and y-direction12,W2n = J2
x,2n+J2

y,2n, where Jx/y,2n =

1
2


k σk

x/y with σx,y being the Pauli matrices σ3
x = 11⊗2 ⊗ σx ⊗ 11⊗(2n−3). The expectation value

W2n is determined from a measurement of all photons in the σx and all in the σy basis, which

corresponds to polarisation analysis along ±45◦ linear and left/right circular polarisation, respec-

tively.

We evaluate the multipartite entanglement, which is achieved with the cavity enhanced SPDC

2
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source using W2n
12. Two-, four- and six-photon polarisation-entangled Dicke states can be ob-

served with the same linear optics setup used to determine the photon statistics. Extending previ-

ous measurements on the six-photon Dicke state10, 11, here we focus on the change of the observed

entanglement depending on the pump power (Fig. 1). All observed values are within the required

bound (shaded region) proving genuine multipartite entanglement. However, for increasing pump

power W2n decreases as the state is contaminated by coloured noise from higher order contribu-

tions. This is also reflected by the fidelity F
D

(n)
2n

(ρ) = Tr(ρ |D(n)
2n D

(n)
2n | ), which measures the

quality of the observed states ρ to the expected Dicke state D(n)
2n . For the data shown it is remarkable

that the fidelity obtained at high pump powers, where the noise contribution is highest, does not fall

below F
D

(1)
2

(ρ) > 0.860± 0.002, F
D

(2)
4

(ρ) > 0.694± 0.002 and F
D

(3)
6

(ρ) > 0.57± 0.02 for

two-, four- and six-photon entangled Dicke states, respectively. The fidelities have been estimated

using a three-setting witness described in ref.11. To increase the fidelity the pump power has to

be decreased, which results in a reduced noise contribution, but also in a lower 2n-photon count

rate. The effect of this noise can also be recognised by comparing the rates for analysis along

H/V-direction for low and high pump powers (insets in Fig. 1).
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3.2 Intra cavity ultraviolet pulse length measurement us-
ing spontaneous parametric down conversion

The development of ultra short laser pulses goes along with techniques to actually mea-
sure their duration. In general, different methods have been developed to characterize
femtosecond pulse trains in the near infrared and in the visible wavelength region to
reconstruct the actual pulse duration and temporal structure. Commonly used meth-
ods are the so called FROG [104] or SPIDER [105] techniques. Other methods are
based on interferometric autocorrelation if only information about the pulse length is
desired [106]. To this aim, non-linearities have to be involved, but the widely applied
second harmonic generation is not possible with crystals in the UV wavelength region.
Therefore, other methods have been developed, for example, two photon absorption in
diamond [107] or recently in diamond pin photo diodes [108], two photon ionization
[109], two photon fluorescence [110, 111], degenerate four wave mixing in fused silica
[112] or by using the optical Kerr effect [113].

In the preprint 3.2.1 and introduced in the following15, we present a method to
determine the pulse length of femtosecond UV pulses at 390nm inside the previously
described UV enhancement cavity (see section 3.1 and [48]). This constitutes the first
direct measurement of a pulse length inside an enhancement cavity. To this end, we
profit from the process of spontaneous parametric down-conversion (SPDC), which
emits in its nth order 2n photons with twice the wavelength of the UV pump photons
(see section 2.2). To observe the desired autocorrelation signal to retrieve the pulse
length, we split the pump pulses for the SPDC process in front of the cavity by im-
plementing a Mach-Zehnder interferometer16. These pulses recombine again on a beam
splitter and we count the number of photons emitted by the nth order process of the
SPDC in dependence of the delay between the split pulses. These count rates are in
general described by the nth order autocorrelation function by superposition of two
electric fields with delay τ and width parameter ∆t as

gn(τ) =

∫
|(E(t) + E(t− τ))n|2dt∫

|(E(t)n|2dt+
∫
|E(t− τ)n|2dt. (3.8)

Assuming a sech-shape for the delayed UV pulses [114] with unbalanced amplitudes a
and b as

Esech(t) = aE0 sech
( t

∆t

)
cos(ω0t) (3.9)

and

ESech(t− τ) = bE0 sech
(t− τ

∆t

)
cos(ω0(t− τ)), (3.10)

15Please consider also the Diploma thesis of Patrick Michelberger [76], where all the calculations
and results are described in detail

16Experimental details are described in the preprint 3.2.1
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Figure 3.5: Autocorrelation function. In blue the theoretical autocorrelation enve-
lope of second order g2(τ) is given for the case of ∆t = 100fs. The oscillating light field
(orange) is shown for an arbitrary wavelength for illustration.

the envelope of the autocorrelation of first and second order calculates then to [76]

g1(τ) = 1 +
2ab

a2 + b2

τ
∆t

sinh( τ
∆t

)
(3.11)

g2(τ) = 1 +
18a2b2

a4 + b4

τ
∆t

cosh τ
∆t
− sinh τ

∆t

sinh3( τ
∆t

)
+

3(ab3 + a3b)

a4 + b4

sinh 2τ
∆t
− 2τ

∆t

sinh3( τ
∆t

)
. (3.12)

For our purpose it is sufficient to monitor the envelope of the autocorrelation functions
(see Fig. 3.5), because a fit to the measured envelope already delivers ∆t, out of which
the pulse length can be calculated. The connection between the full width half max-
imum (FWHM) pulse duration τFWHM and ∆t for equal amplitudes17 (a = b = 1) is
given by the bandwidth product for first and second order autocorrelation function as
[76]

τ
g1,2
FWHM = 2 arcsech

( 1√
2

)
∆t = 1.7628 ∆t (3.13)

From the measurement of the first order SPDC emission, further described in the
preprint 3.2.1, we observe g1(τ) and can determine the Fourier transform limited pulse
duration to τ g1FWHM = 140.1± 11.7fs. This pulse length is determined from the first or-
der autocorrelation function originating from a linear process. Therefore it reveals the
minimal pulse length without taking into account additional broadening coming from
higher order effects like, for example, dispersion. The broadening of the pulse is re-
vealed by measuring the second order autocorrelation function by counting the number
of second order SPDC emissions and finally the pulse length inside our enhancement
cavity can be determined to τ g2FWHM = 176.1± 13.7fs.

To interpret this result for SPDC experiments the pulse duration has to be related
to the coherence time of the SPDC photons. A coherence time of the SPDC photons of

17For unbalanced amplitudes see [76]
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approximately 241fs has been calculated in chapter 2.2 according to the spectral filtering
with a bandwidth of 3nm at a central wavelength of 780nm. In the experiment we found
a pulse duration of 176fs, which lies well within the coherence time and guarantees the
indistinguishability of multiple SPDC emission pairs. This is also represented by the
fact that for a six photon state genuine six partite entanglement has been verified in
the previous experiment (see publication 3.1.1 [48]) and makes this UV enhancement
cavity a well suited tool for the observation of multi-photon entanglement.

3.2.1 Preprint: Interferometric autocorrelation in the ultra-
violet utilizing spontaneous parametric down-conversion

30



3.2. INTRA CAVITY ULTRAVIOLET PULSE LENGTH MEASUREMENT
USING SPONTANEOUS PARAMETRIC DOWN CONVERSION

Interferometric autocorrelation in the ultra-violet utilizing spontaneous
parametric down-conversion - Version 7

Patrick Michelberger,1,2,3,∗ Roland Krischek,1,2 Witlef Wieczorek,1,2,4 Akira Ozawa1 and Harald
Weinfurter1,2

1Max-Planck-Institut für Quantenoptik, Hans-Kopfermann-Strasse 1, D-85748 Garching, Germany
2Faultät für Physik, Ludwig-Maximilians-Universität, D-80797 München, Germany

3Currently with the Clarendon Laboratory, University of Oxford, Parks Road, Oxford OX1 3PU, UK
4Currently with the Faculty of Physics, University of Vienna, Boltzmanngasse 5, A-1090 Wien, Austria

∗Corresponding author: p.michelberger1@physics.ox.ac.uk

Compiled November 6, 2010

Autocorrelation is a common method to estimate the duration of ultra-short laser pulses. In the ultra-violet
(UV) regime, employing the customary process of second harmonic generation is challenging due to absorption
in nonlinear crystals at short wavelengths. Here we show how to utilize spontaneous parametric down-conversion
(SPDC) to generate an autocorrelation signal for UV-pulses in the infrared. Our method relies on the nth order
emission of the SPDC process, emitting 2n photons with a rate approximately proportional to the nth power
of the UV intensity for low pumping powers. This allows one to obtain the nth order autocorrelation by simply
counting 2n down-converted photons. The method is applied to the first direct measurement of approximately
176 fs ultra-short pulses, centered around 390 nm, inside a UV enhancement cavity. c© 2010 Optical Society
of America

OCIS codes: 000.0000, 999.9999.

Ever since the advent of ultra-short laser pulses, means
for determining their duration have been required. If only
knowledge about the duration of potentially dispersion-
broadened pulses is desired, interferometric autocorrela-
tion is still the method of choice, although more elab-
orate techniques exist [1, 2]. Despite that this method
works fine in most wavelength regions, the ultra-violet
(UV) regime is challenging due to absorption and detec-
tion limitations associated with the commonly used non-
linear process of second-harmonic generation (SHG).
Here we demonstrate a method, which circumvents these
problems by employing spontaneous parametric down-
conversion (SPDC) for generating an autocorrelation sig-
nal in the infrared. It enables us to estimate the duration
of ultra-short UV pulses inside an enhancement cavity
[3]. However detection of the generated signal demands
single photon resolving detectors and results in low count
rates compared to SHG based autocorrelation. Thus the
method is beneficial if these issues are irrelevant.
In the following, we will prove the applicability of SPDC
to create autocorrelation signals by showing its connec-
tion to correlation functions of nth order. The method
will then be applied to determine the UV pulse dura-
tion inside a cavity, which comprises a non-linear crystal
for creating SPDC photons. Furthermore we will discuss
the particular requisites of the cavity case and ultimately
conclude our analysis.
We start by relating SPDC to autocorrelation functions.
Thereto collinear type-II SPDC is considered, which pro-
duces, in single mode approximation, the state [4]

|Ψ〉 =
√

1− tanh2 |τ |
∑

n

tanhn |τ |
n!

(
â†H â

†
V

)n
|0〉, (1)

with â†H and â†V generating a photon from the vac-
uum |0〉 with horizontal (H), respectively vertical (V)
polarization. The interaction parameter τ = g · Ep in-
cludes the nonlinear crystal parameters in g and two
pump pulse electric fields Ep = 1√

2
(Ep(t) + Ep(t− τ)),

delayed by a time τ as in SHG-based autocorrelation.
Hence the SPDC process generates in its nth order 2n
photons. For low pumping powers, fulfilled in our case [5]
(|τ | ∈ [0.221, 0.293]), the approximations tanh (|τ |) ≈ τ ,√

1− tanh2 (|τ |) ≈ 1 hold. To retrieve the nth order cor-
relation function, defined as [6]

gn(τ) =
∫
| (Ep(t) + Ep(t− τ))n |2dt∫

|Ep(t)n|2dt+
∫
|Ep(t− τ)n|2dt , (2)

from the nth order SPDC emission, we denote the count
rates for coincidence detection between n×H and n×V
polarized SPDC photons [7] as

ñ(t,t−τ) = 〈â†H,n . . . â†H,1â†V,n . . . â†V,1
âV,n . . . âV,1âH,n . . . âH,1〉. (3)

The subscripts indicate the pump field to consist of two
contributions at times t and t−τ . To yield the total pho-
ton count rate obtained from the full duration of both
pulses, integration over time is necessary [7]. With ap-
propriate normalisation to the background outside the
pulses’ interference region, we find

gn(τ) =
ñt,t−τ

ñt + ñt−τ
. (4)

Thus the nth autocorrelation order is accessible by de-
tecting n SPDC photon pairs.

1
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The experimental implementation of this method, illus-
trated in Fig. 1(a), is based on an ultrafast enhance-
ment cavity for UV pulses, centered around 390 nm, with
a nonlinear β-barium-borate (BBO) crystal positioned
therein; details are found in [3]. The external pumping
pulses, derived from a titanium sapphire laser with sub-
sequent frequency doubling, are split into two copies by
a Michelson interferometer prior to cavity coupling. One
output of the interferometer is directly observed by a
photodiode (PD 1), as is the power level (PD 2) and
the UV spectrum inside the cavity, both measured in
transmission behind a cavity mirror. The SPDC pho-
ton pairs emitted from the BBO crystal are coupled
out of the cavity by a dichroic mirror and propagated
through a single mode (SM) fiber into a linear optical
set-up for photon number counting, described further in
[8]. Therein photons get split-up into six distinct spa-
tial modes, each equipped with a polarization analysis
unit, enabling coincidence detection between up to six
simultaneously generated SPDC photons.
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Fig. 1. (a) Experimental set-up described in main text.
(b) Interferometric stability prove for the set-up; the
black and red data points show the intensity on PD 1
during a measurement run. Red circles correspond to
a pulse separation of τ = −1850 fs and black boxes to
τ = 0 fs. The blue line represents the g1(τ) interfer-
ence pattern on PD 1 over the entire pulse delay range
τ (visibility 0.77) and the inset a cut-out thereof. (c)
Calculated and directly measured spectra of the SPDC
photons. Black boxes are the measured signal (H pol.)
spectrum, red circles the idler spectrum (V pol.). Appro-
priate colored lines are the expectations for both.

Measuring the gn(τ)-functions necessitates interferomet-
ric stability of the pulse separation τ , phase-matching
of the nonlinear process over the spectrum of the UV

pump and the absence of background noise in detec-
tion. The latter requirement is satisfied by the low prob-
ability of simultaneous dark counts between multiple
detectors. Interferometric stability during the measure-
ment time of 8 s per datapoint in the correlation func-
tions is certified by observation of the intensity on PD
1 (Fig. 1(b)). Its fluctuations are contrasted to the to-
tal intensity variations in the g1(τ) interferogram, which
are found to be negligible in comparison. The sufficiency
of the BBO’s phase-matching bandwidth is assessed by
calculating the expected SPDC spectra for our crystal
length (1 mm) and pump pulses (sech-shaped with full-
width-half-maximum (FWHM) of ∆λ ≈ 1.058 nm) by
the method outlined in [7]. Results are compared to the
measured SPDC spectra. We infer from Fig. 1(c) good
resemblance for the signal and idler modes and can thus
conclude on the absence of spectral cut-off in SPDC as
well as in the SM fiber coupling. Particularly for a cavity
set-up, the spatial and spectral coupling [9] of external
pulses into the cavity must also be preserved to maintain
the internal cavity pulses’ spectral content. Therefore the
internal spectra have been modelled as a function of τ ,
whose results agree with the directly measured quanti-
ties [10].
Experimentally we have observed g1(τ) externally on PD
1, inside the cavity on PD 2 and by the two-fold (HV)
photon count-rates measured in our linear optical set-up
(Fig. 2(a) and (b), respectively). Higher order correla-
tions g2(τ) and g3(τ) (Fig. 2(c)) were measured by count-
ing four- (HHVV) and six-fold coincidences (HHHVVV).
Inside the cavity only values of τ corresponding to inter-
ference maxima in the gn(τ)-functions have been meas-
ured, due to the locking procedure [3] for maintaining
the spectral coupling, requiring intensity in the cavity.
Thus, as interferometric stability has been proven sep-
arately, only the upper envelopes in the gn(τ)-functions
have been observed. The interferometer also introduces
some residual transverse mode mismatch, resulting in a
degraded interference visibility. This leads to lower peak-
to-background ratios in the gn(τ)-functions, without loss
of phase information.
For data evaluation, we assume sech-shaped electric
fields E(t) = a · E0 · sech

(
t

∆t

)
and E(t − τ) = b · E0 ·

sech
(
t−τ
∆t

)
with a and b accounting for incomplete inter-

ference between the pulses. Therewith we obtain corre-
lation function envelopes of [10, 11]

g1(τ) = 1 +
2ab

a2 + b2
τ

∆t sinh (τ/∆t)
(5)

g2(τ) = 1 +
18a2b2

a4 + b4

τ
∆t cosh τ

∆t − sinh τ
∆t

sinh3 τ
∆t

+
3
(
ab3 + a3b

)

a4 + b4
sinh 2τ

∆t − 2τ
∆t

sinh3 τ
∆t

. (6)

It shall be noted that cavity coupling has been opti-
mized for E(t), thus a is set to 1 and b consequently
accounts for the spatial mode mismatch, which must also

2
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Fig. 2. (a) gPD1
1 (τ)-function. Data measured on PD 1

(gray) and the fit according to eq. (5) to the interfer-
ence extrema (solid red lines). (b) gcav

1 (τ) interference
maxima of the cavity level (black), fitted by eq. (5) (red
line). The inset shows gHV

1 (τ) for the HV coincidences
with error bars from Poissonian counting statistics (equal
color coding). (c) Intra-cavity UV pulse spectra (black
boxes) and a fit to these (solid black line). Also shown
are the spectra obtained by FT of gcav

1 (τ) (solid red line),
gHV
1 (τ) (dashed blue line) and gPD1

1 (τ) (dotted-dashed
green line). (d) g2(τ) interference maxima of the HHVV
coincidences fitted by eq. (6). The left inset shows the
conversion factor γ, relating the FWHM of g2(τ) to the
FWHM pulse duration τreal, over the interference visi-
bility for sech-pulses. In the right inset the HHHVVV
coincidences with the g3(τ) expected from the g2(τ) pa-
rameters. Error-bars and color coding is as in (b).

be accounted for in the denominators of eqs. (5) and (6)
(performing background normalization), due to the re-
duced cavity coupling of E(t− τ). Contrary, for gPD1

1 (τ)
measured on PD 1 both pulses contribute fully to the
background signal, whereby 2ab

a2+b2 in (5) corresponds to
the interference visibility [10]. The measured data for
gPD1
1 (τ) is shown in Fig. 2(a). The intra-cavity UV power

level, yielding gcav
1 (τ), is stated in Fig. 2(b) and gHV

1 (τ)
from the HV coincidences in its inset. Fits according to
eq. (5) are displayed by red lines. We achieve comparable
interference visibilities [10] of 0.71 inside and 0.77 outside
the cavity. The Fourier transform limited pulse durations
τFT are extracted from the FWHM ∆τg1 of the fitted first
order correlation functions by the relation [11] τFT =
0.4048 · ∆τg1 for sech-shaped pulses, which is indepen-
dent of the degree of interference. The UV pulses prior
to cavity coupling are consequently found to have a min-
imal duration of τ ext

FT = 126 ± 11 fs. However internally
τ cav
FT = 150 ± 16 fs and τHV

FT = 140 ± 17 fs are obtained,
matching within their error boundaries. This intra-cavity
pulse broadening stems from the dispersion of the BBO
and air inside the resonator, which terminates the over-
lap of some external frequency comb teeth with cav-

ity resonances during input coupling [9]. The resulting
spectral narrowing can also be investigated by examina-
tion of the pulse spectrum S(λ), derived from g1(τ) by
Fourier transform [13]. These spectra are depicted in Fig.
2(c) together with the directly measured data, which has
been fitted by the expression S(λ) = sech2

(
∆tπ2c/λ

)
for

a sech-pulse. The former yield FWHM spectral widths
of ∆λext = 1.264 ± 0.003 nm, ∆λcav = 1.07 ± 0.04 nm
and ∆λHV = 1.14 ± 0.05 nm. The FWHM ∆λmeas. =
1.058±0.005 nm of the latter corresponds to the values of
the intra-cavity g1(τ)-functions, indicating our method
to be sensible.
From the g2(τ), obtained by the HHVV coincidences, the
intra-cavity pulse duration is determined. The recorded
data is displayed in Fig. 2(d) together with a fit by
eq. (6). Thereof a peak-to-background ratio of 4.18 : 1
is achieved, compared to ideally 8 : 1, due to the in-
complete interference between E(t) and E(t − τ). Im-
portantly the conversion factor γ between the FWHM
∆τg2 of the g2(τ)-function and the real pulse duration
τreal = γ · ∆τg2 is dependent on the interference visi-
bility, shown in Fig. 2(d). Thus the value of 0.5895 [12]
for perfect interference modifies to 0.582 for a visibility
of 0.75 extracted from the HHVV coincidence data [10].
Therewith a real pulse duration of τreal = 176 ± 14 fs
is obtained for the intra-cavity UV pump, comprising
an additional dispersive broadening on the order of ap-
proximately 30 fs inside the resonator not revealed by
g1(τ). Notably six-photon events, providing additional
information about the pulse symmetry [13], have also
been observed. Since these yield too little statistics, the
g3(τ)-function, as expected for the parameters ∆t and
b of g2(τ), has been calculated instead, showing good
resemblance with the data. An improvement could be
obtained here by active interferometer stabilization, al-
lowing longer measurement times.
Altogether we have shown a novel method to determine
the duration of ultra-short UV pulses by using SPDC.
We have applied this method to an optical enhancement
cavity, offering the ability to receive multiple correla-
tion orders gn(τ) simultaneously. Therewith we estimate
pulses to be about 176 fs long and dispersion broadened
by approximately 30 fs. Thus the demonstrated method
is a valuable tool for pulse metrology in the UV, which
also has the potential for complete pulse reconstruction
by extension to frequency resolved optical gating [1].
The authors acknowledge support of the EU program
Q-ESSENCE (Contract No. 248095), the DFG-Cluster
of Excellence MAP, the EU project QAP and the
DAAD/MNISW exchange program. W. W. acknowl-
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3.3 Observation of a six photon entangled symmetric
Dicke state

In the following we will apply the previously described SPDC source (see section 3.1
[48]) to observe symmetric six photon entangled Dicke states. Dicke states have first
been investigated regarding to spontaneous light emission from a cloud of atoms [115].
With respect to quantum information science they have recently become of increasing
interest and several proposals have been made to create such states in the laboratory
[116, 117, 118]. First experiments concentrated on the observation of a three qubit W
state, which are a subgroup of Dicke states, and three qubit W states have been first
realized with photons [119, 120, 121, 122]. Additionally, they emerged to have a high
robustness against qubit loss in comparison to GHZ states. Further, W states have
been created up to 8 qubits realized with ions [32]. Other Dicke states, for example,
a symmetric four qubit Dicke state has also been observed [87] and this work revealed
another interesting property of Dicke states: by projective measurements depending
on the orientation of the projection of the qubit (out of a symmetric four qubit Dicke
state), either a three qubit W state or a three qubit GHZ state has been observed [87].
Also other Dicke states can be used for projective measurements [52] and therefore
Dicke states have become a general resource generating other entangled states. In the
following and in publication 3.3.1 [50], we expand and continue the work which has
been done on symmetric Dicke states with four photons [87] to an experiment with six
photons.

In general, a symmetric N photon Dicke state with l excitations is given by

|D(l)
N 〉 =

(
N

l

)− 1
2 ∑

i

Pi
(
|H⊗(N−l)V ⊗l 〉

)
. (3.14)

with H a horizontally and V a vertically polarized photon and
∑

iPi(...) denotes the set
over all distinct permutations. In the experimental setup shown in Fig. 3.4 of section
3.1. we are able to observe the symmetric six photon Dicke state with three excitations

|D(3)
6 〉 =

1√
20

∑

i

Pi
(
|HHHV V V 〉

)
. (3.15)

To this aim, one photon has to be detected in each of the six spatial modes18 and we have
to make sure that the photons are temporally, spatially and spectrally indistinguishable.
Due to different group velocities of the H and V polarized photons inside the 1mm thick
BBO crystal, the temporal distinguishability has to be compensated with a half wave
plate and an additional BBO crystal (see Fig. 3.4), which has half of the length of the
pump crystal [70]. The spatial indistinguishability is guaranteed due to coupling of the

18The theoretical probability to observe the state |D(3)
6 〉 with the linear optics setup shown in

Fig. 3.4 is 6∗5∗4∗3∗2∗1
6∗6∗6∗6∗6∗6 = 5

324
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separable

entangled

Tr(r )W’ = 0

Tr(r ) >W 0
Tr(r ) <W 0

Tr(r )W = 0

Figure 3.6: Entanglement witness. An entanglement witness W is a hyperplane
(dashed line) in the convex space of density matrices and splits the subset of separable
states from the entangled states. A witness operator W ′ is called optimal (solid line),
if it is tangent to the space of separable states.

down conversion photons into a single mode optical fibre [69] (see Fig. 3.4) and spectral
indistinguishability with an additional optical interference filter with typical bandwidth
of 3nm and a central wavelength of 780nm 19 (see also section 2.2).

To experimentally verify that entanglement of our state is indeed generated and
maintained several methods exist. A nice overview for the different techniques to detect
a states’ entanglement is, for example, given in the review articles [65, 66]. Here,
we restrict ourself to entanglement witnesses and Bell inequalities, which have been
measured for the state |D(3)

6 〉 and will be shortly explained in the following.
Since entanglement witnesses have been developed [123], they have become a prac-

tical tool to detect entanglement in the experiment (see for example [120, 124, 32, 56]).
This is due to the fact, that entanglement witnesses allow to detect entanglement with
only few measurement settings, in contrast to other criteria, where, for example, the
whole density matrix of a state has to be determined (see, for example, the PPT crite-
rion valid for 2 qubits or qutrits [125]). Entanglement witnesses profit from the fact that
the space of all density matrices ρ is convex and the subset of all separable states is con-
vex, too. Therefore, an operatorW exists, which defines a hyperplane with Tr(Wρ) = 0
splitting the space of all density matrices into an entangled and a separable or entan-
gled part. As shown in Fig. 3.6 all states fulfilling Tr(Wρ) < 0 are entangled and all
states with Tr(Wρ) > 0 are either entangled or separable. The task is now to find the
appropriate witness operator. An often used witness is the projector-based witness,
which detects entanglement in the vicinity of a pure state ρξ = |ξ 〉〈 ξ | , defined as

Wξ = α1− |ξ 〉〈 ξ | (3.16)

with α = maxφsep
∣∣〈φsep|ξ〉

∣∣2 the maximum taken over all separable states |φsep 〉. This
witness is directly connected to the fidelity of the state |ξ 〉 according to ρ given by
Tr(ρ |ξ 〉〈 ξ |) = 〈 ξ | ρ |ξ 〉. If now the fidelity exceeds a certain value given by α, then
the witness is negative and proves entanglement for the state ρ.

19MaxLineTM laser line filter from Semrock R©
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For the Dicke states |D(N/2)
N 〉 and |D(1)

N 〉 the projector based witnesses are given
by [32, 126, 120]

W
D

(N/2)
N

=
1

2

N

N − 1
1⊗N − |D(N/2)

N 〉〈D(N/2)
N | (3.17)

W
D

(1)
N

=
N − 1

N
1⊗N − |D(1)

N 〉〈D
(1)
N |. (3.18)

Further,

Tr(W
D

(N/2)
N

ρ) =
1

2

N

N − 1
− Tr(|D(N/2)

N 〉〈D(N/2)
N |ρ) (3.19)

and as the fidelity is given by F
D

(N/2)
N

(ρ) = Tr(|D(N/2)
N 〉〈D(N/2)

N |ρ) we obtain the lower

bound for the fidelity of the state D
(N/2)
N

F
D

(N/2)
N

(ρ) >
1

2

N

N − 1
(3.20)

to proof genuine N partite entanglement. Proceeding the same way for the state D
(1)
N

we obtain

F
D

(1)
N

(ρ) >
N − 1

N
(3.21)

For N = 6 the bound for F
D

(3)
6

(ρ) is 0.6 and to measure the witness W
D

(3)
6

we need

to determine 183 correlation measurements. Profiting from the permutation invariance
of the Dicke states, we reduce this number to 21 measurement settings (see for details
publication 3.3.1 [50] and 3.3.2 [57]). In the experiment we measured F

D
(N/2)
N

(ρ) =

0.654± 0.024 hence proving genuine six-partite entanglement of the observed state.
Further, it is desirable to prove entanglement with less measurement effort than

with a projector-based witness W . To this aim, we are looking for a witness W̃ , which
satisfies

W − α′W̃ ≥ 0. (3.22)

This means that the expectation value of the above witness for all separable states
|φ 〉 = |a 〉 |b 〉 is still positive

min
|a 〉 |b 〉

〈a, b|(W − α′W̃)|a, b〉 ≥ 0 (3.23)

and therefore detects entanglement. Using this witness we reduce the measurement
settings to detect entanglement of Dicke states to maximally three (see publication 3.3.2
[57]). Witnesses can also be constructed independently from projector-based witnesses.
To this end, we are using the ansatz of a simple measurable operator M and design a
witness of the form

W̄ = α′′1⊗N −M (3.24)
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with a constant α′′ to ensure that 〈W̄〉 is positive on all biseparable states |φ 〉 and
therefore

α′′ = max
|φ 〉
〈φ|M |φ〉. (3.25)

Proceeding in this way, we even obtain a two setting witness to detect entanglement
for Dicke states (see publication 3.3.2 [57]).

A different approach to test the entanglement of a probe state is provided by Bell
inequalities. They are motived by the famous paper of Einstein, Podolsky and Rosen
(EPR) [2], where the completeness of quantum mechanics is questioned. To this end,
EPR constructed a gedankenexperiment based on the assumptions of reality and locality
also known as local hidden variable model (LHVM), which is apparently in contradiction
to quantum mechanics. Based on the EPR gedankenexperiment John Bell derived an
inequality referring on the assumptions of a LHVM [3]. If now a Bell inequality is
violated in the experiment, then the measurement results can not be described by an
LHVM and proves therefore the entanglement of the probe state, because only separable
states are in agreement with the LHVM.

For the Dicke state |D(3)
6 〉 a Bell inequality has been found [127]

B
D

(3)
6

=
4

5

( σ̂x
16

(∑

i

Pi(σ̂z ⊗ σ̂z ⊗ σ̂z ⊗ σ̂z ⊗ σ̂x) (3.26)

−
∑

i

Pi(σ̂z ⊗ σ̂z ⊗ σ̂x ⊗ σ̂x ⊗ σ̂x) + σ̂5
x

)
(3.27)

+
σ̂y
16

(∑

i

Pi(σ̂z ⊗ σ̂z ⊗ σ̂z ⊗ σ̂z ⊗ σ̂y) (3.28)

−
∑

i

Pi(σ̂z ⊗ σ̂z ⊗ σ̂y ⊗ σ̂y ⊗ σ̂y) + σ̂5
y

))
(3.29)

B
D

(3)
6

=
4

5
(σ̂xM̂5,xz + σ̂yM̂5,yz) (3.30)

with M̂N−1,ij being the Mermin operators [128]. This Bell inequality is maximally

violated by the state |D(3)
6 〉 and one obtains 〈B

D
(3)
6
〉 = 1. For the GHZ, for example,

the inequality is maximally violated for a smaller value 〈BGHZ〉 = 0.85 and the general
limit for a LHVM is 0.4. In the experiment we determined 〈B

D
(3)
6
〉exp = 0.43 ± 0.02

proving that our state can not be described with a LHVM, but the value is not sufficient
to discriminate against a GHZ state.

We have shown that our probe state is entangled approved by witness operators and
Bell inequalities. For the next step we would like to show that the state |D(N/2)

N 〉 can
serve as a resource to generate other entangled states by either projective measurements
or photon loss. To see the result of the projection of one photon we write our input
state as

|D(N/2)
N 〉 =

1√
2

(
|D(N/2)

N−1 〉 |H 〉+ |D(N/2−1)
N−1 〉 |V 〉

)
(3.31)
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and proceeding the same way for a projection of two photons we obtain

|D(N/2)
N 〉 =

1

2

(
|D(N/2)

N−2 〉 |HH 〉+
√

2 |D(N/2−1)
N−2 〉 |HV 〉+ |D(N/2−2)

N−2 〉 |V V 〉
)
. (3.32)

In the previous example we have chosen horizontally or vertically polarized photons, but
also other polarization directions can be projected. In our experiment, we use the state
|D(3)

6 〉 and go on by projection on |H 〉 and obtain the state |D(3)
5 〉 or by projection

on |− 〉 and obtain the state 1√
2
( |D(2)

5 〉 − |D(3)
5 〉). By further projecting on |HH 〉

we are able to obtain the four qubit W state |D(1)
4 〉 or by projection on |V H 〉 we

observe the symmetric four photon Dicke state |D(2)
4 〉. Remarkable, even a GHZ state

is observed by projection onto |LR 〉 namely |GHZ−4 〉 =
√

1/2( |D(1)
4 〉 + |D(3)

4 〉) =√
1/2( |+ 〉⊗4 − |− 〉⊗4). In publication 3.3.1 [50] we verify the entanglement of the

aforementioned states by using witness operators and only for the state |GHZ−4 〉 the
significance was not high enough to proof entanglement.

Instead of using projections, photon loss serves as well to observe other quantum
states. However, in general, mixed states are created. So, if we loose one photon from
the state |D(3)

6 〉 we generate the state20

ρ5 =
1√
2

(ρ
D

(3)
5

+ ρ
D

(2)
5

). (3.33)

After loosing two photons we obtain21

ρ4 =

√
3

5
ρ
D

(2)
4

+
1√
5

(ρ
D

(1)
4

+ ρ
D

(3)
4

), (3.34)

loosing three photon leads to 22

ρ3 =

√
9

20
(ρ
D

(1)
3

+ ρ
D

(2)
3

) +

√
1

20
(ρ
D

(0)
3

+ ρ
D

(3)
3

) (3.35)

and finally after loosing four photons one obtains

ρ2 =

√
3

5
ρ
D

(1)
2

+
1√
5

(ρ
D

(0)
2

+ ρ
D

(2)
2

). (3.36)

All these states are genuinely entangled. This is a remarkable property of Dicke states
in contrast to GHZ states, which loose their entanglement property after loosing one
qubit [51].

3.3.1 Publication: Experimental entanglement of a six-photon
symmetric Dicke state

20The probability to loose one H or V photon is 1
2 .

21The probability to loose first one H (V) photon and then another H (V) photon is 3
6

2
5 = 1

5 . The
probability to loose first one H (V) photon and then a V (H) photon is 3

6
3
5 = 3

10 .
22One can proceed like in the previous cases.
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We report on the experimental observation and characterization of a six-photon entangled Dicke state.

We obtain a fidelity as high as 0:654� 0:024 and prove genuine six-photon entanglement by, amongst

others, a two-setting witness yielding�0:422� 0:148. This state has remarkable properties; e.g., it allows

obtaining inequivalent entangled states of a lower qubit number via projective measurements, and it

possesses a high entanglement persistency against qubit loss. We characterize the properties of the six-

photon Dicke state experimentally by detecting and analyzing the entanglement of a variety of multipartite

entangled states.

DOI: 10.1103/PhysRevLett.103.020504 PACS numbers: 03.67.Bg, 03.65.Ud, 03.67.Mn, 42.50.Ex

Multipartite entangled states have been intensively
studied during recent years. Still, the experimental realiza-
tion of entangled states of more than four particles imposes
a considerable challenge, and only a few experiments have
yet demonstrated such states [1,2]. So far, many experi-
ments have focused on the observation of graph states [3]
like the Greenberger-Horne-Zeilinger (GHZ) states or the
cluster states [1], which are, e.g., useful for one-way
quantum computation [4]. Dicke states form another im-
portant group of states, which were first investigated with
respect to light emission from a cloud of atoms [5] and
have now come into the focus of both experimental real-
izations [2,6–8] and theoretical studies [9–12]. W states
[13], a subgroup of the Dicke states, first received attention
triggered by the seminal work on three-qubit classification
based on stochastic local operations and classical commu-
nication (SLOCC) by Dür, Vidal, and Cirac [13]. Recently
it turned out that other symmetric Dicke states also offer
important features. Particularly, by applying projective
measurements on a few of their qubits, states of different
SLOCC entanglement classes are obtained [8,12]. These
Dicke states can act as a rich resource of multipartite
entanglement as required for quantum information
applications.

In our Letter we experimentally implement and analyze
a symmetric six-qubit entangled Dicke state. The entangle-
ment of the Dicke state results from symmetrization and
cannot be achieved in a simple way by pairwise interaction,
in contrast to, e.g., GHZ states. In order to efficiently
characterize the experimentally observed state, we devel-
oped optimized methods to determine the fidelity, detect
entanglement, and characterize further properties. In par-
ticular, we analyze representatives from the variety of

multipartite entangled states obtained after projection or
loss of qubits.
Generally, Dicke states are simultaneous eigenstates of

the total angular momentum, J2N ¼ J2N;x þ J2N;y þ J2N;z, and

the angular momentum component in the z direction, JN;z,

where JN;i ¼ 1
2

P
k�

k
i with, e.g., �3

i ¼ 1 � 1 � �i � 1 �
1 � 1 for N ¼ 6 qubits, i 2 fx; y; zg and �i the Pauli spin
matrices. A subgroup of the Dicke states is symmetric
under permutation of particles and given by

jDðlÞ
N i ¼ N

l

� ��1=2X

i

P iðjH�ðN�lÞV�liÞ; (1)

where
P

iP ið. . .Þmeans the sum over all distinct symmetric
permutations and l is the number of excitations in the usual
notation of polarization encoded photonic qubits. In our
experiment we focus on the symmetric six-qubit Dicke
state with three excitations,

jDð3Þ
6 i ¼ ð1= ffiffiffiffiffiffi

20
p ÞX

i

P iðjHHHVVViÞ: (2)

To realize the necessary 20 permutations, three horizon-
tally and three vertically polarized photons in a single
spatial mode are distributed by polarization-independent

beam splitters into six modes, where j Dð3Þ
6 i is observed

under the condition of detecting a single photon in each of
these modes. This scheme can be seen as a continuation of

experiments on Dð1Þ
2 [6] and Dð2Þ

4 [8] and obviously can be

extended to higher even photon numbers.

The experimental observation of jDð3Þ
6 i (Fig. 1) is

achieved by utilizing a novel source of collinear type II
spontaneous parametric down-conversion (SPDC) based
on a femtosecond UV-enhancement resonator [14]. The
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resonator allows pumping of the SPDC crystal with femto-
second pulses with an average UV power of 5.3 W at a
repetition rate of 81 MHz [14]. The SPDC photons are
coupled out of the cavity by a dichroic mirror transparent at
780 nm, are spatially filtered by a single-mode fiber, and
are subsequently distributed in free space by polarization-
independent beam splitters. Asymmetry in the splitting
ratios of the beam splitters reduces the probability of

registering jDð3Þ
6 i (0.0126 compared to the optimal value

of 5=324 � 0:0154, yielding a six-photon count rate of 3.7

events per minute), but does not influence the state quality.
For all data the errors are deduced from Poissonian count-
ing statistics and errors of independently determined rela-
tive detector efficiencies.

The first characteristic feature of the state jDð3Þ
6 i is its

structure in the z, x, and y bases (Fig. 2); i.e., when
analyzing the photons in the six outputs all either along

jH or Vi, j�i ¼ ð1= ffiffiffi
2

p ÞðjHi � jViÞ (linear polarization

under 45�) and jL or Ri ¼ ð1= ffiffiffi
2

p ÞðjHi � ijViÞ (left or
right circular polarization), which, in our notation, are
the eigenvectors of �z, �x, and �y, respectively. For the

z basis [Fig. 2(a)] we find the pronounced 20 terms that are

expected for jDð3Þ
6 i. However, we also detect coincidences

for HHVVVV, HHHHVV, and permutations thereof.
These originate from higher orders of the SPDC process,
in particular, from the fourth order emission, where, due to
the finite detection efficiency, two of these photons can get
lost and the remaining six photons will be registered as a

sixfold detector click in the output modes. Thus, jDð3Þ
6 i is

mixed with highly colored noise, which exhibits different
types of entanglement itself depending on the loss type.
Insight into the coherence between the observed co-
incidences can be obtained from measurements in the x

[Fig. 2(b)] and y [Fig. 2(c)] bases. The state jDð3Þ
6 i trans-

forms in these bases to
ffiffiffiffiffiffiffiffi
5=8

p jGHZ�
6 i þffiffiffiffiffiffiffiffiffiffiffi

3=16
p ðjDð4Þ

6 i � jDð2Þ
6 iÞ with jGHZ�

N i ¼ ð1= ffiffiffi
2

p Þ�
ðj0i�N � j1i�NÞ and 0 ¼ fþ; Lg, 1 ¼ f�; Rg. We observe
the GHZ contribution as pronounced coincidence counts
for the left- and rightmost projector. The residual counts
from other terms [insets of Figs. 2(b) and 2(c)] make the
decisive difference to a GHZ state as they are in a super-
position with the GHZ terms. Apart from this, noise on top
of all counts is also apparent. Most importantly, while the
GHZ state shows its two terms only in a single basis, we
observe these features now for two bases, which is directly

related to the symmetry of jDð3Þ
6 i.

A quantitative measure, indicating how well we pre-

pared jDð3Þ
6 i experimentally, is given by the fidelity

F
Dð3Þ

6

ð�Þ ¼ TrðjDð3Þ
6 ihDð3Þ

6 j�Þ. Its determination would re-

quire 183 correlation measurements in the standard Pauli
bases. However, employing the permutational symmetry of

FIG. 2 (color online). Experimentally measured coincidences for the bases (a) z, (b) x, and (c) y with eigenvectors jH or Vi, j�i, and
jL or Ri, respectively. Theoretical predictions are shown as pale gray bars normalized to the total number of coincidences. The insets
in (b) and (c) are magnified views of a part of all coincidences, where for clarity expected counts are shown next to experimental ones.

FIG. 1 (color online). Schematic experimental setup for the

observation of the Dicke state jDð3Þ
6 i. SPDC photons generated in

the 1 mm thick �-barium borate (BBO) crystal inside the UV-
enhancement cavity pass a half-wave plate (HWP) and a 0.5 mm
thick BBO crystal to compensate beam walk-off effects. Their
spatial mode is defined by coupling into a single-mode (SM)
fiber. Spectral selection is achieved by a band-pass filter (RG)
and a 3 nm interference filter (IF) at 780 nm. Birefringence of
beam splitters BS1–BS5 (BS1–BS4 have a splitting ratio of
0:58:0:42 and BS5 of 0:52:0:48) is compensated for by pairs of
birefringent Yttrium-vanadate (YVO4) crystals in the six output
modes a, b, c, d, e, f. Polarization analysis (PAj) in each mode

is performed via a HWP and a quarter-wave plate (QWP) in front
of a polarizing beam splitter (PBS). The photons are detected by
single-photon avalanche photodiodes (APDs). The detection
signals of the 12 detectors are fed into a FPGA controlled
coincidence logic allowing histograming of the 212 possible
detection events between the 12 detectors.

PRL 103, 020504 (2009) P HY S I CA L R EV I EW LE T T E R S
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the state jDð3Þ
6 i leads to a reduction to only 21 measurement

settings [15,16]. We have determined F
Dð3Þ

6

¼ 0:654�
0:024 with a measurement time of 31.5 h. This allows
the application of the generic entanglement witness [10]
hW gi ¼ 0:6� F

Dð3Þ
6

¼ �0:054� 0:024 and thus proves

genuine six-qubit entanglement of the observed state
with a significance of 2 standard deviations (Fig. 4).

Proving entanglement based on witness operators can be
much simpler in terms of the number of measurement set-

tings, as due to the symmetry of jDð3Þ
6 i already the two

measurements x and y are sufficient [8,10,18]. The generic
form of such a witness is given by W Nð�Þ ¼ � � 1�N �
ðJ2N;x þ J2N;yÞ, where � is obtained by numerical optimiza-

tion over all biseparable states. For the state jDð3Þ
6 i

W 6ð11:0179Þ [15] has a minimal value of �0:9821. In
our experiment we have obtained with the data shown in
Figs. 2(b) and 2(c) hW 6ð11:0179Þi ¼ �0:422� 0:148,
i.e., after a measurement time of only 17.1 h a higher
significance for proving six-qubit entanglement compared
to the generic witness (Fig. 4). A different witness, allow-
ing additionally to estimate the fidelity and requiring three
measurement settings only, can be obtained by considering

higher moments of the J6;i operators and is given as W ¼
1:5 � 1�6 �P

i¼x;y;z

P
3
j¼1 cijJ

2j
6;i [15], with cij ¼

ð�1=45; 1=36;�1=180;�1=45; 1=36;�1=180; 1007=360;
�31=36; 23=360Þ. Experimentally, using the three mea-
surements of Fig. 2 we obtain hW i ¼ �0:105� 0:040

yielding also a quite accurate bound on the fidelity [15]
of F

Dð3Þ
6

	 0:6� hW i=2:5 ¼ 0:642� 0:016 (Fig. 4).

Another method to reveal entanglement and additionally
the nonclassical nature of a quantum state are Bell inequal-
ities. Introduced with the aim to exclude a local-realistic
description of measurement results [19,20], they recently
became important tools in quantum information process-
ing, e.g., for security analysis [21] or for state discrimina-
tion [22,23]. A Bell operator well suited for the latter task

is given by B̂
Dð3Þ

6

¼ 4
5 ð�x �M5 þ �y �M0

5Þ, whereM5 and

M0
5 are five-qubit Mermin operators [20,23,24]. The asso-

ciated Bell inequality, jhB̂
Dð3Þ

6

iavgj 
 0:4, is maximally vio-

lated by the six-photon Dicke state (hB̂
Dð3Þ

6

i
Dð3Þ

6

¼ 1) and

much less, e.g., by any six-qubit GHZ state

(hB̂
Dð3Þ

6

iGHZ;max ¼ 0:85). This again is a consequence of

the symmetry of jDð3Þ
6 i. While an inequality based on any

of the two Mermin terms is maximally violated by a GHZ

state, the violation of their sum is only maximal for jDð3Þ
6 i

due to its symmetry and equal form in the x and y bases.

The experimental value of hB̂
Dð3Þ

6

iexpt ¼ 0:43� 0:02 shows

that there is no local-realistic model describing this state,
yet due to the higher order SPDC noise, it is not sufficient
to discriminate against GHZ states.

The characteristic symmetry and entanglement of jDð3Þ
6 i

enables one to observe a wealth of five- and four-qubit
entangled states that can be obtained by projective mea-
surements or qubit loss [12]. When we project one of the
qubits onto cos�jVi þ sin�e�i�jHi, we first obtain super-

positions of five-qubit Dicke states, j�5ð�;�Þi ¼
cos�jDð2Þ

5 i þ sin�ei�jDð3Þ
5 i with �, � real. These states

belong to two different SLOCC classes, one for the values
� ¼ 0 or � ¼ �=2 and the other one for the remaining
value range [12]. Figures 3(a) and 3(b) showmeasurements
in the z basis for a representative state of the two classes,
obtained by projecting a qubit either onto jHi
[j�5ð�=2; 0Þi ¼ jDð3Þ

5 i] or onto j�i [j�5ð�=4; �Þi ¼
ð1= ffiffiffi

2
p ÞðjDð2Þ

5 i � jDð3Þ
5 iÞ]. Figure 4 shows measured expec-

tation values of optimized entanglement witnesses for
detecting genuine N-qubit entanglement of these and the

following states. When a qubit of jDð3Þ
6 i is lost, one obtains

FIG. 4 (color online). Experimental results [dark gray (blue)]
and theoretical predictions (pale gray) are shown for the various
entanglement witnesses for different states (see text). Negative
values prove genuine N-partite entanglement.

FIG. 3 (color online). Experimentally measured coincidence
counts in the z basis [(a)–(e)] and x basis (f) for projections of

jDð3Þ
6 i to obtain (a)–(b) five- and (d)–(f) four-qubit entangled

states. (c) �5 obtained after a loss of a qubit from jDð3Þ
6 i. Each

measurement took 279 min. Theoretical predictions are shown as
pale gray bars normalized to the total number of coincidences.
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�5 ¼ 1
2 ð�Dð2Þ

5

þ �
Dð3Þ

5

Þ, i.e., an equal mixture of jDð2Þ
5 i and

jDð3Þ
5 i [Fig. 3(c)]. Remarkably and in sharp contrast to the

case of losing a qubit from aGHZ6 state, this mixed state is
also genuine five-qubit entangled (Fig. 4). This fact now
clearly provides, after all, a criterion to definitely distin-
guish these two prominent states and demonstrates the

entanglement persistency [25] of jDð3Þ
6 i.

By means of a second projective measurement we obtain
a variety of SLOCC-inequivalent four-qubit states. In
Fig. 3 we exemplarily show coincidences for three of those

states. The state jDð2Þ
4 i [8] [Fig. 3(d)] is obtained by pro-

jection of one qubit onto jVi and another one onto jHi. By
projecting two qubits onto the same polarization (here jVi)
for the first time the four-photon W state [11,26], i.e.,

jDð1Þ
4 i, could be observed in a linear optics experiment

[Fig. 3(e)]. Both states are clearly genuine four-partite
entangled [8,27] as depicted in Fig. 4. We have determined
fidelities of F

Dð2Þ
4

¼ 0:682� 0:022 and F
Dð1Þ

4

¼0:619�
0:043 using optimized measurement settings [15,17].

Possible applications of jDð1Þ
4 i and jDð2Þ

4 i comprise, for
example, quantum telecloning, teleportation, and secret
sharing [8,9,28,29]. Most remarkably, one can also obtain
a four-qubit GHZ state, which is suitable for, e.g., secret
sharing [29]. As mentioned before, there is a strong GHZ

component in the state jDð3Þ
6 i. Considering the representa-

tion in the y basis [Fig. 2(c)], a projection of one photon
onto jRi and another one onto jLi filters out just this GHZ
component, but the remaining terms coherently superim-

pose to a four-qubit GHZ state, jGHZ�
4 i ¼ ð1= ffiffiffi

2
p Þ�

ðjDð1Þ
4 i þ jDð3Þ

4 iÞ ¼ ð1= ffiffiffi
2

p Þðjþi�4 � j�i�4Þ. The fourfold
coincidence counts shown in Fig. 3(f) reveal the character-
istic GHZ structure. However, for this state a two-setting
witness measurement [30] resulted in a value of
hW GHZi ¼ �0:016� 0:162, which is not sufficient to
prove entanglement with the relevant significance and
can be attributed to the low fidelity of FGHZ ¼ 0:528�
0:042 and the asymmetric GHZ structure [Fig. 3(f)].

Altogether, we have experimentally demonstrated in this
Letter remarkable entanglement properties of the Dicke

state jDð3Þ
6 i. It exhibits a high symmetry with characteristic

correlations in various bases. As shown, this makes it a
perfect resource for observing a wealth of different
SLOCC-inequivalent states of a lower qubit number. The
novel setup presented here allows experiments with a
sufficient count rate and lays the foundations for demon-

strations of important applications of jDð3Þ
6 i, e.g., for phase-

covariant telecloning, multipartite quantum communica-
tion, or entanglement enhanced phase measurements.
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Abstract. We present general numerical methods to construct witness
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1. Introduction

Entanglement plays a central role in quantum mechanics and in quantum information
processing applications [1]. Moreover, it is also the main goal in today’s quantum physics
experiments aiming to create various quantum states [2]. For example, entanglement
has been realized with photonic systems using parametric down-conversion and conditional
detection [3]–[9], with trapped cold ions [10]–[12], in cold atomic ensembles [13], in cold
atoms in optical lattices [14] and in diamond between the electron and nuclear spins [15].
These experiments aimed at creating entangled states. Entanglement makes it possible for some
quantum algorithms (e.g. prime factoring, searching in a database) to outperform their classical
counterparts. Entangled particles are needed for quantum teleportation and other quantum
communication protocols. Moreover, the creation of large entangled states might lead to new
insights about how a classical macroworld emerges from a quantum microworld.

In a multi-qubit experiment, typically the full density matrix is not known, and only few
measurements can be made, yet one would still like to ensure that the prepared state is entangled.
One possibility is applying entanglement witnesses [16, 17]. These are observables that have a
positive expectation value for separable states, while for some entangled states their expectation
value is negative. Since these witness operators are multi-qubit operators, they typically cannot
be measured directly and must be decomposed into the sum of locally measurable operators,
which are just products of single-qubit operators [4, 18, 19].

For many quantum states, like the Greenberger–Horne–Zeilinger (GHZ, [20]) states and
the cluster states [21] such a decomposition of projector-based witness operators seems to be
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very difficult: the number of terms in a decomposition to a sum of products of Pauli matrices
increases rapidly with the number of qubits. However, practically useful entanglement witnesses
with two measurement settings can be constructed for such states [5, 22]. It also turned out that
there are decompositions of the projector for GHZ and W states in which the increase with the
number of qubits is linear [23].

However, optimal decomposition of an operator is a very difficult, unsolved problem.
Moreover, in general, it is still a difficult task to construct efficient entanglement witnesses for
a given quantum state. For that, typically we need to obtain the maximum of some operators for
product states. In most of the cases, we would like to detect genuine multipartite entanglement.
For that, we need to obtain the maximum of these operators for biseparable states, which is
again a very hard problem.

In this paper, our goal is to design witnesses that make it possible to detect genuine
multipartite entanglement with few measurements, and also to estimate the fidelity of an
experimentally prepared state with respect to the target state. Here three strategies are applied
to find an experimentally realizable witness. (i) The first strategy is based on measuring the
projector-based witness

W (P)
= const. · 1 − |9〉〈9| (1)

for the detection of genuine multipartite entanglement. |9〉 is the target state of the experiment.
For reducing experimental effort, the aim is to find an efficient decomposition of the projector.
(ii) The second strategy is to find a witness that needs fewer measurements than the projector
witness, but the price for that might be a lower robustness against noise. The search for such a
witness can be simplified if we look for a witnessW such that

W − αW (P) > 0 (2)

for some α > 0. Such a witness is guaranteed to detect genuine multi-qubit entanglement. The
advantage of this approach is that the expectation value ofW can be used to find a lower bound
on the fidelity. (iii) The third strategy is to find a witness independent from the projector witness.
In this case, one has to find an easily measurable operator whose expectation value takes its
maximum for the target state. Then, one has to find the maximum of this operator for biseparable
states. Any state that has an operator expectation value larger than that is genuine multipartite
entangled.

For the optimization of entanglement witnesses for small experimental effort and large
robustness to noise, we use semidefinite programming [24]–[29]. Our methods can efficiently
be used for multi-qubit systems with up to about 10 qubits. This is important, since there are
many situations where semidefinite programming could help theoretically, but in practice the
calculations cannot be carried out even for systems of modest size.

We use our methods to design witnesses detecting entanglement in the vicinity of
symmetric Dicke states. An N -qubit symmetric Dicke state with m excitations is defined
as [30, 31]

|D(m)

N 〉 :=

(
N
m

)−1/2 ∑
k

Pk(|11, 12, . . . , 1m, 0m+1, . . . , 0N 〉), (3)

where
∑

k Pk(.) denotes summation over all distinct permutations of the spins. |D(1)

N 〉 is
the well-known N -qubit W state. The witnesses we will introduce in the following have
already been used in the photonic experiment described in [32], aiming to observe a |D(3)

6 〉

New Journal of Physics 11 (2009) 083002 (http://www.njp.org/)

47



CHAPTER 3. EXPERIMENTAL OBSERVATION AND CHARACTERIZATION
OF MULTI-PHOTON DICKE STATES

4

state [32]8. We show that genuine multi-qubit entanglement can be detected and the fidelity
with respect to the above highly entangled state can efficiently be estimated with two and three
measurement settings, respectively. As a byproduct, we will also derive an upper bound for the
number of settings needed to measure any permutationally invariant operator. We show that
such operators can be efficiently measured even for large systems.

The structure of our paper is as follows. In section 2, we present the basic methods for
constructing witnesses. In section 3, we use these methods for constructing witnesses to detect
entanglement in the vicinity of a six-qubit symmetric Dicke state with three excitations. In
section 4, we present witnesses for states obtained from the above state by measuring some
of the qubits. In appendix A, we summarize the tasks that can be solved by semidefinite
programming, when looking for suitable entanglement witnesses. In appendix B, we summarize
some of the relevant numerical routines of the QUBIT4MATLAB 3.0 program package [34].
In appendix C, we present entanglement conditions for systems with 5–10 qubits that will be
relevant in future experiments.

2. Basic definitions and general methods

A multi-qubit quantum state is entangled if it cannot be written as a convex combination of
product states. However, in a multi-qubit experiment we would like to detect genuine multi-
qubit entanglement [35]: the presence of such entanglement indicates that all the qubits are
entangled with each other, not only some of them. We will now need the following definitions:

Definition 1. A pure multi-qubit quantum state is called biseparable if it can be written as the
tensor product of two, possibly entangled, multi-qubit states

|9〉 = |91〉 ⊗ |92〉. (4)

A mixed state is called biseparable, if it can be obtained by mixing pure biseparable states. If a
state is not biseparable then it is called genuine multi-partite entangled. In this paper, we will
consider witness operators that detect genuine multipartite entanglement.

Definition 2. While an entanglement witness is an observable, typically it cannot be measured
directly. This is because in most experiments only local measurements are possible. At each
qubit k we are able to measure a single-qubit operator Mk, which we can do simultaneously
at all the qubits. If we repeat such measurements, then we obtain the expectation values
of 2N

− 1 multi-qubit operators. For example, for N = 3 these are M1 ⊗ 1 ⊗ 1, 1 ⊗ M2 ⊗ 1,

1⊗1⊗ M3, M1 ⊗ M2 ⊗ 1, M1 ⊗1 ⊗ M3, 1⊗ M2 ⊗ M3, M1 ⊗ M2 ⊗ M3. The set of single-qubit
operators measured is called the measurement setting [4] and it can be given as
{M1, M2, M3, . . . , MN }. When we consider an entanglement condition, it is important to know
how many measurement settings are needed for its evaluation.

Definition 3. Many experiments aim at preparing some, typically pure quantum state %. An
entanglement witness is then designed to detect the entanglement of this state. However, in real
experiments such a state is never produced perfectly, and the realized state is mixed with noise
as given by the following formula:

%noisy(pnoise) = (1 − pnoise)% + pnoise%noise, (5)

8 For another experiment aiming to observe a six-qubit Dicke state see Prevedel et al [33]. See also the related
theoretical work of Campbell et al [33].
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where pnoise is the ratio of noise and %noise is the noise. If we consider white noise then
%noise = 1/2N . The noise tolerance of a witness W is characterized by the largest pnoise for
which we still have Tr(W%noisy) < 0.

In this paper, we will consider three possibilities for detecting genuine multi-qubit
entanglement, explained in the following subsections. Later, we will use these ideas to construct
various entanglement witnesses.

2.1. Projector witness

A witness detecting genuine multi-qubit entanglement in the vicinity of a pure state |9〉 can be
constructed with the projector as

W (P)
9 := λ2

91 − |9〉〈9|, (6)

where λ is the maximum of the Schmidt coefficients for |9〉, when all bipartitions are
considered [4]. For the states considered in this paper, projector-based witnesses are given
by [4, 12, 37]

W (P)

D(N,N/2) :=
1

2

N

N − 1
1 − |D(N/2)

N 〉〈D(N/2)

N |, (7)

W (P)

D(N,1) :=
N − 1

N
1 − |D(1)

N 〉〈D(1)

N |. (8)

These witnesses must be decomposed into the sum of locally measurable terms. For this
decomposition, the following observations will turn out to be very important.

Observation 1. A permutationally invariant operator A can always be decomposed as [45]

A =

∑
n

cna⊗N
n , (9)

where an are single-qubit operators, and such a decomposition can be straightforwardly
obtained.

Proof. Any permutationally invariant multi-qubit operator A can be decomposed as

A =

∑
n

cn

∑
k

Pk(Bn,1 ⊗ Bn,2 ⊗ Bn,3 ⊗ · · · ⊗ Bn,N )Pk, (10)

where Bn,m are single-qubit operators, cn are constants, and Pk are the full set of operators
permuting the qubits. For odd N , we can use the identity∑

k

Pk(Bn,1 ⊗ Bn,2 ⊗ Bn,3 ⊗ · · · ⊗ Bn,N )Pk

= 2−(N−1)
∑

s1,s2,...=±1,

s1s2s3···sN =+1

(s1 Bn,1 + s2 Bn,2 + s3 Bn,3 + · · ·)⊗N . (11)
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Substituting (11) into (10), we obtain a decomposition of the form (9). Equation (11) can be
proved by carrying out the summation and expanding the brackets. Due to the s1s2s3 · · · sN = +1
condition, the coefficient of Bn,1 ⊗ Bn,2 ⊗ Bn,3 ⊗ · · · ⊗ Bn,N is 1. The coefficient of terms like
Bn,1 ⊗ Bn,1 ⊗ Bn,3 ⊗ · · · ⊗ Bn,N , that is, terms containing one of the variables more than once is
zero. For even N , a similar proof can be carried out using9∑

k

Pk(Bn,1 ⊗ Bn,2 ⊗ Bn,3 ⊗ · · · ⊗ Bn,N )Pk

= 2−(N−1)
∑

s1,s2,...=±1,

s1s2s3···sN =+1

s1(Bn,1 + s2 Bn,2 + s3 Bn,3 + · · ·)⊗N . (12)

Next, we give two examples for the application of (11) and (12) for the decomposition of simple
expressions ∑

k

Pk(σx ⊗ σy)Pk =
1

2

{
(σx + σy)

⊗2
− (σx − σy)

⊗2
}
, (13)

∑
k

Pk(σx ⊗ σy ⊗ σz)Pk =
1

4

{
(σx + σy + σz)

⊗3 + (σx − σy − σz)
⊗3 + (−σx − σy + σz)

⊗3

+(−σx + σy − σz)
⊗3

}
, (14)

where σk are the Pauli spin matrices. While the first example does not reduce the number of
settings needed, the second example reduces the number of settings from 6 to 4. ut

Next, we present a method to get efficient decompositions for permutationally invariant
operators.

Observation 2. Any N -qubit permutationally invariant operator A can be measured with at
most

LN =
2
3 N 3 + N 2 + 4

3 N (15)

local measurement settings, using (11) and (12).

Proof. We have to decompose first A into the sum of Pauli group elements as

A =

∑
i, j,m: i+ j+m6N

ci jm

∑
k

Pk(σ
⊗i
x ⊗ σ⊗ j

y ⊗ σ⊗m
z ⊗ 1⊗(N−i− j−m))Pk, (16)

where ci jm are some constants. Then, such a decomposition can be transformed into another one
of the form (9), using (11) and (12). All of the settings needed are of the form {a, a, a, . . . , a}

where a = nxσx + nyσy + nzσz, nk are integer and 16
∑

k |nk|6 N . Simple counting leads to an
upper bound LN for the number of settings given in (15). Here we considered that (nx , ny, nz)

and (−nx , −ny, −nz) describe the same setting. An even better bound can be obtained using that
(nx , ny, nz) and (cnx , cny, cnz) for some c 6= 0 represent the same setting. An algorithm based

9 A similar decomposition with continuous number of terms is of the form
∑

k Pk(B1 ⊗ B2 ⊗ . . .)Pk ∝∫
φk∈[0,2π ][e

iφ1 B1 + eiφ2 B2 + · · · + eiφN−1 BN−1 + e−i(φ1+φ2+···+φN−1) BN ]⊗N dφ1dφ2 · · · dφN−1. Such a construction has
been used for the N = 2 case in [48].
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on this leads to the bounds L′

N = 9, 25, 49, 97, 145, 241, 337, 481, 625 for N = 2, 3, . . . , 10
qubits, respectively.

For the projector |D(N/2)

N 〉〈D(N/2)

N |, the decomposition to Pauli group elements contain only
terms in which each Pauli matrix appears an even number of times. Hence, all of the settings
needed are of the form {a, a, a, . . . , a} where a = 2nxσx + 2nyσy + 2nzσz, nk are integer and
16

∑
k |nk|6 N/2. For this reason, LN/2 and L′

N/2 are upper bounds for the number of settings
needed to measure this operator.

Let us discuss the consequences of observations 1 and 2. They essentially state that
the number of settings needed to measure a permutationally invariant operator scales only
polynomially with the number of qubits. This is important since for operators that are not
permutationally invariant, the scaling is known to be exponential [36]. Moreover, even if we can
measure only correlation terms of the form a⊗N , we can measure any permutationally invariant
operator. ut

2.2. Witnesses based on the projector witness

We can construct witnesses that are easier to measure than the projector witness, but they are
still based on the projector witness. We use the idea mentioned in the introduction. IfW (P) is the
projector witness and (2) is fulfilled for some α > 0, thenW is also a witness. This is becauseW
has a negative expectation value only for states for whichW (P) also has a negative expectation
value. The advantage of obtaining witnesses this way is that we can have a lower bound on the
fidelity from the expectation value of the witness as

Tr(%|9〉〈9|)> λ2
9 −

1

α
Tr(W%). (17)

We will look for such witnesses numerically, such that the noise tolerance of the witness
be the largest possible. This search can be simplified by the following observation.

Observation 3. Since we would like to construct a witness detecting genuine multi-qubit
entanglement in the vicinity of a permutationally invariant state, it is enough to consider witness
operators that are also permutationally invariant.

Proof. Let us consider a witness operator that detects entanglement in the vicinity of a
permutationally invariant state % and its expectation value takes its minimum for %. Then, based
on (5), the witnessW detects entanglement if

pnoise >
Tr(W%)

Tr(W%) − Tr(W%noise)
. (18)

For a permutationally invariant state %, we have % =
1

NP

∑
k Pk%Pk, where NP is the number of

different permutation operators Pk . We assume that the same holds also for %noise. Let us define
the permutationally invariant operator W ′

=
1

NP

∑
k PkWPk. The operator W ′ is non-negative

on all biseparable states since

inf
%∈B

Tr(W%) =
1

NP

∑
k

inf
%∈B

Tr(WPk%Pk)6 inf
%∈B

Tr(W ′%), (19)

where B is the set of biseparable states. Hence, W ′ is a witness detecting genuine
multipartite entanglement. Since we have Tr(W%) = Tr(W ′%), and Tr(W%noise) = Tr(W ′%noise),
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the robustness to noise ofW ′ is identical to that ofW . Hence, it is sufficient to look for witnesses
that are permutationally invariant.

We will first consider measuring the {σx , σx , σx , σx , σx , σx} and {σy, σy, σy, σy, σy, σy}

settings, where σl are the Pauli spin matrices. This we call the two-setting case. Then we will
consider measuring also the {σz, σz, σz, σz, σz, σz} setting, which we call the three-setting case.
Due to observation 3, we consider only permutationally invariant witnesses. Such witnesses can
be written as

W(α0, {αln}) := α0 · 1 +
∑

l=x,y,z

N∑
n=1

αln

∑
k

Pk[σ⊗n
l ⊗ 1⊗(N−n)], (20)

where the summation is over all distinct permutations, and α0 and αln are some constants. We
will consider a simpler but equivalent formulation

W(c0, {cln}) := c0 · 1 +
∑

l=x,y,z

N∑
n=1

cln J n
l , (21)

where c0, cln are the coefficients of the linear combination defining the witness and Jl are the
components of the total angular momentum given as

Jl =
1

2

N∑
k=1

σ
(k)

l . (22)

Here σ
(k)

l denotes a Pauli spin matrix acting on qubit (k).

Finally, if we consider detecting entanglement in the vicinity of |D(N/2)

N 〉 states, then further
simplifications can be made. For this state and also for the completely mixed state all odd
moments of Jl have a zero expectation value. For any witness of the form (21), the maximum
for biseparable states does not change if we flip the sign of cln for all odd n. Hence, following
from an argument similar to the one in observation 3 concerning permutational symmetry, it is
enough to consider only even powers of Jl in our witnesses. ut

2.3. Witnesses independent from the projector witness

In general, we can also design witnesses without any relation to the projector witness. We can
use an easily measurable operator M to make a witness of the form

W := c1 − M, (23)

where c is some constant. To make sure that (23) is a witness for genuine multipartite
entanglement, i.e. 〈W〉 is positive on all biseparable states, we have to set c to

c = max
|9〉∈B

〈M〉|9〉, (24)

where B is the set of biseparable states. The optimization needed for (24) can be done
analytically. For example, for the |D(2)

4 〉 state a witness has been presented that detects genuine
four-qubit entanglement by measuring second moments of angular momentum operators [37].
However, analytical calculations become exceedingly difficult as the number of qubits increases.

The optimization can also be done numerically, but one cannot be sure that simple
numerical optimization finds the global maximum. (See appendix B for a reference to such
a MATLAB program.) Semidefinite programming is known to find the global optimum, but
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the optimization task (24) cannot be solved directly by semidefinite programming. Instead
of looking for the maximum for biseparable states, using semidefinite programming, we can
look for the maximum for states that have a positive partial transpose (PPT) [24, 38] (see
appendices A and B). This way we can obtain

c′ := max
I

max
%>0,%TI>0

〈M〉%, (25)

for which c′ > c. The first maximization is over all bipartitions I . Thus, when putting c′ into
the place of c in (23), we obtain a witness that detects only genuine multipartite entanglement.
In many cases simple numerics show that c = c′. In this case, our witnesses are optimal in the
sense that some biseparable state gives a zero expectation value for these witnesses.

Finally, let us discuss how to find the operator M in (23) for a two- or a three-
setting witness, in particular, for detecting entanglement in the vicinity of |D(N/2)

N 〉. Based on
section 2.2, we have to look for an operator that contains only even powers of Jl . Hence, the
general form of a two-setting witness with moments up to second order is

W (I 2)

D(N,N/2) := cDN − (J 2
x + J 2

y ), (26)

where cDN is a constant10. The coefficients of J 2
x and J 2

y could still be different, however, this
would not lead to witnesses with a better robustness to noise.

For other symmetric Dicke states, based on similar arguments, a general form of a witness
containing moments of Jl up to second order such that it takes its minimum for |D(m)

N 〉 is of the
form

W (I 3)

D(N,m) := cq − (J 2
x + J 2

y ) + q(Jz − 〈Jz〉|D(m)
N 〉

)2, (27)

where cq and q are constants. For the witnesses described in this section, the optimization
process is more time-consuming than for the witnesses related to the projector witness. Because
of that we presented witnesses of the above type that are constructed only with the first and
second moments of the angular momentum operators, and thus contain a few free parameters.

3. Witnesses for a six-qubit Dicke state with three excitations

In this section, we will consider entanglement detection close to a six-qubit symmetric Dicke
state with three excitations, denoted as |D(3)

6 〉. There are several proposals for creating Dicke
states in various physical systems [40]–[43].

3.1. Witnesses based on the projector witness

3.1.1. Two-setting witness. Let us consider the two-setting case and define first the optimi-
zation problem we want to solve. We would like to look for the witnessW with the largest noise
tolerance that fulfills the following requirements:

1. W is a linear combination of certain basis operators Bk, that is,W =
∑

k ck Bk,

2. W − αW (P)

D(6,3) > 0 with some α > 0.

10 Witnesses for the state |D(3)
6 〉 are presented with the structure factor in [39]. In a sense, these witnesses are

written with collective quantities, after a site-dependent phase shift is applied.
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For the two-setting case we set {Bk} = {1, J 2
x , J 2

y , J 4
x , J 4

y , J 6
x , J 6

y }. The second condition makes
sure thatW is also a witness detecting genuine multipartite entanglement.

Note that any optimization algorithm can be used for looking forW . Even if we do not find
the global optimum, that is, the witness with the largest possible robustness to white noise,W is
still a witness detecting genuine multipartite entanglement. However, semidefinte programming
can be used to find the global optimum (see appendix A). The two-setting witness obtained this
way is

W (P2)

D(6,3) := 7.75 · 1 −
35
18(J 2

x + J 2
y ) + 55

72(J 4
x + J 4

y ) −
5

72(J 6
x + J 6

y ), (28)

which tolerates white noise if pnoise < 0.1391. Straightforward calculation shows thatW (P2)

D(6,3) −

2.5W (P) > 0. Based on (17), (0.6 − 〈W (P2)

D(6,3)〉/2.5) bounds the fidelity from below.

3.1.2. Three-setting witness. Similarly we can look for the optimal witness for the three-
setting case. The result is

W (P3)

D(6,3) := 1.5 · 1 −
1

45(J 2
x + J 2

y ) + 1
36(J 4

x + J 4
y ) −

1
180(J 6

x + J 6
y ) + 1007

360 J 2
z −

31
36 J 4

z + 23
360 J 6

z . (29)

White noise is tolerated if pnoise < 0.2735. It is easy to check that W is a witness as W (P3)

D(6,3) −

2.5W (P) > 0.

Based on (17), the expectation value of this witness can be used to bound the fidelity
as F > 0.6 − 〈W (P3)

D(6,3)〉/2.5 =: F ′. Here we will demonstrate how well the fidelity estimation
works for our witness for noisy states. We consider first white noise, then non-white noise of
the form

%
(NW)

noisy := pD63|D
(3)

6 〉〈D(3)

6 | +
1 − pD63

2

(
|D(2)

6 〉〈D(2)

6 | + |D(4)

6 〉〈D(4)

6 |

)
, (30)

with pD63 = 4/7, which is one of the relevant types of noise for the experiment of [32]. Note
that the noise contains the original state |D(3)

6 〉〈D(3)

6 |. The results are shown in figure 1. For the
non-white noise (30), the fidelity estimate based on the witness yields a very good estimate.

Note that it is also possible to design a witness for the largest possible tolerance to the
noise in (30). Due to the special form of the noise, the fidelity estimate turns out to be equal
to the fidelity. This is remarkable: the fidelity can be obtained exactly with only three local
measurements.

3.1.3. Measuring the projector-based witness. For measuring the projector-based witness (7)
for N = 6, one has to decompose the projector in an efficient way. The straightforward
decomposition into the weighted sum of products of Pauli spin matrices leads to a scheme that
needs 183 settings, since for all local operators all the permutations have to be measured. The
number of settings needed can be dramatically decreased if one is looking for a decomposition
of the form (9). Observation 1 makes it possible to decompose the projector in this way such
that only 25 settings are needed. We could further decrease the number of settings needed and
found the following decomposition:

64|D(3)

6 〉〈D(3)

6 | = −0.6[1] + 0.3[x ± 1] − 0.6[x] + 0.3[y ± 1] − 0.6[y] + 0.2[z ± 1] − 0.2[z]

+0.2Mermin0,z + 0.05[x ± y ± 1] − 0.05[x ± z ± 1] − 0.05[y ± z ± 1]

−0.05[x ± y ± z] + 0.2[x ± z] + 0.2[y ± z] + 0.1[x ± y]

+0.6Merminx,z + 0.6Merminy,z. (31)
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Figure 1. The fidelity F versus noise (solid) and the fidelity estimate F ′

versus noise (dotted), for the white noise (bottom two curves) and for the non-
white noise (30) (top two curves). For the fidelity estimate, the three-setting
witness (29) was used.

Here we use the notation [x + y] = (σx + σy)
⊗6, [x + y + 1] = (σx + σy + 1)⊗6, etc. The ± sign

denotes a summation over the two signs, i.e., [x ± y] = [x + y] + [x − y]. The Mermin operators
are defined as

Mermina,b :=
∑
k even

(−1)k/2
∑

k

Pk(⊗
k
i=1σa ⊗

N
i=k+1 σb), (32)

where σ0 = 1. That is, it is the sum of terms with even number of σa’s and σb’s, with the sign of
the terms depending on the number of σa’s. The expectation value of the operators Mermina,b

can be measured based on the decomposition [23]

Mermina,b =
2N−1

N

N∑
k=1

(−1)k
[

cos

(
kπ

N

)
a + sin

(
kπ

N

)
b
]⊗N

. (33)

Hence, Merminx,z and Merminy,z can be measured with six settings. Mermin0,z, on the other
hand, needs only the measurement of the {σz, σz, σz, σz, σz, σz} setting. Knowing that [A],
[A + 1] and [A − 1] can be measured with a single setting {A, A, A, . . . , A}, we find that 21
measurement settings are needed to measure |D(3)

6 〉〈D(3)

6 | : x, y, z, x ± y, x ± z, y ± z,
√

3x ±

z,
√

3z ± x,
√

3y ± z,
√

3z ± y, and x ± y ± z. The settings are also shown in figure 2(a)11.

3.2. Witness independent from the projector witness

So far we constructed witnesses that detected fewer states than the projector-based witness,
in return, they were easier to measure. When proving that they were witnesses, we used the

11 Note that [33] presents another decomposition that needs also 21 settings.
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Figure 2. (a) The measurement settings needed to measure the projector
to the six-qubit symmetric Dicke state with three excitations based on the
decomposition (31). A point at (x, y, z) indicates measuring xσx + yσy + zσz on
all qubits. ( ) Settings for Merminx,z, ( ) settings for Merminy,z, ( ) σx ± σy ± σz,
and ( ) rest of the settings. (b) Settings for the four-qubit Dicke state with
two excitations based on (37). ( ) ±σx , ±σy, ±σz, and ( ) σx ± σy, σx ± σz, and
σy ± σz.

Table 1. The list of entanglement witnesses presented in this paper, together
with the number of measurement settings needed to measure them and their
robustness to white noise. Top four lines: six-qubit witnesses. Bottom five lines:
four- and five-qubit witnesses.

Witness Number of settings Noise tolerance

W (P)

D(6,3) 21 0.4063

W (P3)

D(6,3) 3 0.2735

W (P2)

D(6,3) 2 0.1391

W (I 2)

D(6,3) 2 0.1091

W (I 2)

D(5,2) 2 0.1046

W (P)

D(4,1) 7 0.2667

W (I 2)

D(4,1)(q = 1.47) 3 0.1476

W (P)

D(4,2) 9 0.3556

W (P3)

D(4,2) 2 0.2759

simple relation (2). Following the example of [37], we now look for a two-setting witness of the
form (26) for N = 6 that is independent from the projector witness. For determining cD6, we
need to compute the maximum of J 2

x + J 2
y for biseparable states for all the possible bipartitions.

As we have discussed in section 2.3, instead of looking for the maximum for states that are
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separable with respect to a certain bipartition, we can also look for the maximum for PPT states
(see appendix A). We obtain

cD6 := 11.0179. (34)

W (I 2)

D(6,3) detects genuine multipartite entanglement if for white noise pnoise < 0.1091. Simple
numerical optimization leads to the same value for the maximum for biseparable states12. Hence
we find that our witness is optimal. Finally, the list of witnesses presented in this section are
shown in the top part of table 1.

4. Witnesses for states derived from |D(3)
6 〉 via projections

By projective measurements of one or two of the qubits we can obtain several states that
are inequivalent under stochastic local operations and classical communication (SLOCC).
Surprisingly, these states still possess genuine multipartite entanglement [32, 44]. Next, we
discuss how to detect the entanglement of these states.

4.1. Witnesses for the superposition of five-qubit Dicke states

After measuring one of the qubits in some basis and post-selecting for one of the two outcomes,
one can obtain states of the form

%D5 := c1|D
(2)

5 〉 + c2|D
(3)

5 〉, (35)

where |c1|
2 + |c2|

2
= 1. For such states, the expectation value of J 2

x + J 2
y is maximal, thus a

witness of the form (26) for N = 5 is used to detect their entanglement. Both semidefinite
programing and simple numerical optimization leads to cD5 := 7.8723. Naturally, 〈W (I 2)

D5 〉 is
minimal not only for states of the form (35), but for any mixture of such states.

4.2. Witness for the four-qubit W state

Now we will construct witnesses for a four-qubit W state, which is obtained from |D(3)

6 〉 if two
qubits are measured in the σz basis, and the measurement result is +1 in both cases. We consider
a witness of the form (27) for N = 4 and m = 1. We try several values for q and determine cq

for the witnessWD(4,1)(q) as a function of q using semidefinite programming. For each witness
we also compute the noise tolerance. The results of these computations can be seen in figure 3.
It turns out, that the best witness is obtained for q = 1.47 and cq = 4.1234. It tolerates white
noise if pnoise < 0.1476.

4.3. Three-setting witness for the four-qubit Dicke state

A |D(2)

4 〉 state can also be obtained from |D(3)

6 〉, namely if the measurement outcomes are +1
and −1 for two consecutive σz measurements. For that case, we look for a three-setting witness,
based on the projector witness. For white noise, the result is

W (P3)

D(4,2) := 2 · 1 + 1
6(J 2

x + J 2
y − J 4

x − J 4
y ) + 31

12 J 2
z −

7
12 J 4

z . (36)

12 We used the maxbisep routine of the QUBIT4MATLAB V3.0 package [34] with parameters for accuracy
[30 000, 100 000, 0.0005]. See also appendix B.
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Figure 3. The noise tolerance of the witness W (I 3)

D(1,4) given in (27) as a function
of the parameter q. The maximum is in the vicinity of q = 1.47.

The witness tolerates white noise if pnoise < 0.2759. It is easy to check thatW is a witness: one
has to notice that W (P3)

D(4,2) − 3W (P)

D(4,2) > 0, were W (P)

D(4,2) is defined in (7). Thus, the fidelity can

be estimated from the measurement of the witness as F > 2/9 − 〈W (P3)

D(4,2)〉/3.

4.4. Measuring the projector witness for the four-qubit Dicke state

We can also measure the projector witness W (P)

D(4,2) =
2
31 − |D(2)

4 〉〈D(2)

4 |. The method in
observation 1 gives the following decomposition for the projector

16|D(2)

4 〉〈D(2)

4 | =
2
3([x] + [x ± 1] + [y] + [y ± 1]) + 1

3(8[z] − [z ± 1] − [x ± z] − [y ± z])

+1
6 [x ± y]. (37)

The nine measurement settings are x, y, z, x ± y, x ± z and y ± z, shown also in figure 2(b).
The list of witnesses presented in this section are given in the bottom part of table 1.

5. Conclusions

In summary, we presented general methods for constructing entanglement witnesses for
detecting genuine multipartite entanglement in experiments. In particular, we considered
projector-based witnesses and found efficient decompositions for them. Then, we constructed
two- and three-setting witnesses for symmetric Dicke states that were based on the projector
witness, as well as independent of the projector witness. We applied our methods to design
witnesses for the recent experiment observing a six-qubit symmetric Dicke state with three
excitations [32]. Our methods can be generalized for future experiments. As a first step, in
appendix C we list some entanglement witnesses for systems with 5–10 qubits. Moreover, recent
results on the symmetric tensor rank problem suggest that decompositions more efficient than
the one in observation 1 are possible, however, they involve complex algorithms [45]. Thus,
it would be interesting to look for better upper bounds for the number of settings used for
symmetric operators.
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Appendix A. Semidefinite programming used for obtaining witnesses

Here we summarize two optimization problems that are useful for designing entanglement
witnesses and can be solved with semidefinite programming. Both tasks are related to designing
witnesses that are easy to measure.

1. Semi-definite programming can be used to find the witness W with the largest noise
tolerance as explained in the beginning of section 3.1.1. The corresponding task can be
formulated as

minimize
∑

k

ckTr(Bk%noise),

subject to
∑

k

ckTr(Bk%) = −1,∑
k

ck Bk − αW (P) > 0,

α > 0.

(A.1)

Here % is the state around which we detect entanglement. %noise is the noise, not necessarily
white. The optimization is over α and the ck’s.

2. Semi-definite programming can be used to look for the maximum for PPT bipartite states.
This gives an upper bound on the maximum for biseparable states. In many cases, the two
coincide. The corresponding task can be formulated as a standard semidefinite program as

minimize −Tr(M%),

subject to % > 0,

Tr(%) = 1,

%TA > 0.

(A.2)

Here TA means partial transpose according to some groups of the qubits.

Appendix B. List of MATLAB subroutines

We summarize some of the MATLAB routines of the QUBIT4MATLAB 3.0 package that can
be used for the calculations necessary for designing entanglement witnesses. A full list of the
commands is given in [34].

The command decompose can be used to obtain a decomposition of a Hermitian operator
into the sum of products of Pauli spin matrices. Moreover, maxsep and maxsymsep can be
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used for getting the maximum for separable multi-qudit states and symmetric product states
for a Hermitian operator, respectively. The command maxbisep gives the maximum for states
that are biseparable with respect to some partitioning of the qubits. The command maxb gives
the maximum for all possible bipartitions. All these commands look for the maximum with a
simple optimization algorithm that is not guaranteed to find the global maximum, nevertheless,
it typically does find it. overlapb gives the maximum overlap of a state |9〉 and biseparable
states. It can be used to construct entanglement witnesses of the type (6).

For semidefinite programming, we used SeDuMi [46] and YALMIP [47]. Two subroutines
based on them are now in QUBIT4MATLAB 4.013. The command optwitness looks for the
best witness that can be composed linearly from a set of operators, while maxppt determines
the maximum of an operator expectation value for states with a PPT for some bipartitioning of
the qubits.

Appendix C. Witnesses for systems with 5–10 qubits

A three-setting witness based on the projector witness for the state |D(4)

8 〉 is given by

W (P3)

D(8,4) := 1.3652 · 1 +
∑

l=x,y,z

4∑
n=1

cln J 2n
l , (C.1)

with

{cln} =

0.0038612 −0.0052555 0.0015016 −0.00010726
0.0038612 −0.0052555 0.0015016 −0.000107266

3.124 −1.07699 0.11916 −0.0038992

 . (C.2)

The noise tolerance for white noise is pnoise < 0.2578. For larger N , we can use the ansatz

W (P3)

D(N ,N/2) := c1 · 1 + cxy{(σx + 1)⊗N + (σx − 1)⊗N + (σy + 1)⊗N + (σy − 1)⊗N
} +

N/2∑
n=1

czn J 2n
z .

(C.3)

For N = 10, the optimal coefficients are c1 = 1.3115, cxy = −0.0023069, and cz =

{3.4681, −1.2624, 0.16494, −0.0084574, 0.000146551}. White noise is tolerated if pnoise <

0.2404. The large noise-tolerance for the N = 10 case suggests that a robust three-setting
witness for |D(N/2)

N 〉 might be constructed even for large N .

A three-setting witness independent of the projector witness for the N -qubit W state
is given by (27) for m = 1. For N = 5, we have c5 = 5.6242, q5 = 2.22, and the witness
tolerates white noise if pnoise < 0.0744. For N = 6, we have c6 = 7.1095, q6 = 3.13, and noise
is tolerated if pnoise < 0.0401.
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3.4 Permutationally invariant quantum state tomogra-
phy

To obtain the complete information content of a quantum state full quantum state
tomography has to be performed [58, 129]. To this aim, an arbitrary quantum state ρ
of N qubits can always be decomposed in Pauli spin matrices σ̂0 = 1, σ̂x, σ̂y and σ̂z to

ρ =
1

2N

∑

k1,k2...,kN={0,x,y,z}
Tk1,k2,...,kN σ̂k1 ⊗ σ̂k2 ⊗ ...⊗ σ̂kN (3.37)

with 4N entries of the correlation tensor Tk1,k2,...,kN ∈ R. To completely reconstruct
the quantum state ρ, all entries of the correlation tensors have to be determined. This
determines the number of required measurement settings. The correlation tensor can
be calculated from the following expectation values

Tk1,k2,...,kN = Tr( ρ σ̂k1 ⊗ σ̂k2 ⊗ ...⊗ σ̂kN ). (3.38)

Note that in the experiment projectors of the form Px± = 1
2
(1± σ̂x), Py± = 1

2
(1± σ̂y)

or Pz± = 1
2
(1 ± σ̂z) are usually measured. How the correlations are deduced from the

measured projectors is, for example, explained in Ref. [62]. The total number of the
basis settings to be determined can even be reduced down to 3N , because all correla-
tions containing the identity σ̂0 = 1 can be calculated from the measured projectors
containing only σ̂x, σ̂y and σ̂z operators [62]. However, to perform full quantum tomog-
raphy 3N basis settings have to be determined in the experiment and this means that
the number of measurement settings scales exponentially with the number of qubits N .

Quantum state tomography has already been performed in several systems for dif-
ferent number of qubits. For example for superconducting qubits up to N = 3 [38, 39],
for photons up to N = 4 [87] and for ions up to N = 8 [32]. For higher qubit numbers
performing full tomography is experimentally challenging not only because of limited
count rates but also because of the exponential scaling of the number of measurement
settings, which is for N = 10 already 59049, increasing on the one hand the measure-
ment time and on the other hand the computational effort to reconstruct the density
matrix. In publication 3.3.2 [59] we propose a method reducing the measurement effort
to only quadratically scaling with the number of qubits. To this aim we profit from
the fact that the most prominent quantum states are permutationally invariant, like
for example, the Greenberger Horne Zeilinger (GHZ) state [130, 53, 85, 131, 28] and all
Dicke states [115, 87, 50, 90] which includes also the W state [132, 32]. Therefore we
propose to determine the permutationally invariant part of our probe state ρ defined
as

ρPI =
1

N !

∑

k

ΠkρΠk (3.39)
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with Πk are all possible permutations between each qubit with respect to another one23.
How this reduces the number of settings is first exemplary shown for the case of a 3
qubit W state [132]

|W 〉 =
1√
3

( |100 〉+ |010 〉+ |001 〉). (3.40)

Because of the permutation invariance of the W state, we do not have to measure all
the Pauli spin operators σ̂x, σ̂y and σ̂z for each qubit, which would result for N = 3 in
33 = 27 combinations, instead we need just to determine the permutationally invariant
part of the 27 operators as well, resulting in 10 operators, for example, of the form

1. σ̂x ⊗ σ̂x ⊗ σ̂x
2. σ̂x ⊗ σ̂x ⊗ σ̂y = σ̂x ⊗ σ̂y ⊗ σ̂x = σ̂y ⊗ σ̂x ⊗ σ̂x
3. σ̂x ⊗ σ̂x ⊗ σ̂z = σ̂x ⊗ σ̂z ⊗ σ̂x = σ̂z ⊗ σ̂x ⊗ σ̂x
4. σ̂x ⊗ σ̂y ⊗ σ̂y = σ̂y ⊗ σ̂x ⊗ σ̂y = σ̂y ⊗ σ̂y ⊗ σ̂x
5. σ̂x ⊗ σ̂z ⊗ σ̂z = σ̂z ⊗ σ̂x ⊗ σ̂z = σ̂z ⊗ σ̂z ⊗ σ̂x
6. σ̂x ⊗ σ̂y ⊗ σ̂z = σ̂x ⊗ σ̂z ⊗ σ̂y = σ̂y ⊗ σ̂x ⊗ σ̂z = σ̂y ⊗ σ̂z ⊗ σ̂x = σ̂z ⊗ σ̂y ⊗ σ̂x = σ̂z ⊗ σ̂x ⊗ σ̂y
7. σ̂y ⊗ σ̂y ⊗ σ̂z = σ̂y ⊗ σ̂z ⊗ σ̂y = σ̂z ⊗ σ̂y ⊗ σ̂y
8. σ̂y ⊗ σ̂z ⊗ σ̂z = σ̂z ⊗ σ̂y ⊗ σ̂z = σ̂z ⊗ σ̂z ⊗ σ̂y
9. σ̂y ⊗ σ̂y ⊗ σ̂y

10. σ̂z ⊗ σ̂z ⊗ σ̂z.

For each line from 1 to 10 only one of the listed correlations has to be measured24,
because the others reveal for a permutationally invariant quantum state theoretically
the same result.

To find a general formula how the number of settings for permutationally invariant
quantum tomography scales with N qubits is a problem of combinatorial analysis. The
question can be formulated as follows: How many ways exist to arrange σ̂x, σ̂y and
σ̂z on N qubits without being able to distinguish between the Pauli spin operators
of the same basis? This problem can be reduced to an arrangement of N operators
(represented by dots) and 2 horizontal lines dividing the N operators into 3 groups as

. . . . . .︸ ︷︷ ︸
σ̂⊗kx

| . . . . . .︸ ︷︷ ︸
σ̂⊗ly

| . . . . . .︸ ︷︷ ︸
σ̂⊗mz

(3.41)

with k+ l+m = N . All the operators on the left of the horizontal line correspond to σ̂x,
in between the two horizontal lines correspond to σ̂y and on the right to σ̂z operators.

23Note, for a theoretically permutationally invariant quantum state ρth = ρPI holds and for a
experimental state which is supposed to be permutationally invariant, there exists always a (small)
part which is not permutationally invariant ρexp = ρPI + ρnotPI

24Note, that in principle 10 arbitrary directions can be measured, which will be introduced in the
following
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Now the question is how to arrange the group of N operators on N + 2 objects (2
horizontal lines with N dots), which is

DN =

(
N + 2

N

)
=

(N + 2)!

N !(N + 2−N)!
=

(N + 2)(N + 1)

2
=

1

2
(N2 + 3N + 2). (3.42)

Now we see that we have reduced the measurement effort to only quadratically scaling
with the number of qubits N for permutationally invariant quantum state tomogra-
phy. In publication 3.4.1 [59] we have shown that it is not possible to reconstruct a
permutationally invariant quantum state with fewer than DN settings.

In principle, arbitrary directions on the Bloch sphere denoted by Â⊗Nj can be mea-
sured to reconstruct the density matrix, because any permutationally invariant density
operator can be written as a linear combination of the Pauli spin operators σ̂x, σ̂y, σ̂z
and 1. This implies that there are real coefficients c

(k,l,m)
j with

〈(σ̂⊗kx ⊗ σ̂⊗ly ⊗ σ̂⊗mz ⊗ 1⊗n)PI〉 =

DN∑

j=1

c
(k,l,m)
j 〈(Â⊗(N−n)

j ⊗ 1⊗n)PI〉 (3.43)

and (...)PI denotes the sum of all permutations between each qubit divided by the
number of permutations, like for example, (σ̂x ⊗ σ̂x ⊗ σ̂x ⊗ 1)PI = 1

4
(σ̂x ⊗ σ̂x ⊗ σ̂x ⊗

1 + σ̂x ⊗ σ̂x ⊗ 1 ⊗ σ̂x + σ̂x ⊗ 1 ⊗ σ̂x ⊗ σ̂x + 1 ⊗ σ̂x ⊗ σ̂x ⊗ σ̂x). Finding the optimal

coefficients c
(k,l,m)
j with respect to ideal directions Â⊗Nj is then a problem of numerical

optimization. For example, in the previous case of the 3 qubit W state we have found
10 operators to determine the permutationally invariant part of our state, but we still
do not know if the directions of these operators are optimal. A quantitative way to
perform this optimization is to define a measure of statistical uncertainty in terms of
variances (squared errors) of the correlation tensor entries25 defined as (according to
Eq. 3.43)

E2[(σ̂⊗kx ⊗ σ̂⊗ly ⊗ σ̂⊗mz ⊗ 1⊗n)PI ] =

DN∑

j=1

|c(k,l,m)
j |E2[(Â

⊗(N−n)
j ⊗ 1⊗n)PI ]. (3.44)

Minimizing the sum of all variances

(Etotal)
2 =

∑

k+l+m+n=N

E2[(σ̂⊗kx ⊗ σ̂⊗ly ⊗ σ̂⊗mz ⊗ 1⊗n)PI ](
N !

k!l!m!n!
) (3.45)

leads iteratively to the coefficients c
(k,l,m)
j for the optimal directions Âj. The term with

the factorials in Eq. 3.45 is the number of different permutations between σ̂⊗kx ⊗ σ̂⊗ly ⊗
σ̂⊗mz ⊗ 1⊗n. Note that in practice the variances E2[(Â

⊗(N−n)
j ⊗ 1⊗n)PI ] depend on the

physical implementation and, for example, for photons Poissonian distributed counts
are assumed (for details see publication 3.4.1 [59])

25which have an analogy to Bloch vector elements, because every operator can be written as a linear
combination of the Pauli spin matrices, as Âj = axσ̂x + ayσ̂y + azσ̂z with a2

x + a2
y + a2

z = 1 and the
point (ax, ay, az) is an entry of the Bloch unit sphere (see Fig. 2.1)
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Figure 3.7: Schematic of how to calculate the permutationally invariant Pauli
spin operators decomposition. Exemplary for N = 4 Eq. 3.43 is illustrated with
real coefficients c

(k,l,m)
j and 15 arbitrary chosen measurement directions Âj out of which

the entries of the permutationally invariant Pauli spin operators decomposition 〈(σ̂⊗kx ⊗
σ̂⊗ly ⊗ σ̂⊗mz ⊗ 1⊗n)PI〉 can be calculated.

As an illustration, Fig. 3.7 shows exemplary for the case of N = 4 how to reconstruct
the entries of the permutationally invariant correlations (in the Pauli spin operators
decomposition) out of the experimentally measured correlations Â⊗Nj via the coefficients

c
(k,l,m)
j .

Finally, ρPI calculates to

ρPI =
1

2N

∑

k1,k2...,kN={0,x,y,z}
T PIk1,k2,...,kN (σ̂k1 ⊗ σ̂k2 ⊗ ...⊗ σ̂kN )PI (3.46)

with

T PIk1,k2,...,kN = Tr( ρPI (σ̂k1 ⊗ σ̂k2 ⊗ ...⊗ σ̂kN )PI). (3.47)

In publication 3.4.1 [59] the method described above is demonstrated in a proof of
principle experiment for a four photon symmetric Dicke state with two excitations [87].
To this aim, full quantum tomography and permutationally invariant quantum tomog-
raphy are performed and compared, achieving an overlap of 94.7%, which shows the
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applicabiliy of permutationally invariant quantum state tomography for future charac-
terisations of quantum states.

3.4.1 Publication: Permutationally invariant quantum state
tomography
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Permutationally Invariant Quantum Tomography
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We present a scalable method for the tomography of large multiqubit quantum registers. It acquires

information about the permutationally invariant part of the density operator, which is a good approxi-

mation to the true state in many relevant cases. Our method gives the best measurement strategy to

minimize the experimental effort as well as the uncertainties of the reconstructed density matrix. We apply

our method to the experimental tomography of a photonic four-qubit symmetric Dicke state.

DOI: 10.1103/PhysRevLett.105.250403 PACS numbers: 03.65.Wj, 03.65.Ud, 42.50.Dv

Because of the rapid development of quantum experi-
ments, it is now possible to create highly entangled multi-
qubit states using photons [1–5], trapped ions [6], and cold
atoms [7]. So far, the largest implementations that allow
for an individual readout of the particles involve on the
order of 10 qubits. This number will soon be overcome, for
example, by using several degrees of freedom within each
particle to store quantum information [8]. Thus, a new
regime will be reached in which a complete state tomog-
raphy is impossible even from the point of view of the
storage place needed on a classical computer. At this point
the question arises: Can we still extract useful information
about the quantum state created?

In this Letter we propose permutationally invariant
(PI) tomography in multiqubit quantum experiments [9].
Concretely, instead of the density matrix %, we propose to
determine the PI part of the density matrix defined as

%PI ¼ 1

N!

X

k

�k%�k; (1)

where �k are all the permutations of the qubits.
Reconstructing %PI has been considered theoretically for
spin systems (see, e.g., Ref. [10]). Recently it has been
pointed out that photons in a single mode optical fiber will
always be in a PI state and that there is only a small set of
measurements needed for their characterization [11,12].

Here, we develop a provably optimal scheme, which is
feasible for large multiqubit systems: For our method, the
measurement effort increases only quadratically with the
size of the system. Our approach is further motivated by
the fact that almost allmultipartite experiments are donewith
PI quantum states [2–4,6]. Thus, the density matrix obtained
from PI tomography is expected to be close to the one of the
experimentally achieved state. The expectation values of
symmetric operators, such as some entanglement witnesses,
and fidelities with respect to symmetric states are the same

for both density matrices and are thus obtained exactly from
PI tomography [2–4]. Finally, if %PI is entangled, so is the
state % of the system, which makes PI tomography a useful
and efficient tool for entanglement detection.
Below, we summarize the four main contributions of this

Letter. We restrict our attention to the case of N qubits—
higher-dimensional systems can be treated similarly.
(1) In most experiments, the qubits can be individually

addressed whereas nonlocal quantities cannot be measured
directly. The experimental effort is then characterized by
the number of local measurement settings needed, where
‘‘setting’’ refers to the choice of one observable per qubit,
and repeated von Neumann measurements in the observ-
ables’ eigenbases [13]. Here, we compute the minimal
number of measurement settings required to recover %PI.
(2) The requirement that the number of settings be

minimal does not uniquely specify the tomographic proto-
col. On the one hand, there are infinitely many possible
choices for the local settings that are both minimal and
give sufficient information to find %PI. On the other hand,
for each given setting, there are many ways of estimating
the unknown density operator from the collected data. We
present a systematic method to find the optimal scheme
through statistical error analysis.
(3) Next, we turn to the important problem of gauging

the information loss incurred due to restricting attention to
the PI part of the density matrix. We describe an easy test
measurement that can be used to judge the applicability of
PI tomography before it is implemented.
(4) Finally, we demonstrate that these techniques are

viable in practice by applying them to a photonic experi-
ment observing a four-qubit symmetric Dicke state.
Minimizing the number of settings.—We will now

present our first main result.
Observation 1. For a system of N qubits, permuta-

tionally invariant tomography can be performed with

PRL 105, 250403 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

17 DECEMBER 2010

0031-9007=10=105(25)=250403(4) 250403-1 � 2010 The American Physical Society

68



3.4. PERMUTATIONALLY INVARIANT QUANTUM STATE TOMOGRAPHY

D N ¼ N þ 2
N

� �
¼ 1

2
ðN2 þ 3N þ 2Þ (2)

local settings. It is not possible to perform such a tomog-
raphy with fewer settings.

Proof.—First, we need to understand the information
obtainable from a single measurement setting. We assume
that for every given setting, the same basis is measured at
every site [14]. Measuring a local basis fj�1i; j�2ig is
equivalent to estimating the expectation value of the trace-
less operator A ¼ j�1ih�1j � j�2ih�2j. Merely by mea-
suring A�N , it is possible to obtain all the N expectation
values

hðA�ðN�nÞ � 1�nÞPIi; ðn ¼ 0; . . . ; N � 1Þ; (3)

and, conversely, that is all the information obtainable about
%PI from a single setting.

Next, we will use the fact that any PI density operator
can be written as a linear combination of the pairwise
orthogonal operators ðX�k � Y�l � Z�m � 1�nÞPI, where
X, Y, and Z are the Pauli matrices. We consider the space
spanned by these operators for one specific value of n.
Simple counting shows that its dimension is DðN�nÞ. The
same space is spanned by DðN�nÞ generic operators of the
type ðA�ðN�nÞ � 1�nÞPI. We draw two conclusions: First,
any setting gives at most one expectation value for every
such space. Hence the number of settings cannot be smaller
than the largest dimension, which isDN . Second, a generic
choice of DN settings is sufficient to recover the correla-
tions in each of these spaces, and hence completely char-
acterizes %PI. This concludes the proof [15].

The proof implies that there are real coefficients cðk;l;mÞ
j

such that

hðX�k � Y�l � Z�m � 1�nÞPIi

¼ XDN

j¼1

cðk;l;mÞ
j hðA�ðN�nÞ

j � 1�nÞPIi: (4)

Wewill refer to the numbers on the left-hand side of Eq. (4)
as the elements of the generalized Bloch vector. The ex-
pectation values on the right-hand side can be obtained by
measuring the settings with Aj for j ¼ 1; 2; . . . ;DN .

Minimizing uncertainties.—We now have to determine
the optimal scheme for PI tomography. To this end, we
define our measure of statistical uncertainty as the sum of
the variances of all the Bloch vector elements

ðEtotalÞ2 ¼
X

kþlþmþn¼N

E2½ðX�k � Y�l � Z�m � 1�nÞPI�

�
�

N!

k!l!m!n!

�
; (5)

where the term with the factorials is the number of differ-
ent permutations of X�k � Y�l � Z�m � 1�n. Based on
Eq. (4), the variance of a single Bloch vector element is

E 2½ðX�k � Y�l � Z�m � 1�nÞPI�

¼ XDN

j¼1

jcðk;l;mÞ
j j2E2½ðA�ðN�nÞ

j � 1�nÞPI�: (6)

Equation (5) can be minimized by changing the Aj matrices

and the cðk;l;mÞ
j coefficients.We consider the coefficients first.

For any Bloch vector element, finding cðk;l;mÞ
j ’s thatminimize

the variance Eq. (6) subject to the constraint that equality
holds in Eq. (4) is a least squares problem. It has an analytic
solution obtained as follows: Write the operator on the left-
hand side of Eq. (6) as a vector ~v (with respect to some basis).
Likewise, write the operators on the right-hand side as ~vj and

define a matrix V¼½ ~v1; ~v2; .. . ; ~vDN
�. Then Eq. (4) can be

cast into the form ~v ¼ V ~c, where ~c is a vector of the cðk;l;mÞ
j

values for given ðk; l; mÞ. If E is the diagonal matrix with en-

triesE2
j;j ¼ E2½ðA�ðN�nÞ

j � 1�nÞPI�, then the optimal solution

is ~c ¼ E�2VTðVE�2VTÞ�1 ~v, where the inverse is taken over
the range [16].
Equipped with a method for obtaining the optimal

cðk;l;mÞ
j ’s for every fixed set of observables Aj, it remains to

find the best settings tomeasure. Every qubit observable can
be defined by the measurement directions ~aj using Aj ¼
aj;xX þ aj;yY þ aj;zZ. Thus, the task is to identify DN

measurement directions on the Bloch sphere minimizing
the variance. In general, finding the globally optimal solu-
tion of high-dimensional problems is difficult. In our case,
however, Etotal seems to penalize an inhomogeneous distri-
bution of the ~aj vectors; thus, using evenly distributed vec-

tors as an initial guess, usual minimization procedures can
be used to decrease Etotal and obtain satisfactory results [16].

The variance E2½ðA�ðN�nÞ
j � 1�nÞPI� of the observed

quantities depends on the physical implementation. In the
photonic setup below, we assume Poissonian distributed
counts. It follows that (see also Refs. [17,18])

E 2½ðA�ðN�nÞ
j � 1�nÞPI� ¼

½�ðA�ðN�nÞ
j � 1�nÞPI�2%0

�j � 1
; (7)

where ð�AÞ2% ¼ hA2i% � hAi2%, %0 is the state of the system,

and �j is the parameter of the Poissonian distribution,

which equals the expected value of the total number of
counts for the setting j. The variance depends on the un-
known state. If we have preliminary knowledge of the
likely form of %0, we should use that information in the
optimization. Otherwise, %0 can be set to the completely
mixed state. For the latter, straightforward calculation

shows that E2½ðA�ðN�nÞ
j � 1�nÞPI� ¼ ðNnÞ�1=ð�j � 1Þ. For

another implementation, such as trapped ions, our scheme
for PI tomography can be used after replacing Eq. (7) by
a formula giving the variance for that implementation.
Estimating the information loss due to symmetriza-

tion.—It is important to know how close the PI quantum
state is to the state of the system as PI tomography should
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serve as an alternative of full state tomography for experi-
ments aiming at the preparation of PI states.

Observation 2. The fidelity between the original state
and the permutationally invariant state, Fð%; %PIÞ, can

be estimated from below as Fð%; %PIÞ � hPsi2%, where Ps ¼P
N
n¼0 jDðnÞ

N ihDðnÞ
N j is the projector to the N-qubit symmetric

subspace, and the symmetric Dicke state is defined as

jDðnÞ
N i ¼ ðNnÞ�1=2

P
kP kðj0i�ðN�nÞ � j1i�nÞ, where the sum-

mation is over all the different permutations of the qubits.
Observation 2 can be proved based on Ref. [19] and elemen-
tary matrix manipulations. Note that Observation 2 makes
it possible to estimate Fð%; %PIÞ based on knowing only %PI.

Lower bounds on the fidelity to symmetric Dicke states,

i.e., TrðjDðnÞ
N ihDðnÞ

N j%Þ can efficiently be obtained by mea-
suring X, Y, and Z on all qubits, i.e., measuring only three
local settings independent of N [20]. With the same
measurements, one can also obtain a lower bound on the
overlap between the state and the symmetric subspace.
For four qubits, this can be done based on Ps � ½ðJ4x þ
J4y þ J4z Þ � ðJ2x þ J2y þ J2z Þ�=18, where Jx ¼ ð1=2ÞPkXk,

Jy ¼ ð1=2ÞPkYk, etc. Operators for estimating hPsi for

N ¼ 6; 8 are given in Ref. [16]. This allows one to judge
how suitable the quantum state is for PI tomography before
such a tomography is carried out.

Experimental results.—We demonstrate the method and
the benefits of our algorithm for PI tomography for a four-

qubit symmetric Dicke state with two excitations jDð2Þ
4 i.

First, we optimize the ~aj’s and the cðk;l;mÞ
j ’s for %0 ¼ 1=16

and only for the uncertainty of full four-qubit correlation
terms, which means that when computing Etotal, we carry out
the summation in Eq. (5) only for the termswith n ¼ 0. With
simple numerical optimization,wewere looking for the set of
Aj basis matrices that minimize the uncertainty of the full

correlation terms. Then,we also looked for the basismatrices
that minimize the sum of the squared error of all the Bloch
vector elements and considered also density matrices differ-
ent from white noise, such as a pure Dicke state mixed with
noise. We find that the gain in terms of decreasing the
uncertainties is negligible in our case and that it is sufficient
to optimize for %0 ¼ 1=16 and for the full correlation terms.
To demonstrate the benefits of the optimization of the mea-
surement directions, we also compare the results with those
obtained with randomly distributed basis matrices.

The Dicke state was observed in a photonic system.
Essentially, four photons emitted by the second-order col-
linear type-II spontaneous parametric down-conversion
process were symmetrically distributed into four spatial
modes. Upon detection of one photon from each of the

outputs, the state jDð2Þ
4 i is observed. Polarization analysis

in each mode is used to characterize the experimentally
observed state. We collected data for each setting for 5 min,
with an average count rate of 410 per minute. The experi-
mental setup has been described in detail in Refs. [2,3].

First, to check the applicability of the PI tomography,
we apply our tools described above requiring only the

measurement of the three settings, X�4, Y�4, and Z�4.
We determine the expectation value of the projector to
the symmetric subspace, yielding hPsi � 0:905� 0:015.
Based on Observation 2, we obtain Fð%; %PIÞ � 0:819�
0:028. These results show that the state is close to be PI
and has a large overlap with the symmetric subspace. Thus,
it makes sense to apply PI tomography.
For PI tomography of a four-qubit system, the measure-

ment of 15 settings is needed. We used Eq. (4) to obtain the
Bloch vector elements from the experimentally measured
quantities. This way, we could obtain all the 34 symmetric
correlations of the form ðX�k � Y�l � Z�m � 1�nÞPI. In
Fig. 1, we give the values of the correlations for optimized
and for randomly chosen measurement directions, com-
pared to the results obtained from full tomography, which
needed 81 measurement settings. As can be seen in Fig. 1,
the uncertainty for the optimized settings is considerably
smaller than the one for the randomly chosen settings.
Moreover, the results from the optimized settings fit very
well the results of the full tomography. In Fig. 2, we
compare the density matrices obtained from full tomogra-
phy [Fig. 2(a)], from PI tomography for optimized
[Fig. 2(b)], and for random measurement directions
[Fig. 2(c)]. Because of noise, the fidelity of the result of

the full tomography with respect to jDð2Þ
4 i is 0:873� 0:005,

which is similar to the fidelity of the results of the PI
tomography with optimized settings, 0:852� 0:009 [21].
In contrast, for the method using random measurement
directions, the fidelity is 0:814� 0:059, for which the
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FIG. 1 (color online). (a) Comparison of the 34 symmetrized
correlations coming from (crosses with error bars) 15 permutation-
ally invariant measurement settings with optimized Aj matrices for

N ¼ 4 qubits and (diamonds) from full tomography requiring 81
local settings. The average uncertainty of all symmetrized correla-
tions obtained from full tomography is�0:022, and is not shown in
the figure. The labels refer to symmetrized correlations of the form
given in the left-hand side of Eq. (4). The results corresponding to
the 15 full four-qubit correlations are left from the vertical dashed
line. (b)Measurement directions.A point at ðax; ay; azÞ corresponds
to measuring operator axX þ ayY þ azZ. (c) Results for randomly

chosen Aj matrices and (d) corresponding measurement directions.
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uncertainty is the largest compared to all previous fidelity
values. Finally, we also computed the fidelity of the results
with respect to the PI density matrix obtained from full
tomography [22]. The results of the PI tomography with
optimized settings show a good agreement with full to-
mography: the fidelity is 0.947, which is quite close to the
fidelity between the results of full tomography and its PI
part, 0.964. On the other hand, for the PI tomography with
random settings the corresponding fidelity is much lower,
0.880. Overall, the PI tomography shows a good agreement
with the full tomography for this particular experiment.
However, a reasonable choice of measurement directions is
needed to obtain uncertainties in the reconstructed Bloch
vector elements similar to the ones from full tomography.

Finally, let us comment on how our method can be ex-
tended to lager systems. Permutationally invariant operators
can be represented efficiently on a digital computer in the
basis of ðX�k�Y�l�Z�m�1�nÞPI operators.Wedetermined
the optimal Aj operators for PI tomography for systems with

N ¼ 6; 8; . . . ; 14 qubits. To have the same maximum uncer-
tainty of theBlochvector elements as for theN ¼ 4 case, one
has to increase the counts per setting by less than 50% [16].

In summary, we presented a scalablemethod for permuta-
tionally invariant tomography, which can be used in place of
full state tomography in experiments that aim at preparing
permutationally invariant many-qubit states. For our ap-
proach, the same operator has to be measured on all qubits,

which is a clear advantage in some experiments.We showed
how to choose themeasurements such that the uncertainty in
the reconstructed density matrix is the smallest possible.
This paves the way of characterizing permutationally in-
variant states of many qubits in various physical systems.
Moreover, this work also shows that, given some knowledge
or justifiable assumptions, there is a way to obtain scalable
state tomography for multiqubit entangled states.
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Proof of that we have to measure the same operator on all
qubits. From the proof of Observation 1, we know that at least
DN measurements are needed to get the expectation values
of all the DN independent symmetric full N -particle correla-
tions. What if we measure DN settings, but several of them
are not {Aj , Aj , ..., Aj}-type, but {A(1)

j , A
(2)
j , ..., A

(N)
j }-

type, i.e., we do not measure the same operator on all qubits?
Each setting makes it possible to get a single operator con-
taining full N -qubit correlations. Let us denote this operator
by Mk for k = 1, 2, ...,DN . Then, we know the expectation
value of any operator of the space defined by the Mk oper-
ators. However, not all Mk’s are permutationally invariant.
Thus, the size of the PI subspace of the space of the Mk opera-
tors is less than DN . We do not have DN linearly independent
symmetric operators in this space. Thus, DN measurement
settings are sufficient to measure ϱPI only if we have settings
of the type {Aj , Aj , ..., Aj}.

Derivation of Eq. (7). The eigen-decomposition of the cor-
relation term is

(A⊗(N−n)
j ⊗ 11⊗n)PI =

∑

k

Λj,n,k|Φj,k⟩⟨Φj,k|. (S1)

The individual counts NC(Aj)k follow a Poissonian distribu-
tion f(nc, λj,k), where λj,k are the parameters of the Poisso-
nian distributions and

∑
k λj,k = λj . The conditional vari-

ance, knowing that the total count is NC(Aj), is

E2[(A⊗(N−n)
j ⊗11⊗n)PI|NC(Aj)] =

[∆(A⊗(N−n)
j ⊗ 11⊗n)PI]2

NC(Aj)
.

(S2)
After straightforward algebra, the variance is obtained as

E2[(A⊗(N−n)
j ⊗ 11⊗n)PI]

=
∑

m

f(m,λj)E2[(A⊗(N−n)
j ⊗ 11⊗n)PI|NC(Aj) = m]

=
[∆(A⊗(N−n)

j ⊗ 11⊗n)PI]2

λj − 1
. (S3)

Similar results can be obtained through assuming Poisso-
nian measurement statistics and Gaussian error propagation

[S1, S2]. If ϱ0 = 11/2N , then ∆(A⊗(N−n)
j ⊗ 11⊗n)PI is in-

dependent from the choice of Aj . By substituting Aj = Z,
straightforward calculations gives

E2[(A⊗(N−n)
j ⊗ 11⊗n)PI] =

(
N
n

)−1

λj − 1
. (S4)

Obtaining the formula for c
(k,l,m)
j for the smallest error.

We look for c
(k,l,m)
j for which the squared uncertainty given in

Eq. (6) is the smallest. In the following, we use the definition
given in the main text for c⃗, v⃗, V and E. Thus, V is matrix
mapping a large space Rl to a small space Rs. Let E be a
non-singular diagonal matrix in the small space. We have to
solve

min
c⃗
∥Ec⃗∥2 s.t. V c⃗ = v⃗, (S5)

where ||⃗a|| is the Euclidean norm of a⃗. Using Lagrangian mul-
tipliers, we write down the condition for a minimum fulfilling
the constraints V c⃗ = v⃗

∇c⃗

{
c⃗T E2c⃗ +

s∑

i=1

λi

[
(V c⃗)i − wi

]}
= 0. (S6)

Hence, the condition for a local (and, due to convexity, global)
minimum is

c⃗ =
1
2
E−2V T λ⃗, (S7)

where λ ∈ Rs is the vector of multipliers. In other words, we
have a minimum if and only if c⃗ ∈ rangeE−2V T . Because
the range of V T is an s-dimensional subspace in Rl, there is
a unique c⃗ in that range such that V c⃗ = v⃗. A solution in a
closed form can be obtained as

c = E−2V T (V E−2V T )−1v⃗. (S8)

Simple calculation shows that the V c⃗ = v⃗ condition holds

V c = V E−2V T (V E−2V T )−1v⃗ = v⃗. (S9)
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Table S1: Fidelities to the 4-qubit Dicke states.

measurement |D(0)
4 ⟩ |D(1)

4 ⟩ |D(2)
4 ⟩ |D(3)

4 ⟩ |D(4)
4 ⟩ Σ

full tomography −0.001± 0.002 0.023± 0.004 0.873± 0.005 0.026± 0.004 0.002± 0.002 0.922

full tomography (max-like) 0.001 0.021 0.869 0.023 0 0.914

PI tomography −0.001± 0.002 0.040± 0.007 0.852± 0.009 0.036± 0.007 −0.002± 0.002 0.925

PI tomography (max-like) 0.003 0.038 0.850 0.037 0 0.928

PI tomography (ran) 0.000± 0.002 0.055± 0.027 0.814± 0.059 0.023± 0.027 0.001± 0.002 0.893

PI tomography (ran,max-like) 0.004 0.050 0.816 0.020 0.007 0.897

Proof of Observation 2. The eigenstates of J⃗2 = J2
x +

J2
y +J2

z are usually labelled by |j, m, α⟩, where J⃗2|j, m, α⟩ =
j(j + 1)|j, m, α⟩, Jz|j, m, α⟩ = m|j, m, α⟩, and α is used to
label the different eigenstates having the same j and m [S3].
Let Pj,α denote the projector to the subspace of a given j and
α. The number of subspaces is denoted by NSS, and, for a
given N , it can be calculated from group theory. Moreover,
Ps ≡ PN/2,1. Using this notation, ϱPI =

∑
j,α Pj,αϱPj,α =

(PsϱPs) +
∑

j<N/2,α(Pj,αϱPj,α). In the basis of J⃗2 eigen-
states, ϱPI can be written as a block diagonal matrix

ϱPI =
⊕

j,α

(⟨Pj,α⟩ϱϱ̂j,α) , (S10)

where ϱ̂j,α are density matrices of size (2j + 1) × (2j + 1).
In another context,

ϱPI =
∑

j,α

⟨Pj,α⟩ϱϱj,α, (S11)

where ϱj,α = Pj,αϱPj,α/Tr(Pj,αϱPj,α). Based on that, we
obtain

F (ϱ, ϱj,α) = ⟨Pj,α⟩ϱ. (S12)

Then, due to the separate concavity of the fidelity, i.e.,
F (ϱ, p1ϱ1 + p2ϱ2) ≥ p1F (ϱ, ϱ1) + p2F (ϱ, ϱ2), we obtain
F (ϱ, ϱPI) ≥ ⟨Ps⟩ϱF (ϱ, ϱs) +

∑
j<N/2,α⟨Pj,α⟩ϱF (ϱ, ϱj,α).

Substituting Eq. (S12) into this inequality, we obtain
F (ϱ, ϱPI) ≥ ⟨Ps⟩2ϱ +

∑
j<N/2,α⟨Pj,α⟩2ϱ. Using the fact that

⟨Ps⟩ϱ +
∑

j<N/2,α⟨Pj,α⟩ϱ = 1, we obtain

F (ϱ, ϱPI) ≥ ⟨Ps⟩2ϱ +
(1− ⟨Ps⟩ϱ)2

NSS − 1
. (S13)

In many practical situations, the state ϱ is almost symmetric
and N is large. In such cases the second term in Eq. (S13)
is negligible. Thus, a somewhat weaker bound presented in
Observation 2 can be used.

Numerical optimization used to minimize Etotal. The
measurement directions minimizing Etotal can be obtained as
follows. Let us represent the measurement directions by three-
dimensional vectors {a⃗j}DN

j=1. The operators can be obtained
as Aj = aj,xX + aj,yY + aj,zZ.

First, we need an initial guess. This can come from a set
of randomly chosen vectors representing the measurement di-
rections. One can also use the result of a minimization for

Figure S1: (a) The difference of the real part of the density matri-
ces from optimized settings and the one of full tomography. (b) The
difference of the density matrices from random settings and the one
of full tomography. For the former, no clear structure is observed,
whereas for the latter the largest difference is observed for the antidi-
agonal elements.

some measure that characterizes how equally the vectors are
distributed. Such a measure is defined by

F({vj}) =
∑

k,l

(v⃗k · v⃗l)2m, (S14)

where v⃗k represent the measurement directions and · is the
scalar product and m is an integer. Such cost functions, called
frame potentials, appear in the theory of t-designs essentially
for the same purpose.

After we obtain the initial guess from such a procedure,
we start an optimization for decreasing Etotal. At each itera-
tion of the method, we change the measurement directions by
rotating them with a small random angle around a randomly
chosen axis. If the change decreases Etotal, then we keep the
new measurement directions, while if it does not then we dis-
card it. We repeat this procedure until Etotal does not change
significantly.

Three-setting witness for estimating the fidelity The
three-setting witness for detecting genuine multipartite entan-
glement in the vicinity of the Dicke state is [S4]

W(P3)
D(4,2) = 2·11+ 1

6 (J2
x+J2

y−J4
x−J4

y )+ 31
12J2

z− 7
12J4

z . (S15)

For this witness we have [S4]

W(P3)
D(4,2) − 3W(P)

D(4,2) ≥ 0, (S16)
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Figure S2: The maximum uncertainty of the Bloch vector elements
defined in Eq. (S21) for the optimal measurement settings as a func-
tion of the number of qubits, N, for N = 4, 6, 8, 10, 12 and 14.

where the projector witness is defined as

W(P)
D(4,2) = 2

3 · 11− |D(2)
4 ⟩⟨D(2)

4 |. (S17)

Hence, the fidelity with respect to the state |D(2)
4 ⟩ is bounded

from below as [S4]

FD(4,2) ≥ 2
3 − 1

3 ⟨W
(P3)
D(4,2)⟩. (S18)

Fidelities with respect to the four-qubit Dicke states. In
Table S1 we summarize the results for full tomography (full)
and for permutationally invariant tomography (pi) for random
(ran) and optimized (opt) directions. To obtain a physical
density matrix with non-negative eigenvalues we perform a
maximum-likelihood fit (max-like) of the measured data. In
Fig. S1, the differences between the density matrix obtained
from full tomography and the ones obtained from permuta-
tionally invariant tomography can be seen.

Efficient representation of permutationally invariant
operators on a digital computer. Every PI operator O can
be decomposed as

O =
∑

k+l+m+n=N

c
(O)
k,l,m,n(X⊗k ⊗ Y ⊗l ⊗ Z⊗m ⊗ 11⊗n)PI.

(S19)
Such a decomposition for operators of the form (A⊗(N−n) ⊗
11⊗n)PI with A = axX + ayY + azZ is given by

∑

k,l,m

ak
xal

yam
z

(k + l + m)!
k!l!m!

(X⊗k ⊗ Y ⊗l ⊗ Z⊗m ⊗ 11⊗n)PI,

(S20)
where the summation is carried out such that k + l+m+n =
N.

Results for larger systems. We determined the optimal Aj

for PI tomography for N = 4, 6, ..., 14. In Fig. S2, we plot the
maximal uncertainty of the Bloch vector elements

ϵmax = max
k,l,m,n

E [(X⊗k ⊗ Y ⊗l ⊗ Z⊗m ⊗ 11⊗n)PI] (S21)

for the total count realized in the experiment λj = λ = 2050
as a function of N, when the state of the system is ϱ0 = 11/2N .
It increases slowly with N. Thus, for large N the number of

counts per measurement setting does not have to increase very
much in order to keep the maximal uncertainty of the Bloch
vector elements the same as for the N = 4 case. In particular,
for N = 14, a total count of 2797 per setting yields the same
maximal uncertainty as we had for the N = 4 case.

An upper bound on the uncertainty of PI tomography for
ϱ0 different from the white noise can be obtained by using
[∆(A⊗(N−n)

j ⊗11⊗n)PI]2ϱ0
= 1 for error calculations. Accord-

ing to numerics, for optimal Aj for N = 4, 6, ..., 14, ϵmax re-
mains the same as in the case of white noise, since for the full
correlation terms with n = 0 the upper bound equals the value
for white noise, and the full correlations terms contribute to
the noise of the Bloch vector elements with the largest uncer-
tainty. Thus, the total count per setting will not increase more
with the number of qubits even for states different from the
completely mixed state.

The operators that give a bound on ⟨Ps⟩ with three settings
for N = 6 and 8 are the following

P (6)
s ≥ 2

225 (Q2 + J2
z )− 1

90 (Q4 + J4
z ) + 1

450 (Q6 + J6
z ),

P (8)
s ≥ −0.001616Q2 + 0.002200Q4 − 0.0006286Q6

+ 0.00004490Q8 + 0.003265J2
z − 0.004444J4

z

+ 0.001270J6
z − 0.00009070J8

z , (S22)

where Qn = Jn
x + Jn

y . They were determined using semi-
definite programming, with a method similar to one used for
obtaining three-setting witnesses in Ref. [S4]. They have an
expectation value +1 for the Dicke states |D(3)

6 ⟩ and |D(4)
8 ⟩,

respectively. Moreover, their expectation value give the high-
est possible lower bound on ⟨Ps⟩ for states of the form

ϱnoisy(p) = p
11
2N

+ (1− p)|D(N/2)
N ⟩⟨D(N/2)

N | (S23)

among the operators that are constructed as a linear combi-
nation of the operators Jn

l . The validity of the relations in
Eq. (S22) can easily be checked by direct calculation.

Bounding the differences between elements of ϱ and ϱPI

based on the fidelity. For any pure state |Ψ⟩, it is possible to
bound the difference between |⟨Ψ|ϱPI|Ψ⟩| and |⟨Ψ|ϱ|Ψ⟩| as

|⟨Ψ|ϱ|Ψ⟩ − ⟨Ψ|ϱPI|Ψ⟩| ≤
√

1− F (ϱ, ϱPI). (S24)

Thus, if the fidelity is close to 1, then ⟨Ψ|ϱ|Ψ⟩ ≈ ⟨Ψ|ϱPI|Ψ⟩,
even if |Ψ⟩ is non-symmetric. If |Ψ⟩ is an element of the prod-
uct basis, e.g., |0011 ⟩, then Eq. (S24) is a bound on the dif-
ference between the corresponding diagonal elements of ϱ and
ϱPI.

Eq. (S24) can be proved as follows: There is a well-known
relation between the trace norm and the fidelity [S5]

1
2
||ϱ− ϱPI||tr ≤

√
1− F (ϱ, ϱPI). (S25)

Moreover, for a projector P and density matrices ϱk we have
[S6]

|Tr(Pϱ1)− Tr(Pϱ2)| ≤
1
2
||ϱ1 − ϱ2||tr. (S26)
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Combining Eq. (S25) and Eq. (S26), leads to Eq. (S24).
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4
Optical quantum enhanced metrology

The aim of quantum enhanced metrology is to improve the precision of measurements
with non-classical resources, like for example entangled photons. The parameter of
interest, which has to be determined by the measurement, is here the phase of the elec-
tromagnetically oscillating light field. In general a phase can only be determined with
respect to another phase, a so called phase shift, which is typically measured experi-
mentally in a Mach-Zehnder interferometer [133, 134]. Now, if a phase shift is measured
with classical photons the sensitivity can not exceed the so called shot-noise limit [135].
To beat this limit entanglement is a necessary but not a sufficient condition. This means
that not all entangled states allow for sub shot noise measurement sensitivities, but if a
state achieves sub shot noise sensitivity it is entangled [136, 137]. In this chapter and in
the preprint 4.1.3 [60] an extension of the criterion to recognize useful entanglement for
sub shot noise sensitivity to a criterion to identify even useful multi-particle entangle-
ment is presented. This allows to quantify the amount of multi-particle entanglement
of a probe state contributing for the useful estimation of an unknown phase shift. In
the experiment we use a four photon entangled Dicke state to prove the criterion by
measuring the Fisher information, which is directly connected to the uncertainty of the
phase estimate [138]. Further, to show how to utilize this entanglement a maximum
likelihood and a Bayesian phase estimation protocol is implemented once for a 4 photon
entangled symmetric Dicke state and once for a separable state for comparison. The
results are summarized in preprint 4.1.5 and further described in this chapter. Espe-
cially the part of maximum likelihood and Bayesian estimation will be treated in more
detail, because it is only shortly described in the preprint 4.1.5.

In the second part of this chapter and in the preprint 4.2.1, an interferometric
experiment is implemented for a symmetric six photon Dicke state showing sub shot
noise sensitivity. In this case the sensitivity is not calculated by using the Fisher
information, but is determined from a measurement observable revealing the uncertainty
of the phase estimate by using a simple linearised error model [139]. Further, the
benefits of symmetric Dicke states for polarization interferometry are discussed in the
context of different measurement directions on the Bloch sphere, where the symmetric
Dicke state achieves sub shot noise sensitivity for two orthogonal directions.

77



CHAPTER 4. OPTICAL QUANTUM ENHANCED METROLOGY

4.1 Useful multi-particle entanglement and sub shot noise
phase estimation

Entanglement lies at the very heart of quantum mechanics and the technological de-
velopment to produce such non-classical correlation goes along with theoretical tools
proving the created entanglement. There are many methods to prove the entanglement
of a quantum state observed in the laboratory, such as the one used in chapter 3.3 or, for
example, in Ref. [65, 66]. But all these methods verify entanglement regardless to its
usefulness with respect to a specific application like for example quantum lithography
[21, 22], quantum positioning [140], quantum imaging [141] or quantum metrology [23].
In this section a criterion for multi-particle entangled states which are useful to over-
come classical phase sensitivity in metrology is introduced and experimentally verified
by the implementation of a complete sub shot noise phase estimation protocol using
maximum likelihood and Bayesian analysis.

First, an introduction to Fisher information and parameter estimation will be given
to motivate the idea of the criterion and then the experimental results will be described
and discussed.

4.1.1 Fisher information and parameter estimation

Let us assume we do a measurement with the goal to estimate an unknown parameter
θ0 with minimal uncertainty. To this aim, the uncertainty of the estimator is calculated
by means of the Fisher information, because this quantity tells us the amount of infor-
mation we can extract about a parameter θ0. To motivate this special property of the
Fisher information we will give in the following a derivation of the Fisher information
according to Ref. [142].

In a general phase estimation scenario (see Fig. 4.1) an initial state ρ is transformed
by an unitary transformation with phase shift θ0 into ρ(θ0). Measuring ρ(θ0) with
outcome µ delivers the probability density P (µ|θ0) from m independent repetitions of
the measurement. Out of these probability densities the uncertainty of the estimator
∆θest is then calculated. Assuming no bias b, which means that in the mean the true
phase shift θ0 is equal to the estimator θest we get

b(θ0) = 〈θest(µ)− θ0〉 =

∫
dµ(θest(µ)− θ0)P (µ|θ0) = 0. (4.1)

After differentiating Eq. 4.1 with ∂/∂θ0 one obtains

∫
dµ(θest(µ)− θ0)

∂P (µ|θ0)

∂θ0

−
∫
dµP (µ|θ0) = 0. (4.2)

Using the identity

∂P (µ|θ0)

∂θ0

= P (µ|θ0)
∂ lnP (µ|θ0)

∂θ0

(4.3)
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Figure 4.1: Schematic of a general phase estimation scenario The input state
ρ is transformed by θ0, the true phase shift, to ρ(θ0), which gives the outcome µ. A
measurement delivers then the conditional probability density P(µ|θ0), the probability
to observe θ0 for a given outcome µ, out of which the phase estimate θest and finally
the uncertainty of the estimator ∆θest is calculated.

and normalization in P (µ|θ0), i.e.
∫
dµP (µ|θ0) = 1, Eq. 4.2 becomes

∫
dµ(θest − θ0)

∂ lnP (µ|θ0)

∂θ0

P (µ|θ0) = 1. (4.4)

Factorizing the integrand leads to

∫
dµ

[
∂ lnP (µ|θ0)

∂θ0

√
P (µ|θ0)

]
[(θest(µ)− θ)

√
P (µ|θ0)] = 1. (4.5)

By squaring the equation and using the Cauchy-Schwarz inequality we obtain

[∫
dµ

(
∂ lnP (µ|θ0)

∂θ0

)2

P (µ|θ0)

]

︸ ︷︷ ︸
F

[∫
dµ(θ̂0(µ)− θ0)2P (µ|θ0)

]

︸ ︷︷ ︸
∆θ2

≥ 1. (4.6)

The integrand on the right is the mean-square error ∆θ2 = 〈(θest(µ) − θ0)2〉. So we
have found an inequality which gives us a bound on the uncertainty of our estimator.
Interestingly, what remains on the left hand side of Eq. 4.6 is the definition of the Fisher
Information F . For discrete values of µ, the Fisher information can be written as a sum

F [θ0] =
∑

µ

(
∂ lnP (µ|θ0)

∂θ0

)2

P (µ|θ0) =
∑

µ

1

P (µ|θ0)

(
∂P (µ|θ0)

∂θ0

)2

. (4.7)

In other words, there is a connection between the Fisher Information and the uncertainty
of an estimator. This (Eq. 4.6) is also known as Cramér-Rao lower bound [138]
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∆θ ≥ 1√
m

1√
F

(4.8)

where we added the factor m, the number of independent repetitions of the measure-
ment.

Accordingly, a quantum mechanical evolution of a system ρ may also depend on a
parameter θ0 leading us to ρ(θ0) = e−iĤθ0ρ0e

iĤθ0 with e−iĤθ0 a unitary transformation.
Ĥ is hermitian and the generator of the phase shift. The parameter θ0 is estimated
with outcome θest by the operator {Ê(µ)}, with P (µ|θ0) = Tr(Ê(µ)ρ(θ0)). The quantum
Fisher information is defined as the maximum of the Fisher information over all possible
measurements Ê(µ) [137, 143],

FQ[ρ(θ0)] = max
{Ê(µ)}

F [ρ(θ0); {Ê(µ)}]. (4.9)

To this aim, the quantum Fisher information acts as upper bound for the Fisher in-
formation, which is only saturated for an optimal measurement Ê(µ). With respect to
Eq. 4.6 a quantum mechanical counterpart of the Cramér-Rao inequality is derived in
the following according to [144] 26. Let us assume that the bias b is defined as (similar
to Eq. 4.1)

b(θ0) = 〈θest(µ)− θ0〉 = Tr(ρ (Ê − 1θ0)) = Tr(ρÊ)− θ0 (4.10)

with ρ = ρ(θ0), Ê = Ê(µ) and Tr(ρ) = 1. Differentiating Eq. 4.10 leads to

1 + b′(θ0) = Tr(Ê
∂ρ

∂θ0

). (4.11)

Now we introduce the operator L as the solution of the operator equation

∂ρ

∂θ0

=
1

2
(ρL+ Lρ). (4.12)

with L the symmetrized logarithmic derivative of ρ. At fist sight, the introduction of
the operator L in Eq. 4.12 seems to be unmotivated, but this will become clearer in the
end of the derivation. If we now subtract Tr(θ0∂ρ/∂θ0) = 0 (is equal to zero because
Tr(ρ) = 1) from Eq. 4.11 and insert the expression for L we obtain

(
1 + b′(θ0)

)2
= Tr((Ê − θ0)

∂ρ

∂θ0

)2 (4.13)

= Tr
(
(Ê − θ0)

1

2
(Lρ+ ρL)

)2
(4.14)

= Tr
(
(Ê − θ0)

1

2
(Lρ+ (Lρ)†)

)2
(4.15)

= Re
(
Tr(Lρ(Ê − θ0))

)2
(4.16)

≤
∣∣Tr(Lρ

1
2ρ

1
2 (Ê − θ0))

∣∣2 (4.17)

26and with the help of Christian Schwemmer
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for the next step we are using the Cauchy-Schwarz inequality for traces, |Tr(AB†)|2 ≤
Tr(AA†)Tr(BB†), and get

(
1 + b′(θ0)

)2 ≤ Tr(Lρ
1
2ρ

1
2L)Tr(ρ

1
2 (Ê − θ0)2ρ

1
2 ). (4.18)

Rearranging Eq. 4.18 we obtain

Tr(ρ(Ê − θ0)2) ≥
(
1 + b′(θ0)

)2

Tr(ρL2)
. (4.19)

Assuming no bias, i.e., b′(θ0) = 0 the quantum mechanical Cramér-Rao inequality
results in

〈θest(µ)− θ0〉2 = Tr
(
ρ (Ê − 1θ0)2

)
≥ 1

Tr(ρL2)
. (4.20)

The quantum Fisher information can now be defined according to Eq. 4.20 as FQ =
Tr[ρL2]. What we now need to calculate is the expression for L. To do this we use

ρ(θ0) = e−iĤθ0ρ0e
iĤθ0 and write Eq. 4.12 in a different way

∂ρ

∂θ0

= iĤρ− iρĤ = i[Ĥ, ρ]. (4.21)

Using this notation we can rewrite the expression for the quantum Fisher information

FQ = Tr(ρL2) = Tr(LρL) =
1

2
(Tr(ρL2) + Tr(LρL)) = Tr(i[Ĥ, ρ]L]). (4.22)

Rewriting the previous formula in the Dirac notation and writing ρ in its eigenbasis
ρ =

∑
k qk |k 〉〈 k | we obtain

FQ[ρ, Ĥ] = i
∑

j

〈 j | [Ĥ, ρ]L |j 〉 (4.23)

= i
∑

j,k

〈 j |
(
Ĥqk |k 〉〈 k | −qk |k 〉〈 k | Ĥ

)
L |j 〉 (4.24)

= i
∑

j,k

〈 j |
(
Ĥqk |k 〉〈 k | −qk |k 〉〈 k | Ĥ

)∑

l

| l 〉〈 l | L |j 〉 (4.25)

= i
∑

j,k,l

〈 j |
(
Ĥqk |k 〉〈 k | −qk |k 〉〈 k | Ĥ

)
| l 〉Llj (4.26)

= i
∑

j,k,l

(Ĥjkqkδlk − qkδjkĤkl)Llj (4.27)

= i
∑

j,k

ĤjkqkLkj − i
∑

j,k

qkĤkjLjk (4.28)

= i
∑

j,k

ĤjkqkLkj − i
∑

j,k

qjĤjkLkj (4.29)

= i
∑

j,k

(qk − qj)ĤjkLkj. (4.30)
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To calculate Lkj we will use the following identities

ρL+ Lρ =
∑

k

(
qk |k 〉〈 k | L+ Lqk |k 〉〈 k |

)
(4.31)

=
∑

j,k

(
qkLkj |k 〉〈 j | + qkLjk |j 〉〈 k |

)
(4.32)

=
∑

j,k

(qk + qj)Lkj |k 〉〈 j | (4.33)

ρL+ Lρ
!

= 2i[Ĥ, ρ] (4.34)

= 2i(Ĥρ− ρĤ) (4.35)

= 2i
∑

k

(
Ĥqk |k 〉〈 k | −qk |k 〉〈 k | Ĥ

)
(4.36)

= 2i
∑

j,k

(
qkĤjk |j 〉〈 k | − qkĤkj |k 〉〈 j |

)
(4.37)

= −2i
∑

j,k

(qk − qj)Ĥkj |k 〉〈 j | . (4.38)

Lkj can now be written, by comparing Eq. 4.33 and Eq. 4.38, as follows

(qk + qj)Lkj = −2i(qk − qj)Ĥkj (4.39)

Lkj =
−2i(qk − qj)Ĥkj

(qk + qj)
. (4.40)

With Eq. 4.30 the quantum Fisher information becomes

FQ[ρ, Ĥ] = 2
∑

j,k

(qk − qj)2

qk + qj
ĤjkĤjk (4.41)

= 2
∑

j,k

(qk − qj)2

qk + qj
| 〈 j | Ĥ |k 〉 |2 . (4.42)

This is the result which has also been obtained in [143] and applies to all mixed states.
For pure states the quantum Fisher information can be rearranged as follows27:

FQ[ρ, Ĥ] = 2
∑

j,k

(qk − qj)2

qk + qj
〈 j | Ĥ |k 〉〈 k | Ĥ |j 〉 (4.43)

27private communication by Wieslaw Laskowski
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With pure states we can assume that for k, j = 1, q1 = 1 with eigenstate |1 〉 and for
k, j > 1, qk,j = 0, which results in

FQ[ρ, Ĥ] = 2
∑

j=1,k>1

∑

k=1,j>1

(qk − qj)2

qk + qj
〈 j | Ĥ |k 〉〈 k | Ĥ |j 〉 (4.44)

= 2 ∗ 2
∑

k>1

〈 1 | Ĥ |k 〉〈 k | Ĥ |1 〉. (4.45)

Now we are using that
∑

j>1 |j 〉〈 j |= 1−|1 〉〈 1 | and obtain

FQ[ρ, Ĥ] = 4〈 1 | Ĥ
(
1−|1 〉〈 1 |

)
Ĥ |1 〉 (4.46)

= 4
(
〈 1 | Ĥ2 |1 〉 − (〈 1 | Ĥ |1 〉)2

)
(4.47)

= 4〈∆Ĥ2〉. (4.48)

Finally, we have found an expression for the Fisher information for a quantum situation,
which is also called quantum Fisher information. Eq. 4.42 corresponds to to the case
of a mixed state and Eq. 4.48 to a pure state. In the experiment mostly mixed states
can be observed, making Eq. 4.42 especially useful for experimentalist. But note that
to calculate the quantum Fisher information the whole density matrix of a probe state
ρ has to be known. In preprint 4.1.5 we will then measure and evaluate the classical
and quantum Fisher information for a four photon entangled symmetric Dicke state.

4.1.2 Multi-particle entanglement and Fisher information

General entanglement criteria profit from the separability properties of quantum states
and are therefore restricted to a yes or no answer with respect to the entanglement
of a probe state [65, 66]. Recently, it has been shown that an arbitrary probe state
ρ consisting of N qubits is entangled and allows at the same time for sub shot noise
phase estimation if the condition

FQ[ρ, Ĥ] > N (4.49)

is fulfilled [136]. This is very different from general entanglement measures, because
here the entanglement can be directly associated to a technological improvement to
estimate a phase shift beyond the shot noise limit ∆θSNL = 1/

√
N [23]. The ultimate

limit of sensitivity which can be achieved is the so called Heisenberg limit ∆θHL = 1/N
[23] but this can only be reached if genuine multi-partite entanglement is associated to
the probe state [60, 145].

To extend previous work on the connection between phase estimation and entan-
glement [146, 136, 137], we introduce a criterion to identify the useful k-particle entan-
glement of a probe state with respect to phase estimation. This is again derived by
means of the Fisher information assuming a pure k-particle entangled quantum state
which can be written as |ψk−ent 〉 =

⊗M
l=1 |ψl 〉, with |ψl 〉 a state of Nl ≤ k particles,
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and at least one state |ψl 〉 of k particles does not factorize. For the case of k = 1 this
corresponds to a product state. For a mixed state we assume k-particle entangled if
and only if it cannot be written as a sum like

∑
j pj | ψ

kj−ent
j 〉〈ψkj−ent

j | and kj < k.
Finally, for k-particle entangled states the following bounds hold [60, 145]

FQ[ρ̂, Ĵ ] ≤ bN
k
ck2 + r2, (4.50)

to identify useful k-particle entanglement intrinsic to a probe state ρ, where bxc is the
largest integer smaller or equal to x and r = N − bN

k
c · k. A detailed derivation of this

criteria is given in the preprint 4.1.3 [60] and in [145].
Furthermore, we will use an additional criterion using the average quantum Fisher

information with respect to three orthogonal directions on the Bloch sphere (see Fig.
2.1) as F̄Q = 1

3

(
FQ[ρ, Ĵx] + FQ[ρ, Ĵy] + FQ[ρ, Ĵz]

)
and Ĵj is the angular momentum

with Ĵj = σ̂~nj and ~nj ∈ {x, y, z}. This can be understood as if a probe state is
prepared for phase estimation but with no control over the axis of rotation and every
rotation axis is equally probable. In the following preprint 4.1.3 [60], these two novel
criteria are introduced and compared to each other by the theoretical application to
different quantum states revealing the states useful entanglement with respect to phase
estimation.

Based on the criterion of Eq.4.50, several bounds for the quantum Fisher information
can now be calculated to verify the states useful multi-particle entanglement in the
experiment. In the next subsection 4.1.5 we have determined the Fisher information
experimentally, once for a symmetric four photon entangled Dicke state [87] and once
for a separable state. Additionally, we demonstrate their usefulness according to two
different phase estimation protocols. Further, we have calculated the corresponding
bounds for two- and three particle entanglement.

4.1.3 Preprint: Fisher information, spin squeezing and multi-
particle entanglement
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Fisher information, spin squeezing, and multiparticle entanglement
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The Fisher information F gives a limit to the ultimate precision that can be obtained in a phase
estimation protocol. It has been shown recently that F cannot exceed the number of particles in
a linear two-mode interferometer if the input state is separable. This implies that with such input
states the shot-noise limit is the ultimate limit of precision. We extend this result by constructing
bounds on F for several multiparticle entanglement classes. We further compute similar bounds
on the Fisher information averaged over all possible linear interferometers F̄ . We show that these
criteria detect different sets of states and illustrate their strengths by considering several examples.
For instance, the criterion based on F̄ is able to detect certain bound entangled states. Finally, we
comment on the relation to bounds on the spin squeezing parameter for multipartite entangled states
obtained previously, pointing out the connection between the Fisher information, spin squeezing,
and multipartite entanglement.

PACS numbers: 03.67.-a, 03.67.Mn, 06.20.Dk, 42.50.St

I. INTRODUCTION

Entanglement is a distinguishing feature of quantum
theory that allows to perform several tasks better than
it is possible with classical means [1]. Therefore, it is
important to study the connection between the entangle-
ment of quantum states and the usefulness for specific
applications. One example of such a task is phase es-
timation as done in quantum interferometry [2], where
the connection between entanglement and phase sensi-
tivity has been investigated recently [3–6]. In general,
the structure of the set of entangled bipartite quantum
states is understood quite well, while the classification
and quantification of multipartite quantum states is less
developed [7–9]. In particular, if a mixed quantum state
ρ is given, it is typically a difficult question to answer how
many particles are entangled in the state [10–16]. Com-
monly applied criteria to distinguish between different
entanglement classes include entanglement witnesses [9]
and Bell inequalities [17–20]. Recently, other approaches
have led to criteria which can be evaluated directly from
elements of the density matrix [21, 22].

In this manuscript, we introduce two sets of novel cri-
teria which can distinguish between different entangle-
ment classes, which are deeply connected to phase esti-
mation. This extends the previous work on the connec-
tion between entanglement and phase sensitivity men-
tioned above. The criteria are based on the Fisher infor-
mation and linear two-mode interferometers. The first
set of criteria is based directly on the quantum Fisher
information, which is the optimum of the Fisher infor-
mation over all output measurements of the phase esti-

mation protocol [23]. We compute the optimal values for
different entanglement classes. The second set of crite-
ria is based on the quantum Fisher information averaged
over the direction of the interferometer to be defined be-
low. We show that the sets of states that the criteria
detect are different and not contained in each other. We
consider several examples in order to assess the strength
of the criteria. Finally, we comment on the relation of
the criteria to the spin squeezing parameter [24] and on
bounds thereof for multipartite entanglement classes ob-
tained in [25, 26].

The article is organized as follows. We start by intro-
ducing the basic concepts related to general phase estima-
tion protocols, linear two-mode interferometers, and the
classification of multiparticle entanglement in Section II.
Then we derive the entanglement criteria based on the
quantum Fisher information and on the average quantum
Fisher information in Section III, where we also make a
first comparison of the two. In Section IV, we apply the
criteria to several families of entangled states. Finally,
we investigate the relation to spin squeezing inequalities
in Section V. We conclude in Section VI.

II. BASIC CONCEPTS

In a general phase estimation scenario, an input state ρ
is transformed into the state ρ(θ) depending on a phase
shift θ. Then, a general positive operator valued mea-
surement (POVM) with elements {Êµ}µ is performed.
This procedure may be repeated m times, and based on
the results collected in the vector ~µ, the phase shift is
estimated by an estimator θest(~µ). If the estimator is
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unbiased, i.e., 〈θest〉 = θ, then its minimal standard de-
viation is limited by the Cramer-Rao bound [27, 28]

∆θest ≥
1√
mF

, (1)

where F is the Fisher information, which is defined as

F =
∑

µ

1
P (µ|θ) [∂θP (µ|θ)]2, (2)

where P (µ|θ) = Tr[ρ(θ)Êµ]. A maximum likelihood es-
timator saturates the Cramer-Rao bound in the central
limit, for a sufficiently large m [29]. In this sense, F
quantifies the asymptotic usefulness of a quantum state
for phase estimation if the phase transformation and the
output measurement are fixed. Maximizing F over all
possible POVMs leads to the so-called quantum Fisher
information FQ. If the phase shift is generated by an op-
erator Ĥ, and for a mixed input state ρ =

∑
k λk|k〉〈k|,

then it is given by [23]

FQ = 2
∑

k,l

(λk − λl)2
λk + λl

|〈l|Ĥ|k〉|2. (3)

For pure input states this reduces to FQ = 4〈(∆Ĥ)2〉
[23].

In general linear two-mode interferometers and input
states of N particles, Ĥ is given by a collective spin op-

erator Ĵ~n = ~n · ~̂J , where Ĵi = 1
2

∑N
k=1 σ

(k)
i and σ

(k)
i is

the i-th Pauli matrix acting on particle k. The operators
Ĵx, Ĵy, and Ĵz fulfil the commutation relations of spin.
We will use the symmetric eigenstates |j, µ〉 of Ĵz , where
j = N

2 and µ = −N
2 ,−N

2 +1, ..., N2 , and the eigenstates of
σz defined by σz |l〉 = (−1)l|l〉, where l = 0, 1, where |0〉
and |1〉 are the two states that the interferometer works
with. As an example for a linear two-mode interferom-
eter we mention that the Mach-Zehnder interferometer
has the generator Ĥ = Ĵy [30].

For generators Ĵ~n, there is a direct connection be-
tween entanglement and sub shot-noise interferometry.
An entangled state of N particles cannot be written
as ρsep =

∑
j pj

⊗N
k=1 |ψ

(k)
j 〉〈ψ(k)

j |, where {pj} forms a
probability distribution [31]. It has been shown recently
that

FQ[ρsep, Ĵ~n] ≤ N (4)

holds [3, 4]. Therefore, the phase uncertainty is bounded
by the shot-noise limit

∆θest ≥
1√
mN

(5)

for separable states.
The purpose of this manuscript is to derive similar

bounds for multipartite entanglement classes. We con-
sider the following classification of multiparticle entan-
glement from Ref. [32] (see [11, 33] for alternative classi-
fications): a pure state of N particles is k-partite entan-
gled if there are at most groups of k particles which are

fully entangled within the state. We denote such a state
as |ψk−ent〉. This is producible by interactions between k
particles at most. A mixed state is k-partite entangled
if it can be written as a mixture of k-partite entangled
pure states, i.e., ρk−ent =

∑
k pk|ψk−ent〉〈ψk−ent|. A sep-

arable state is 1-partite entangled in this notation. Note
that a decomposition of a k < N -partite entangled state
of N particles may contain states where different sets of
particles are entangled. Let us illustrate this by consid-
ering N = 3. A state |ψ1−ent〉 = |φ〉1⊗|ϕ〉2⊗|χ〉3 is fully
separable, a state |ψ2−ent〉 = |φ〉12 ⊗ |χ〉3 which cannot
be written as |ψ1−ent〉 is 2-partite entangled, and a state
|ψ3−ent〉 which cannot be written as a 2-partite entangled
state is 3-partite entangled.

III. CRITERIA FOR MULTIPARTITE
ENTANGLEMENT FROM THE QUANTUM

FISHER INFORMATION

Now we are in a position to derive the desired bounds.
We start by deriving bounds on the quantum Fisher in-
formation FQ[ρk−ent; Ĵ~n] for k-partite entangled states
and an arbitrary direction ~n. Then, we derive bounds
on the quantum Fisher information for a generator Ĵ~n,
averaged over all directions ~n. At the end of this section,
we show for k = 1 and k = N − 1 the sets of states that
the two criteria detect are different and not contained in
each other.

A. Criteria from FQ

We directly present the result, the derivation follows
afterwards.
Observation 1 (Fk+1

Q criterion). For k-partite entan-
gled states and a linear two-mode interferometer with a
generator Ĵ~n of an arbitrary direction ~n, the quantum
Fisher information is bounded by

FQ[ρk−ent; Ĵ~n] ≤ sk2 + r2, (6)

where s = bNk c is the largest integer smaller than or equal
to N

k and r = N −sk. Hence a violation of the bound (6)
proves (k + 1)-partite entanglement.

Proof. The basic ingredients of the derivations are
the following: (i) The sets of states introduced above
are convex. (ii) The Fisher information is convex in
the states, i.e., for the generators we consider, F [pρ1 +
(1 − p)ρ2; Ĵ~n] ≤ pF [ρ1; Ĵ~n] + (1 − p)F [ρ2; Ĵ~n] for p ∈
[0, 1] [34]. Since the quantum Fisher information is
equal to the Fisher information for a particular mea-
surement, this holds also for FQ. It follows that the
maximum of FQ for a fixed ~n and k-partite entangled
mixed states is reached on the pure k-partite entan-
gled states. In this case, FQ[|ψ〉; Ĵ~n] = 4〈(∆Ĵ~n)2〉|ψ〉
as mentioned above. (iii) It is easy to see that for a
product state |φA〉 ⊗ |χ〉B, 4〈(∆[Ĵ~n]AB)2〉|φ〉A⊗|χ〉B =
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4〈(∆[Ĵ~n]A)2〉|φ〉A + 4〈(∆[Ĵ~n]B)2〉|χ〉B . Here [Ĵ~n]AB acts
on all the particles while [Ĵ~n]A acts on the particles of
|ψ〉A only and in analogy for [Ĵ~n]B. (iv) For a state
with N particles, 4〈(∆Ĵ~n)2〉 ≤ N2 holds [3]. The in-
equality is saturated uniquely by the state |GHZ〉 =
1√
2
(|0〉⊗N + |1〉⊗N), known as the GHZ [35] or NOON

[36] state.
Let us now consider the state |ψ〉 = ⊗M

j=1 |ψj〉, where
|ψj〉 is a state of Nj particles, and

∑
j Nj = N . If we

allow for at most k particles to be entangled, then Nj ≤
k. Since (N1+1)2+(N2−1)2 ≥ N2

1 +N2
2 if N1 ≥ N2, the

quantum Fisher information is increased by making the
Nj as large as possible. Hence the maximum is reached
by choosing Nj = k for s = bN

k c states, where bxc is the
largest integer smaller or equal to x, and by collecting
the remaining r = N − sk particles in the last state.
Therefore, for k-partite entangled states, the quantum
Fisher information is bounded by Eq. (6).

The bound can be saturated by a product of s GHZ
states of k particles and another GHZ state of r particles.
We point out that for k = 1 we recover the bound (4) for
separable states, while for k = N − 1, the bound is

FQ[ρ(N−1)−ent; Ĵ~n] ≤ (N − 1)2 + 1. (7)

These results could have been obtained directly by using
the Wigner-Yanase information I [37]. The bound (6)
has been derived previously for 4I in Ref. [10], and di-
rectly applies to the quantum Fisher information since
I is convex in the states and agrees with the Fisher in-
formation on pure states, F [|ψ〉; Ĵ~n] = 4I(|ψ〉, Ĵ~n). We
have presented the derivation here in order to emphasize
that the classification relies on GHZ states, and in or-
der to introduce concepts that we will also need in the
following.
For a fixed direction ~n, the criterion (6) has a clear

operational meaning, because if the bound is surpassed,
then the state contains (k+1)-partite entanglement, and
it will enable a better precision when used in the interfer-
ometer defined by Ĵ~n than all k-partite entangled states.
If used as a criterion for multiparticle entanglement, it is
therefore advantageous to optimize the direction ~n, which
can be done analytically as follows: the quantum Fisher
information can be written as [6]

F [ρ; Ĵ~n] = 4~nTΓC~n. (8)

The matrix ΓC is real and symmetric and has the entries

[ΓC ]ij =
1
2

∑

l,m

(λl − λm)2

λl + λm
〈l|Ĵi|m〉〈m|Ĵj |l〉, (9)

where the states |k〉 and the variables λk are de-
fined by the eigenvalue decomposition of the input
state, ρ=

∑
k λk|k〉〈k|. It follows that Fmax

Q [ρ] ≡
max~nFQ[ρ; Ĵ~n] = 4λmax(ΓC), where λmax(ΓC) is the
maximal eigenvalue of ΓC [6]. We will always use Fmax

Q [ρ]

in the following and refer to the bound (6) as F k+1
Q

criterion since it allows for the detection of (k + 1)-
entanglement via its violation.

B. Criteria from F̄Q

We will now derive similar bounds for the average
quantum Fisher information, which we define as

F̄Q[ρ] =
1
4π

∫

|~n|2=1

d3~n FQ[ρ; Ĵ~n]. (10)

The prefactor ensures normalization in the sense that
if F [ρ; Ĵ~n] = F [ρ; Ĵx] is independent of the direction ~n,
then F̄Q = F [ρ; Ĵx]. The quantity F̄Q has the follow-
ing meaning: suppose that an experiment implements an
interferometer with a fixed phase shift θ, but with no
control over the axis ~n of rotation, such that in each run
of the experiment, the interferometer operation is given
by exp[−iĴ~nθ], with a random direction ~n. If all direc-
tions appear with equal probability, and for m� 1 inde-
pendent repetitions of the experiment, the corresponding
quantum Fisher information would be given m F̄Q.
The average can be written as F̄Q =

1
π

∑
i,j [ΓC ]i,j

∫
|~n|2=1

d3~n ninj . Evaluating the inte-
grals leads to

F̄Q =
4
3
Tr[ΓC ] =

1
3

(
FQ[ρ; Ĵx] + FQ[ρ; Ĵy] + FQ[ρ; Ĵz]

)
.

(11)
We would like to determine bounds on F̄Q for k-partite
entangled states in analogy to the bounds that we found
for FQ. Again, we directly state the results and derive
them afterwards.
Observation 2 (F̄k+1

Q criteria). For k-partite entan-
gled states and a linear two-mode interferometer with a
generator Ĵ~n with an arbitrary direction ~n, the average
quantum Fisher information is bounded by

F̄Q[ρk−ent] ≤
1
3
[s(k2 + 2k − δk,1) + r2 + 2r − δr,1], (12)

where s = bN
k c and r = N − sk. Hence a violation

of the bound (12) proves (k + 1)-partite entanglement.
For separable states, corresponding to k = 1, the bound
becomes

F̄Q[ρsep] ≤
2
3
N. (13)

The maximal value for any quantum state is given by

F̄Q ≤
1
3
[N2 + 2N ]. (14)

Proof. Let us first prove Eq. (14). Since F̄Q can
be written as the sum of three quantum Fisher infor-
mations, it is also convex in the states. Therefore,
the maximum is again reached for pure states. Hence
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F̄ ≤ 4
3 max|ψ〉[〈

~̂
J2〉|ψ〉−〈 ~̂J〉2|ψ〉] ≤ 4

3j(j+1). This leads to
Eq. (14) since j = N

2 . The last inequality follows because

〈 ~̂J〉2|ψ〉 ≥ 0 and

〈 ~̂J2〉|ψ〉 ≤ j(j + 1) (15)

holds in general, while equality is reached by the sym-
metric states of N particles.
For the state |ψ〉 = ⊗M

j=1 |ψj〉 introduced in the proof
of Observation 1, the average quantum Fisher informa-

tion is given by F̄Q = 4
3

∑M
j=1[〈

~̂
J2
j 〉|ψj〉 − 〈

~̂
Jj〉2|ψj〉] ≤

1
3

∑M
j=1[N

2
j + 2Nj − 4〈 ~̂Jj〉2|ψj〉], where

~̂
Jj is the vector of

collective spin operators acting on the particles contained
in state |ψj〉. The inequality is due to Eq. (15). In the
same way as it was for FQ, it is advantageous to increase
the Nj as much as possible. This is true even though

if Nj = 1 then F̄Q is reduced by 1
3 since 〈 ~̂J〉2|ψj〉 =

1
4

in this case. For k ∈ [1, N ], we obtain the bound (12),
where s = bNk c and r = N − sk as above, and we obtain
Eq. (13) for k = 1.

If a state violates the bound (12), then it is (k + 1)-
entangled. Therefore, we refer to this bound as F̄ k+1

Q
criterion. Let us note that the bound for k = N − 1 is

F̄Q[ρ(N−1)−ent] ≤
1
3
[N2 + 1]. (16)

C. FQ criteria vs. F̄Q criteria

Since both the F k+1
Q criteria and the F̄ k+1

Q criteria
seem to be very much related, it is natural to ask whether
or not one set of criteria is stronger than the other. We
examine this question for k = 1 and k = N−1 only, since
the other possible values of k depend on N . The result
is as follows.
Observation 3. For k = 1 and k = N−1, the F k+1

Q cri-
teria and the F̄ k+1

Q criteria detect different sets of states
which are not contained in each other.
In order to prove this, we consider states of the form

ρ(p) = p|ψ〉〈ψ|+ (1− p)  
2N

, (17)

mixtures of a pure state and the totally mixed state. It
can be shown directly from Eq. (9) that

ΓC [ρ(p)] = γp,NΓC [|ψ〉], γp,N =
p22N−1

p(2N−1 − 1) + 1
(18)

holds. Let us first consider the case k = N − 1. The
criteria (7) and (16) can be rewritten as γp,N ≤ α

(1,2)
N ,

where α
(1)
N = [(N − 1)2 + 1]/Fmax

Q [|ψ〉] and α
(2)
N =

[N2 + 1]/4Tr(ΓC [|ψ〉]), respectively. In order to violate

the criteria,

p > α
(1,2)
N

1− 21−N

2

[
1 +

√
1 +

1

α
(1,2)
N

23−N

(1− 21−N)2

]
.

(19)
This function is strictly monotonically increasing with
α

(1,2)
N . If, for instance, α(1)

N < α
(2)
N , then the FNQ criterion

detects the states as multipartite entangled already for a
smaller value of p than the F̄NQ criterion. Therefore, we
can prove the claim by comparing the α coefficients for
different states |ψ〉.
We employ the GHZ state introduced above and the

twin-Fock state |TFN 〉 = |N2 , 0〉 with an equal number
of particles in both states [38], which is well known to
provide sub shot-noise phase sensitivity [38–40]. For the
GHZ states, the eigenvalues of 4ΓC are N2, N , and N ,
while for the twin-Fock states, the eigenvalue are N2

2 +
N appears twice, and the third eigenvalue vanishes [6].
While the GHZ state achieves the highest value of the
Fisher information possible for ~n = ẑ, where ẑ is the unit
vector pointing in the z-direction, it is shot-noise limited
for any direction in the x − y plane [6]. In contrast,
the twin-Fock state surpasses the shot-noise limit for any
direction in the x − y-plane, and does not provide any
information on the phase when the z-direction is used
[6, 41, 42]. We obtain Fmax

Q = N2 and F̄Q = N2 +

2N for the GHZ state and Fmax
Q = N2

2 + N , and F̄Q =
N2 + 2N for the twin-Fock state. Inserting these values
into α(1,2)

N , we directly see that α(1)
N (GHZ) < α

(2)
N (GHZ)

while α(1)
N (TF) > α

(2)
N (TF). This proves the claim for

k = N − 1.
We can apply the same reasoning to the case k = 1,

where we have to adapt α(1)
N → β(1) = N/Fmax

Q [|ψ〉] and
α

(2)
N → β(2) = N/2Tr(ΓC [|ψ〉]). For the GHZ state, we

obtain as before that β(1)(GHZ) < β(2)(GHZ) while for
the twin-Fock state β(1)(TF) = β(2)(TF) holds. How-
ever, we can construct an example where the F̄ 2

Q cri-
terion is stronger. We observe that β(1) > β(2) ⇔
2Tr(ΓC [|ψ〉]) > Fmax

Q [|ψ〉]. An interesting class of states
which fulfills this condition is defined by 4ΓC = cN .
These states have the same value FQ = cN = F̄Q for
any direction ~n. One way of constructing such states is
by considering a symmetric state |ψ〉 = ∑

k αk|j,mk〉,
and by choosing the αk and mk such that 〈 ~̂J〉 = 0 and
〈Ĵ2
x〉 = 〈Ĵ2

y 〉 = 〈Ĵ2
z 〉. The condition |mk − m′k| > 2 for

all k and k′ can be used to ensure 〈Ĵx〉 = 〈Ĵy〉 = 0.

We just mention the example
√

1
3 |2, 2〉 +

√
2
3 |2,−1〉 for

N = 4, with ΓC = 2 , and hence Fmax
Q = F̄Q = 8. This

concludes the proof of our claim.
The last example is interesting because it shows that

there are states that cannot beat the shot-noise limit for
a fixed direction ~n, but that perform better than a sep-
arable state on average. We consider various interesting
states in the following section.
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Criterion detected 2-ent. [%] detected 3-ent. [%]
F 2

Q 94.32 -
F̄ 2

Q 98.38 -
W - 18.99
DME - 80.63
DME’ - 82.61
F 3

Q - 22.93
F̄ 3

Q - 27.99

TABLE I: Percentage of detected 2-partite and 3-partite en-
tangled pure three-qubit states. See text for details. DME’
the whole family of DME conditions, which is obtained by
permuting the qubits of the state.

IV. EXAMPLES

A. Pure states of 3 particles

In order to get an impression of the strength of the
criteria, we randomly choose a three-qubit state |ψ〉 and
analyze it using various criteria. First, we evaluate the
criteria F 2

Q and F̄ 2
Q which detect entanglement. Fur-

ther, we compare several criteria detecting multiparti-
cle entanglement: (i) the entanglement witness W =
1
2 −|GHZ〉〈GHZ|, which has a positive expectation value
for all 2-partite entangled states [43], (ii) the density ma-
trix element condition (DME) which states that

|ρ18| ≤
√
ρ22ρ77 +

√
ρ33ρ66 +

√
ρ44ρ55 (20)

for all 2-entangled states (ρij denote coefficients of a
given density matrix ρ = |ψ〉〈ψ|) [44], and (iii) the mul-
tipartite criteria F 3

Q and F̄ 3
Q.

To generate a random pure state [45], we take a vector
of a random unitary matrix distributed according to the
Haar measure on U(8):

|ψ〉 = (cosα7, cosα6 sinα7e
iφ7 , cosα5 sinα6 sinα7e

iφ6 ,

. . . , sinα1 · · · sinα7e
iφ1), (21)

where αi ∈ [0, π/2] and φk = [0, 2π). The parame-
ters are drawn with the probability densities: P (αi) =
i sin(2αi)(sinαi)2i−2 and P (φi) = 1/2π. The calcula-
tions were performed for a set of 106 states. The results
are presented in Tab. I. The averaged criteria seem to
detect more states in general. It is surprising that the
witness condition detects nearly as many states as the
criteria F 3

Q and F̄ 3
Q.

B. GHZ-diagonal states

The DME criterion (20) and the criteria obtained
thereof by permutations of the qubits completely charac-
terize the GHZ-diagonal states of three qubits [21], which

Criterion detected DME [%] detected DME’ [%]
W 50.56 12.27
F 3

Q 19.45 4.77
F̄ 3

Q 13.14 3.25

TABLE II: Percentage of 3-partite entangled states which are
detected by the entanglement witness, the criterion F 3

Q and

the crition F̄ 3
Q. In the middle column, only states violating

the DME condition (20) have been generated, while in the
last column, also states violating any of the other DME con-
ditions obtained by permutations of the particles have been
generated.

can be written as

1
N




λ1 0 0 0 0 0 0 µ1

0 λ2 0 0 0 0 µ2 0
0 0 λ3 0 0 µ3 0 0
0 0 0 λ4 µ4 0 0 0
0 0 0 µ4 λ5 0 0 0
0 0 µ3 0 0 λ6 0 0
0 µ2 0 0 0 0 λ7 0
µ1 0 0 0 0 0 0 λ8




(22)

with real coefficients λi and µi, where N is a normaliza-
tion factor. If λi = λ9−i for i = 5, 6, 7, 8, then these states
are diagonal in the GHZ-basis |ψ±kl〉 = 1√

2
(|0kl〉 ± |1k̄l̄〉),

where k and l are equal to 0 or 1, and 1̄ = 0 and 0̄ = 1.
We generated 106 random states of this form violating
Eq. (20) directly, which states |µ1| ≤ λ2 + λ3 + λ4 in
this case. The results are shown in Tab. II in the middle
column. Then, we generated again 106 states violating
Eq. (20) or its other forms obtained by permuting the
qubits. The results are shown in the right column of
Tab. II. The witness criterion detects significantly more
states than the criteria based on the Fisher information.
Contrary to the case of pure states, the F 3

Q criterion de-
tects more states than F̄ 3

Q in this case. Note that the
percentage of detected states reduces significantly for all
criteria in the DME’ case. The reason is that all criteria
work best for the symmetric GHZ state, which has the
highest weight in the state if only condition (20) is used
[21].

The family of states (22) also comprises bound en-
tangled states if λ1 = λ8 = µ1 = 1 and λ7 = 1/λ2,
λ6 = 1/λ3, λ5 = 1/λ4, and µ2 = µ3 = µ4 = 0, as long as
λ2λ3 6= λ4. Then the states have a positive partial trans-
pose (PPT) [46] for any bipartition of the three particles
while still being entangled [33]. It follows that the state
cannot be distilled to a GHZ state [11, 47]. We gener-
ated again 106 random states of these class and applied
F 2

Q and F̄ 2
Q, but neither criterion detected any of these

states. However, we will see presently that F̄Q is in fact
able to detect bound entanglement.
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C. Detecting bound entangled states

We consider two families of states where the state has
a PPT with respect to some bipartitions, but not with
respect to others. Due to the PPT bipartitions it is not
possible to distill these states to a GHZ state nontheless
[11].

1. Dür state

Interestingly, the F̄ 2
Q criterion (13) can reveal entan-

glement of a bound entangled state introduced by Dür
[48]:

ρN =
1

N + 1

(
|φ〉〈φ| + 1

2

N∑

k=1

(Pk + P̄k)

)
, (23)

with |φ〉 = 1√
2

[
|0〉1...|0〉N + eiϕN |1〉1...|1〉N

]
(ϕN is an

arbitrary phase), and Pk being a projector on the state
|0〉1...|1〉k...|0〉N with “1” on the kth position (P̄k is ob-
tained from Pk after replacing “0” by “1” and vice versa).
As an example, let us consider cases for N = 4, 6 and 8.
The corresponding values of FQ are equal to 136/45 ≈
3.02, 104/21 ≈ 4.95 and 560/81 ≈ 6.91, whereas the
bounds for entanglement are equal to 8/3 ≈ 2.67, 4 and
16/3 ≈ 5.33, respectively. In the three cases we prove
entanglement of the state ρN . However, note that in all
cases the F 2

Q criterion does not detect the entanglement.
Hence the state is not useful for sub shot-noise interfer-
ometry for any direction ~n, even though it is more useful
than separable states on average over all directions.

2. Generalized Smolin state

As a second example, consider the generalized Smolin
state [49]:

ρN =
1

2N

(
11⊗N + (−1)N/2

3∑

i=1

σ⊗N
i

)
. (24)

Similarly as above, take the cases of four, six and eight
qubits. For these states, the average quantum Fisher
information FQ is equal to 4,6 and 8, respectively. The
corresponding bounds for entanglement are 8/3 ≈ 2.67, 4
and 16/3 ≈ 5.33 are violated. Again, F 2

Q does not detect
the entanglement of the states.

V. RELATION TO SPIN SQUEEZING
INEQUALITIES

A. Spin squeezing parameter and multiparticle
entanglement

Let us now compare the criteria based on FQ and F̄Q

to spin squeezing criteria. Introducing two orthogonal

unit vectors ~n1 and ~n2, then the so-called spin-squeezing
parameter ξ can be defined as [24]

ξ2 =
N |〈Ĵ〉~n1 |2
〈(∆Ĵ~n2)2〉

. (25)

If ξ < 1, the corresponding state is useful for sub shot-
noise interferometry [24] and entangled, since ξ2 ≥ 1
holds for all separable states [25]. This also follows di-
rectly from the following inequality

FQ[ρ; Ĵ~n3 ] ≥
N

ξ2
, (26)

where ~n3 is a unit vector orthogonal to ~n1 and ~n2 (the
vectors may form a right- or left-handed coordinate sys-
tem) [50].

¿From Eq. (26) it also follows that the F 2
Q criterion de-

tects all states that the spin-squeezing criterion detects.
In fact, it detects more states. For instance, all states
with 〈 ~̂J〉 = 0, such as the twin Fock state, are not spin
squeezed. Nevertheless, the twin Fock state is entangled
and useful for sub shot-noise interferometry.

Similarly, bounds on multiparticle entanglement for ξ
have been derived as follows [26]. First, the authors re-
gard a single spin-j particle, and compute

fj(〈Ĵz〉) = min
ρ
〈(∆Ĵx)2〉

∣∣∣
〈Ĵz〉ρ=〈Ĵz〉

, (27)

where the minimization is performed over all states ρ
of the spin-j particle which fulfil 〈Ĵz〉ρ = 〈Ĵz〉. It is
then shown that for separable states of s spin-j particles,
ρsep =

∑
k pk ⊗s

l=1 |ψ
(l)
k 〉〈ψ

(l)
k |, where |ψ(l)

k 〉 is a state of a
spin-j particle, the inequality

〈(∆Ĵx)2〉 ≥ sfj

( 〈Ĵz〉
s

)
(28)

holds. If the spin-j particles are composed of k spin- 1
2

particles, then this condition is fulfilled by all k-particle
entangled states, and a violation proves the presence of
(k + 1)-particle entanglement. Note that this criterion
assumes that in the decomposition of the separable states
each state is separable with respect to the same partition
and that N = sk holds. Both assumptions can be relaxed
[51].

Due to Eq. (26), we obtain that for fixed 〈Ĵz〉, and for
~n1 = ẑ, ~n2 = x̂, and ~n3 = ŷ, the bounds

N

ξ2
≤ |〈Ĵz〉|2
〈(∆Ĵx)2ρ∗k−ent

〉
≤ FQ[ρ∗k−ent; Ĵy]

≤ max
ρ
FQ[ρ; Ĵy]〈Ĵz〉ρ=〈Ĵz〉 ≤ nk2 + r2, (29)

where ρ∗k−ent is a k-partite entangled state that minimizes
〈(∆Ĵx)2〉 for a given 〈Ĵz〉. The third inequality might be
strict due to the limitations of the spin squeezing inequal-
ities, which do not recognize the usefulness of states with
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〈 ~̂
J〉 = 0, as mentioned above. The last inequality is due

to Eq. (6), which bounds the maximal quantum Fisher
for any k-partite entangled state, not restricted to the
subspace with fixed 〈Ĵz〉.

Note that the condition (28) may recognize a state as
(k+1)-partite entangled that is not detected by the F k+1

Q

criterion (6). This kind of (k + 1)-entanglement is then
not more useful for interferometry than k-partite entan-
glement. This happens precisely when some of the in-
equalities are strict.

B. Relation of F̄Q and a generalized spin squeezing
criterion

Finally, let us point out a connection to a different
criterion which detects entanglement, but is not directly
related to interferometry. The so-called generalized spin
squeezing criteria are entanglement criteria based only
on first and second moments of collective operators Ĵ~n

[52, 53]. In particular, for all general mixed separable
states the following inequality holds [54]

4[(∆Ĵx)2 + (∆Ĵy)2 + (∆Ĵz)2] ≥ 2N. (30)

For pure states, the left hand side equals 3F̄ , and there-
fore, this bound is complementary to the bound (13).
However, for pure states, equality holds in both Eq. (30)
and Eq. (13), and no contradiction arises.

VI. CONCLUSIONS AND OUTLOOK

We have introduced criteria based on the quantum
Fisher information for the detection of entangled states

of different multipartite entanglement classes. Addition-
ally, we showed that the quantum Fisher information av-
eraged over all directions on the Bloch sphere is a suit-
able alternative to detect multipartite entanglement. We
considered several examples, showing in particular that
the average quantum Fisher information can be used to
detect bound entangled states. It remains an interesting
open question whether or not there exist bound entangled
states which are detected by the quantum Fisher infor-
mation, since this would imply that such states could be
used for sub shot-noise interferometry. We also pointed
out the relation of the bounds we derived for the quan-
tum Fisher information to bounds on the spin squeezing
parameter for multipartite entanglement classes derived
by Sørensen and Mølmer [26].
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4.1.4 Maximum likelihood and Bayesian phase estimation

Bayesian and maximum likelihood phase estimation are common protocols to estimate
an unknown phase shift. Both have already been implemented experimentally [147,
148, 149] but not for sub shot noise sensitivity of more than two particles. Here we
implement these protocols with a separable and an entangled state of four photons to
highlight the enhanced sensitivity of the entangled with respect to the separable state.
The photons are generated by the same down-conversion source as described in Ref.
[48]. The linear optics setup shown in Fig. 4.2 allows us to observe both states, the
symmetric four photon entangled Dicke state [87]
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Figure 4.2: Experimental phase estimation setup. The spontaneous parametric
down-conversion (SPDC) source consists of a 4 mirror (M) bow-tie cavity with a β-
Barium Borate (BBO) crystal of 1mm length inside [48]. The cavity is pumped with
a pulsed laser of 130fs at 390nm and 0.6W input power. To observe the state ρD the
power inside the cavity is enhanced to 1.38W. For the state ρsep to 2.95W. The down
converted photons, generated in the BBO crystal, pass a mirror reflective (R) at 390nm
and transmissive (T) at 780nm and are then guided via a single mode (SM) fiber to the
phase estimation setup. Each qubit can be addressed individually. The setup allows to
observe the symmetric four photon Dicke state in Eq. 4.51 at the four output arms. By
inserting a |+ 〉 polarizer (P+) in front of the first beam splitter (BS) we are also able to
observe the separable four photon |+ 〉 state in Eq. 4.52. The four photon count rates
for both states are ∼ 420min−1. Although the enhancement inside the cavity for ρsep is
higher the count rate is not increased with respect to ρD, because the polariser acts as a
filter and absorbs all photons which are not |+ 〉 polarised. For the phase estimation we
rotate each qubit by exp[−iσ̂yθ0/2]. PZT, piezo electric transducer; IC, input coupler;
IF, interference filter; PA, polarization analysis; PBS, polarizing beam-splitter; APD,
avalanche photo-diode; QWP, quarterwave-plate; HWP, half wave-plate.
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|D(2)
4 〉 =

1√
6

(
|HHV V 〉+ |HVHV 〉+ |HV V H 〉

+ |V HHV 〉+ |V HV H 〉+ |V V HH 〉
)
. (4.51)

and by inserting a |+ 〉-polarizer in front of the fist beam splitter in Fig. 4.2, we observe
the separable state

|Ψsep 〉 = |+ + ++ 〉. (4.52)

With these two input states, ρD = | D(2)
4 〉〈D(2)

4 | and ρsep = | Ψsep 〉〈Ψsep |, we now
implement our phase estimation analysis. A phase shift θ0 is described by the following
transformation

R̂(θ0) = e
− i

2

∑3
k=1 σ̂

(k)
~nj
θ0
, (4.53)

where σ̂~nj are the Pauli spin matrices with respect to the rotation direction x, y and z.
For the symmetric Dicke state ρD every rotation axis lying on the x-y plane reveals the
highest phase sensitivity (see ref. [137] and the preprint 4.1.3 [60] for a more detailed
discussion). Here we choose ~nj = y. Experimentally, the phase shift is applied by
rotating a half-wave plate as depicted in Fig. 4.2, which corresponds to the following
rotations [150]

(
cos θ

2
sin θ

2

sin θ
2
− cos θ

2

)
= sin

θ

2
σ̂x + cos

θ

2
σ̂z (4.54)

= i(−i sin
θ

2
σ̂x − i cos

θ

2
σ̂z) (4.55)

= i(− sin
θ

2
σ̂yσ̂z − i cos

θ

2
σ̂z) (4.56)

= i(i sin
θ

2
σ̂y + cos

θ

2
1)(−iσ̂z) (4.57)

= ei
π
2 eiθĴye−iπĴz (4.58)

where we have used the identity eiθĴj = i sin θ
2
σ̂~nj + cos θ

2
1 with Ĵj = 1

2
σ̂~nj . From right

to the left, the first factor in Eq. 4.58 is a fixed rotation around Ĵz. For the input state
ρD, which lies parallel to Ĵz, this rotation has no influence. For the input state ρsep,

which lies parallel to Ĵx, this has an influence and therefore we have to redefine the
angle for the effective phase shift in the experiment to θ0 = θ + π (for ρD θ0 = θ). The
middle term in Eq. 4.58 is the desired rotation around Ĵy and the last term is a global
phase. Estimating a phase shift θ0 by rotating a half-wave plate (see Eq. 4.54) is thus
state dependent and under the aforementioned considerations formally equivalent to a
Mach-Zehnder interferometer [150].
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Figure 4.3: Calibration curves. The conditional probabilities Pexp(µ|θ) are shown for
the state ρD in a) - e) and ρsep in f) - k). For both states 31 points are measured in
the interval [0, π

2
] indicated with red (ρD) or blue (ρsep) circles. The black dotted lines

correspond to the ideal theoretical curves. The continuous red and blue lines are fits to
to the measured data points.

In the following we will now apply different phase shifts to our two probe states.
The connection between the applied phase shift θ0 and the observed four photon count
rates is given by the conditional probabilities P (µ|θ0) with

µ =
NH −NV

2
(4.59)

and NH − NH the difference of the number of H and V polarized photons. The con-
ditional probability P (µ|θ0) is the probability for a given µ to observe θ0. For four
photons the possible values for µ are −2,−1, 0, 1, 2. In the experiment, the conditional
probabilities are measured for 31 different phase shifts θ0 evenly distributed in the in-
terval [0, π

2
] and counting the number of µ-events in the detectors. Fig. 4.3 shows the

results of the conditional probabilities for both input states and compares the results
with the theoretical curves. For the state ρD the ideal probabilities are given by

Pid(±2|θ0) =
3

8
sin4(θ0) (4.60)

Pid(±1|θ0) =
3

8
sin2(2θ0) (4.61)

Pid(0|θ0) =
1

16
(1 + 3 cos (2θ0))2 (4.62)
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and for the state ρsep as

Pid(µ|θ0) =
4!

(2− µ)!(2 + µ)!

(
sin(

θ0

2
− π

4
)
)4+2µ(

cos(
θ0

2
− π

4
)
)4−2µ

(4.63)

Each point is measured ∼ 6700 times for ρD and ∼ 9500 times for ρsep. The different
count rates result out of different measurement times. However, the error bars are
for both states smaller than the size of the plotted points and are not shown. A fit to
these points provides the conditional probabilities Pexp(µ|θ). The fits for the calibration
curves are provides with the ansatz

Pexp(µ|θ0) =
2∑

µ=−2

P (µ|µ′)Pid(µ′|θ0). (4.64)

A least square fit is then performed to the measurement results for both input states
for all µ values. To ensure proper normalisation

∑
µ Pexp(µ|θ0) = 1 for all θ0 values the

additional condition
∑

µ P (µ|µ′) = 1 has to hold for all µ′.
The fitted conditional probabilities Pexp(µ|θ0) can now be used to directly calculate

the Fisher information in Eq. 4.7 to verify the bounds identifying useful k-particle
entanglement introduced in the previous subsection in Eq. 4.50. Several bounds have
been determined and are shown in Fig. 4.4 to verify the usefulness of our two probe
states. The limit for the Fisher information for separable states with four particles
is four and as expected the state ρexpsep lies for all θ0 values below this value. This is
different for the state ρexpD , which is beyond the limit for separable states for several θ0

values and useful 3-particle entanglement could be identified. Note that the state ρexpD

can even be identified for useful 4-particle entanglement assuming optimizations over
the local directions, further described in the preprint 4.1.5 or in [137].

For the next step, we would like to directly demonstrate the usefulness of our input
state ρexpD for quantum enhanced metrology in comparison to the separable state ρexpsep .
To this aim, we experimentally implement two different phase estimation protocols.
The true phase shift θ0 is then estimated from the measurement outcomes µ1, µ2, ..., µm
of m independent repetitions of the interferometric protocol to which we will refer as
one m-experiment.

First, we will treat maximum likelihood phase estimation, where the true phase
shift is estimated with the value θest by weighting the measurement results µi with
the prior information of the conditional probabilities and maximizing the likelihood
function [138]

L(θ) =
m∏

i=1

Pexp(µi|θ) (4.65)

with
θest =

{
θ | L(θ) = max

θ′
L(θ′)

}
. (4.66)

For each m-experiment the likelihood function gives an estimator θest which fluctuates
for different m-experiments with standard deviation ∆θest. The rescaled uncertainties
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Figure 4.4: Experimental Fisher information. The Fisher information is obtained
from the conditional probabilities Pexp(µ|θ) shown in Fig. 4.3 with the formula in
Eq. 4.7. The thickness of the red (ρD) and blue (ρsep) lines corresponds to F [θ0]±∆F [θ0].
The errors ∆F [θ0] are calculated with a monte carlo simulation assuming Poissonian
distributed count rates obtained in the calibration measurement of the conditional
probabilities. The shot noise limit (SNL) for the Fisher information of four particles
is 4 (see Eq. 4.49). With N = 4 qubits, 2-particle entangled states have FQ ≤ 8 and

3-particle entangled states FQ ≤ 10. For the ideal Dicke state |D(2)
4 〉, the quantum

Fisher information reaches its maximum value at FQ[ |D(N/2)
N 〉, Ĵ ] = N(N + 2)/2 = 12.

The maximal value for any 4 qubit quantum state is given by FQ ≤ N2 = 16 which is
saturated by the so-called Greenberger-Horne-Zeilinger (GHZ) state [130, 146, 136].

of the estimator (for maximum likelihood estimation: ∆res =
√
m∆θest) saturates for a

large number ofm-experiments the Cramér-Rao lower bound [138], which will be verified
in the following experiment. Experimentally we test the estimation protocol for 9 evenly
distributed phase shifts θ0 in the interval (0, π

2
) and for each phase shift we collected

∼ 12000 µi values for both states. These µi values can now be grouped in arrays of
length m. In Fig. 4.5 a) - d) the histograms are shown for arrays of length m = 1, 3, 10
and 100. The total number of m-experiments is therefore ∼ 12000,∼ 4000,∼ 1200 and
∼ 120. The true phase shift is here 0.2π and the distribution of the estimators are
shown in a histogram of 51 bins between [0, π

2
] after normalization. For small values

of m the estimator scatters strongly around the true value θ0, whereas for big m the
spreading gets smaller. This is illustrated in Fig. 4.6 with stars, where the standard
deviation of the estimator ∆θest is plotted for 9 phase shifts, once for m = 10 and once
for m = 100. The solid red and blue curve are the inverse Fisher information of ρexpD

and ρexpsep from Fig. 4.4. The agreement of the stars to the inverse Fisher information
illustrates the overlap with the Cramér-Rao lower bound. For m = 10 the agreement is
small but for m = 100 the inverse Fisher information can be reproduced as expected and
sub shot noise sensitivity for several estimators can be proven. The relation between
the accordance of the Cramér-Rao lower bound and the number of m’s can also be
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Figure 4.5: Comparison of maximum likelihood and Bayesian phase estima-
tion. In the upper row the histograms show the spread of the estimators θest for a large
number of m-experiments for a) m = 1, b) m = 3, c) m = 10 and d) m = 100. Blue
lines correspond to ρsep and red lines to ρD. For m = 1 there are just 3 possible values
for θest, because they correspond to the maxima of the calibration curves in Fig. 4.3.
For bigger m the possible values for θest increase and tend more precisely towards the
true value of the phase shift θ0, indicated with a black dotted line. The lower row shows
the Bayesian distribution P (θ|{µi}mi=1) exemplary for one single m-experiment for the
cases e) m = 1, f) m = 3, g) m = 10 and h) m = 100. The maximal value of the prob-
ability distribution is chosen as the estimator θest. The confidence C of the estimator,
as illustrated in e), is chosen as the interval containing 68% of the probability and is
indicated with the light-colored area (see text for details).
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Figure 4.6: Results of the phase estimation protocols. In the upper row, the
rescaled phase uncertainties are shown for ML phase estimation as rescaled standard
deviation of the estimator ∆res =

√
m∆θest (red and blue stars) and for Bayesian

phase estimation as rescaled average confidences ∆res =
√
m〈C〉 (black circles) with its

standard deviation as error bars for ρexpD in a) and b) and for ρexpsep in c) and d). a) and
c) correspond to the case m = 10 and b) and d) to the case m = 100. The solid red
and blue curves are the inverse Fisher information (out of Fig. 4.4) for ρexpD and ρexpsep ,
respectively. The dash-dotted horizontal line is the Heisenberg limit (HL) ∆res = 1/4,

the dotted line the ideal value for ρD (Did) ∆res = 1/

√
FQ[|D(2)

4 〉] and the solid line

is the shot noise limit ∆res = 1/
√
FQ[|ψsep〉] = 1/2. The lower row, e)-h), shows the

influence of the bias b = 〈θest〉 − θ0, for the figures a)-d), with the standard deviation
∆θest as error bars. The bias is reduced for m = 100 with respect to m = 10, which
explains also the bigger overlap with the Cramér-Rao lower bound for m = 100 with
respect to m = 10.

observed in Fig. 4.6 e) - h) where the bias b = 〈θest〉 − θ0 with its standard deviation
(error bars) is plotted for both states for m = 10 and m = 100. For m = 10 the bias
is bigger with respect to m = 100 and therefore the Cramér Rao lower bound is just
vaguely reproduced, because we assumed no bias for the derivation of the Cramér-Rao
lower bound (see Eq. 4.1, 4.19, 4.20).

An other phase estimation strategy is provided by Bayesian analysis. As the name
suggests, we will estimate the true value of the phase shift with the help of Bayes’
theorem. In general, Bayes’ theorem connects the conditional and the prior probabilities
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of the events A and B with [151]

P (A|B) =
P (B|A)P (A)

P (B)
(4.67)

assuming that P (B) 6= 0. P (A) is the prior probability in the sense that it does
not include any information about B. P (B) is the prior probability of B and acts as a
normalization constant. P (A|B) is the conditional probability of A given B and P (B|A)
vice versa. In this form Bayes’ theorem provides a mathematical formula of how the
conditional probability of an event A given B is related to the converse conditional
probability of B given A. In the language of phase estimation we would like to link the
probabilities of our measurement outcomes µi with the probabilities of estimating the
true phase shift θ0. What we usually measure is the conditional probability P (µ|θ0),
the probability of obtaining the click µ in our detector if we have applied the phase
shift θ0. But to estimate a phase shift, we are much more interested in the conditional
probability of measuring the phase shift θ, if we have observed the detector events
µ1, µ2, ..., µm. Using Bayes’ theorem in Eq. 4.67 we obtain

P (θ|{µi}mi=1) =
Pexp({µi}mi=1|θ)P (θ)

P ({µi}mi=1)
. (4.68)

Assuming that every phase shift θ is a priori equally probable, thats means that
P (θ) is constant in the interval [0, π

2
], then P (θ) can be set to P (θ) = 2

π
. The

term P ({µi}mi=1) acts as normalization constant as
∫ π

2

0
P (θ|{µi}mi=1)dµ = 1. Here, the

phase shift is also estimated as the maximum of the probability density, because the
Bayesian probability distribution is proportional to the likelihood function in Eq. 4.65
P (θ|{µi}mi=1) ∝ ∏m

i=1 Pexp(µi|θ) = L(θ). The Bayesian probability distributions are
shown in Fig. 4.5 e) - h) for the case m = 1, 3, 10 and 100.

As an example, we take the state ρsep (blue curve) in Fig. 4.5 f) for the case m = 3.
Here, the Bayesian probability density is calculated form the first 3 µ events enter-
ing the detector, which are {−1,−1, 0}. The Bayesian probability density can now
be calculated, without taking constant factors into account, as P (θ|{−1,−1, 0}) ∝
Pexp(−1|θ0)Pexp(−1|θ0)Pexp(0|θ0). The Pexp(µ|θ0)) are the calibration curves from Fig. 4.3.
In Fig. 4.7 the evolution of the Bayesian density distributions is exemplary plotted start-
ing from m = 1 up to 20 for the first 20 µ events entering the detector (out of ∼ 12000).
It nicely illustrates how the probability densities of the Bayesian distributions converge
to the true vale of the phase shift, in this case θ0 = 0.4π, for increasing m.

In Fig. 4.5 e) - h) one observes that the red curves of ρD are all narrower than
the blue curves of ρsep. This is the expected behaviour of the entangled Dicke state
in comparison to the separable state. The width of these curves is then quantified
as a confidence interval C around the estimator θest. This is illustrated in Fig. 4.5
e). In contrast to the maximum likelihood phase estimation the confidence interval C
defines a meaningful error of the estimator (even for a single µ event), as for maximum
likelihood phase estimation only the standard deviation of the scattered estimators can

100



4.1. USEFUL MULTI-PARTICLE ENTANGLEMENT AND SUB SHOT NOISE
PHASE ESTIMATION

0 0.25 0.5

q/p

P
(

|{
})

q
m

i

0.125 0.375 0 0.25 0.5

q/p

0.125 0.375

1

2

3

4

5

1

2

3

4

5

P
(

|{
})

q
m

i

a) b)q
0

q
0

Figure 4.7: Evolution of the Bayesian probability distributions. The
evolution of the Bayesian probability distributions is exemplary shown for the
true phase shift θ0 = 0.4π (dashed line) starting at m = 1 up to 20 for the
fist 20 µ events entering the detector (out of ∼ 12000). The probability densi-
ties P (θ|{µ1}) up to P (θ|{µ1, µ2, ..., µ20}) are plotted in a) for ρD and the µ values
{−2,−2,−2,−1,−2, 0, 1, 0, 2, 1, 1, 2,−2, 2, 0,−1, 2, 2,−2,−2} and in b) for ρsep and the
µ values {−2,−2,−2,−2,−2,−1,−2,−2,−2,−2,−2,−2,−1,−2,−2,−2,−2,−2,−2,−2}.
For m = 1 the curves are plotted in black and for increasing m they become red (ρD)
or blue (ρsep), respectively.

be indicated (which is not possible for a single µ event). The confidence interval C is
calculated as28

∫ θest+C

θest−C
P (φ|{µi}mi=1)dφ = 0.68 (4.69)

assuming that the area under the curve of the probability densities is normalized to one.
At the border of the interval [0, π

2
], the integration might result in a value below 0.68

and therefore the integration limits have to be defined as
∫ θest+C

0
P (φ|{µi}mi=1)dφ = 0.68

or
∫ π

2

θest−C P (φ|{µi}mi=1)dφ = 0.68, respectively, in order not to underestimate the error.
The average confidences 〈C〉 for the states ρD and ρsep for m = 10 and m = 100
are shown in Fig. 4.6 as circles with the standard deviation ∆C as error bars. For
m = 10 the mean value of the confidences disagree with the Cramér-Rao lower bound.
For m = 100 the agreement is much better and follows the Cramér-Rao lower bound.
Sub shot noise sensitivity can also be proven and additionally to maximum likelihood
estimation, the standard deviation of the rescaled uncertainty can be specified.

Furthermore, the overlap with the inverse Fisher information is even better than
for the stars of the maximum likelihood estimation. This is exemplary shown for an
increasing number of m-experiments for the point 0.2π in Fig. 4.8. For the Bayesian
estimation almost all points lie, within the error bars, on the inverse Fisher information
(horizontal line), whereas for the maximum likelihood, even for bigger values of m, the

28For large m the confidence interval C corresponds to the standard deviation of the estimator,
because the phase distribution becomes Gaussian
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Figure 4.8: Scaling of rescaled uncertainty. The rescaled uncertainty is compared
between the maximum likelihood (stars with ∆res =

√
m∆θest) and the Bayesian (circles

∆res =
√
m〈C〉 with

√
m∆C as error bars) phase estimation for increasing number of

m-experiments. In a) the scaling is shown for the state ρexpD and in b) for the state ρexpsep .
Both plots are exemplary shown for the point 0.2π, because the other points do not
show a principally different behavior. The horizontal lines correspond to the value of
1/
√
Fµ̂[0.2π, ρexp] for ρexpD in a) and ρexpsep in b).

inverse Fisher information is not exactly reproduced.
Finally, we have shown how to identify useful multi-particle entanglement of quan-

tum states by means of Fisher information. In the experiment this has been successfully
verified with a maximum likelihood and Bayesian phase estimation. For both protocols,
sub-shot-noise sensitivity has been proved for a symmetric for photon Dicke state. The
protocols are also compared to each other and Bayesian phase estimation has turned
out to be especially useful, because even for one single event a meaningful error in terms
of a confidence interval to the estimator can be indicated. In addition, the standard
deviation of the rescaled uncertainties for Bayesian phase estimation helps to interpret
the significance of the measured uncertainties.

4.1.5 Preprint: Useful multiparticle entanglement and sub
shot noise estimation
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Useful multiparticle entanglement and sub shot-noise phase estimation
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We experimentally demonstrate a general criterion to identify states for entanglement enhanced
metrology useful for the estimation of an unknown phase shift with a sensitivity higher than the
shot-noise limit. Additionally, we show how to exploit this entanglement on the examples of a
maximum likelihood and of a Bayesian phase estimation protocol. Using an entangled four-photon
state we achieve a phase sensitivity clearly beyond the shot-noise limit. Our detailed comparison of
methods and quantum states for entanglement enhanced metrology reveals the connection between
multipartite entanglement and sub shot-noise sensitivity, both in a frequentist and in a Bayesian
phase estimation setting.

The field of quantum enhanced metrology is attracting
increasing interest and impressive experimental progress
has been achieved with photons [1–3], cold/thermal
atoms [4], ions [5] and Bose-Einstein condensates [6, 7].
Several experiments have demonstrated phase super res-
olution [2, 5], which, if observed with a high visibility
of the interference fringes, allows to utilize the state for
quantum enhanced metrology [8, 9]. So far, only few ex-
periments have implemented a complete interferometric
measurement beating the shot-noise limit ∆θ̂ = 1/

√
N ,

where N is the number of particles, with N > 2 [4–6]. In
this context it is generally assumed that the experimental
observation of sub shot-noise sensitivity is a consequence
of quantum correlations in the input probe state used for
the phase estimation protocol. However, it has been re-
cently emphasized that not all entangled states allow for
quantum enhanced metrology [10, 11]: entanglement is
not a sufficient condition to overcome the classical limit.
In this letter, we experimentally demonstrate the relation
between entanglement and sub shot-noise sensitivity. For
the first time, we show how to identify useful entangle-
ment and compare the suitability of different quantum
states as well as of different phase estimation protocols
for entanglement enhanced metrology.

The usefulness of a state created experimentally can
be quantified by the quantum Fisher information (QFI)
FQ[ρ, Ĵ ] [16] (see supplementary material). A probe state
ρ of N qubits is entangled and allows for sub shot-noise
phase estimation if the condition

FQ[ρ, Ĵ ] > N (1)

is fulfilled [10]. Here Ĵ = 1
2

∑N
i=1 σ̂

(i)
~ni

is the linear gen-

erator of the phase shift, and σ̂
(i)
~ni

= ~ni · σ̂ is a Pauli
matrix rotating the qubit i along the arbitrary direction
~ni. The maximal FQ further depends on the hierarchi-
cal entanglement structure of the probe state and genuine

multiparticle entanglement is needed to reach the Heisen-
berg limit [12], the ultimate sensitivity allowed by quan-
tum mechanics. With N = 4 qubits, 2-particle entangled
states have FQ ≤ 8, while for 3-particle entangled states
FQ ≤ 10 [12]. The maximal value is FQ ≤ N2 = 16 which
is saturated by the so-called Greenberger-Horne-Zeilinger
(GHZ) state [10, 13, 14].

There is a strict relation between the condition to rec-
ognize useful entanglement provided by equation (1) and
the possibility to achieve sub shot noise phase sensitivity.
According to the Cramer-Rao theorem [15, 16], the stan-
dard deviation of unbiased phase estimation is bounded
by

∆θ ≥ 1√
mFµ̂

[
θ0, ρ, Ĵ

] ≥
1√

mFQ
[
ρ, Ĵ

] . (2)

The first inequality defines the Cramer-Rao lower bound
(CRLB). Here θ0 is the true value of the phase shift, m is
the number of independent repetitions of the experiment,
and

Fµ̂
[
θ0, ρ, Ĵ

]
=
∑

µ

1
P (µ|θ0)

(dP (µ|θ)
dθ

∣∣∣
θ0

)2

≤ FQ
[
ρ, Ĵ

]
.

(3)
The Fisher information Fµ̂

[
θ0, ρ, Ĵ

]
depends on the con-

ditional probabilities P (µ|θ0) to obtain the result µ in the
measurement when the true phase shift is equal to θ0. It
is bounded by the quantum Fisher information [[10] and
see supplementary material], the equality being saturated
for an optimal measurement µ̂opt. From equations (1,2)
and the bounds for multi-partite entanglement we can
thus infer that if the experimentally obtained FQ exceeds
the value for k-partite entanglement [see supplementary
material], one can achieve a phase sensitivity better than
that achievable with any (k−1)-particle entangled state.

For the experimental demonstration, we use the sym-
metric four-photon entangled Dicke state [17] |D(2)

4 〉 =
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FIG. 1: Phase estimation setup. a) Experimental setup
(the source uses pulsed parametric down conversion with
a type II cut β-Barium-Borate crystal (λpump = 390nm);
for details see supplementary material): IF, interference fil-
ter; BS, beam splitter; PA, polarization analysis; HWP,
halfwave-plate; QWP, quarterwave-plate; PBS, polarizing
beam-splitter; APD, avalanche photo-diode. Each qubit can

be addressed individually. The Dicke state |D(2)
4 〉 is observed

if one photon is detected at each of the four output arms [19].
The separable state |ψsep〉 is created by inserting a |+〉 po-
larizer before the first BS. In our experiment we rotate each
qubit by exp[−iσ̂yθ/2] (violet box). b) Schematic of our in-
terferometric setup.

1√
6

(
|HHV V 〉 + |HVHV 〉 + |HV V H〉 + |V HHV 〉 +

|V HV H〉 + |V V HH〉
)

and the separable state |ψsep〉 =
| + + + +〉 as observed from multiphoton parametric
down conversion [19]. Here |HHV V 〉 = |H〉1 ⊗ |H〉2 ⊗
|V 〉3 ⊗ |V 〉4, |H〉i (|V 〉i) refer to the horizontal (verti-
cal) polarization of a photon in the spatial mode i and
|±〉 = 1√

2
(|H〉 ± |V 〉). From the measured density ma-

trices (see supplementary material) we deduce a fidelity
of 0.8872 ± 0.0055 for |D(2)

4 〉 and 0.9859 ± 0.0062 for
|ψsep〉. From these tomographic data we also evaluate the
QFI to determine the suitability of the of the experimen-
tally observed states. For the ideal Dicke state |D(2)

4 〉,
the QFI reaches its maximum value, FQ[|D(N/2)

N 〉, Ĵ ] =
N(N + 2)/2 = 12, when σ̂~ni

= σ̂y for all i (Ĵ ≡ Ĵy) [11].
In the experiment, this choice leads to FQ[ρexp

D , Ĵy] =
9.999 ± 0.095, a value which proves useful 3-particle
entanglement. An optimization over the local direc-
tions ~ni, as described in Ref. [11], leads to the optimal
value F opt

Q [ρexp
D , Ĵopt] = 10.326 ± 0.093. Hence the ex-

perimentally created state overcomes the limit for use-
ful 4-particle entanglement by 3.5 standard deviations.
Note, that this state can be clearly proven to be gen-
uine 4-particle entangled using witness operators [17].
Yet, witness operators merely recognize the entangle-
ment, whereas the new tool directly indicates the state’s
applicability for a quantum task. Ideally, the seperable
state |ψsep〉 allows for sensitivity at the shot-noise limit,
FQ[|ψsep〉, Ĵy] = N = 4. The reconstructed density ma-
trix leads to FQ[ρexp

sep , Ĵy] = 3.894 ± 0.023, a value close,
as expected, to the separable limit. An optimization over
the local directions as above indeed leads to the optimal

value F opt
Q [ρexp

D , Ĵopt] = 4.014± 0.025.
In order to demonstrate the connection between the

Fisher information, multiparticle entanglement and sub
shot noise sensitivity, we experimentally implement a
phase estimation analysis with the input states |D(2)

4 〉
and |ψsep〉. Our interferometric protocol transforms the
probe state by U(θ0) = exp[−i∑4

k=1 σ̂
(k)
~ni
θ0/2] using the

halfwave-plate depicted in Fig. 1 a). The unknown value
of the phase shift θ0 is inferred from the difference in the
number of particles, 2µ = NH −NV (µ = −2,−1, 0, 1, 2),
in the states V and H. For the ideal states and the rota-
tion directions ~ni = y, this measurement is optimal, and
hence Fµ̂ = FQ. Experimentally, the optimized direc-
tion and measurement can be different because of noise
and misalignment. However, for the observed states the
expected improvement would be rather small.

The relation between the phase shift and the possi-
ble results of a measurement is provided by the condi-
tional probabilities P (µ|θ0). These can be measured ex-
perimentally and compared with the theoretical ones for
both the separable and the entangled state. The results
of these calibration measurements are plotted in Fig. 2
a)-k). A fit to the measured conditional probabilities
provides Pexp(µ|θ), which is used to calculate the Fisher
information shown in Fig. 2 l). As expected, our exper-
imental apparatus can surpass the shot noise limit for
a broad range of phase values (where F exp

µ̂ > 4), and
even exploit useful three particle entanglement (where
F exp
µ̂ > 8).
The phase shift θ0 is inferred from the results,

µ1, µ2, ..., µm, of m independent repetitions of the inter-
ferometric protocol. We will refer to such a collection
of measurements as a single m-experiment. In the fol-
lowing we will implement a maximum likelihood (ML)
and a Bayesian phase estimation protocol. While both
have been recently used in literature for phase estimation
[3, 20], here they are compared in detail and applied for
the first time to demonstrate sub shot noise sensitivity
with more than two particles.

In the ML protocol the estimator θ̂ of the unknown
phase shift is determined as the value maximizing the
likelihood function L(θ) =

∏m
i=1 Pexp(µi|θ) [15]. For dif-

ferent m-experiments it fluctuates with standard devia-
tion ∆θ̂, which has to be calculated from a large number
of repetitions of single m-experiments. In the limit of
large m, ∆θ̂ is known to saturate the CRLB equation (2)
[15].

We set the phase shift to 9 known values θ0. For
each θ0, 12000 results µi are independently measured and
grouped into vectors of length m to perform the ML anal-
ysis for different values of m (= 1, 10, 100). Fig. 3 shows
the distributions of the estimator θ̂ for the phase shift
θ0 = 0.2π and different values of m. With increasing
m the standard deviation ∆θ̂ of the distributions P de-
creases and the histograms approach a Gaussian shape.
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FIG. 2: Calibration curves and derived Fisher information. The small panels show conditional probabilities Pexp(µ|θ0) for the
state ρexp

D [a)-e)] and for ρexp
sep [f)-k)]. Dashed black lines are the ideal probabilities P (µ|θ), dots experimental results. The red

(blue) curves Pexp(µ|θ0) for the state ρexp
D (ρexp

sep ) are fits obtained by assuming that the main source of errors are misalignments
in the polarization optics (see supplementary material). The measurements are performed for 31 values of θ0 by collecting
roughly 7000 events for each phase value. In l), the Fisher information [equation (3)] obtained from the fits Pexp(µ|θ0) is
plotted. The line widths correspond to the error intervals F exp

µ̂ [θ0] ±∆F exp
µ̂ [θ0] with ∆Fµ[ρexp

D ] ≤ 0.08 and ∆Fµ̂[ρexp
sep ] ≤ 0.04.

Horizontal lines indicate multiparticle entanglement limits (see text). Theoretically, we expect F id
µ̂ = F id

Q for the ideal input
states, phase operations and output measurements. Experimentally, we observe F exp

µ̂ < F exp
Q as the performed measurements

are not optimal for the state which is actually produced. Moreover, the Fisher information F exp
µ̂ [θ0] strongly depends on the

phase shift. In particular, it is strongly reduced for values of the phase shift where the conditional probabilities of the figures
a)-k) tend to the extremal values 0 or 1, where the reduced visibility of the input state has the biggest impact.

As expected, the width of the histograms is smaller for
the Dicke state (red lines) as for the separable state (blue
lines). For better comparison we use the phase sensitiv-
ity S [9], which for ML estimation is S =

√
m∆θ̂ shown

in Fig. 4.

For m = 10 the standard deviation is below the
CRLB (2) for several θ0 values. This is possible because
the estimation is biased, i.e., for b ≡ 〈θ̂〉 − θ0 we have
b 6= 0 and ∂θ0b 6= 0 (see supplementary material and
[15]). Bias can be taken into account by replacing the
numerator in the CRLB equation (2) by |1 − ∂θ0b|. For
even smaller m, only few different likelihood functions
L(θ) can occur, see Figs 3 a)-c). Then, θ̂ scatters signifi-
cantly and hardly allows for an unbiased phase estimate.
When m = 100, b is strongly reduced and the agreement
of ∆θ̂ with the unbiased CRLB is improved significantly.
While the bias is still large enough to cause apparent
sensitivities below the shot-noise limit for the separable
state, for the Dicke state the CRLB as determined from
equation (2) using the experimentally obtained Fisher
information from Fig. 2 l) is saturated for a large phase
interval. This clearly proves that the multiparticle entan-
gled Dicke state created experimentally indeed achieves
the sub shot noise sensitivity.

A conceptually different phase estimation protocol
is given by the Bayesian approach assuming that
the phase shift is a random variable. The proba-
bility density for the true value of the phase shift
being equal to θ, conditioned on the measured re-
sults µ1, µ2, ..., µm, is provided by Bayes’ theorem,
P (θ|{µi}mi=1) = Pexp({µi}mi=1|θ)P (θ)/P ({µi}mi=1). To de-

fine the a priori probability density P (θ) we adopt the
maximum ignorance principle and take P (θ) to be con-
stant in the phase interval considered. The Bayesian
probability density then is given by P (θ|{µi}mi=1) ∝∏m
i=1 Pexp(µi|θ) = L(θ). Given P (θ|{µi}mi=1), the phase

shift can be estimated as the maximum of the probabil-
ity density as before. However, in contrast to the ML
method, the Bayesian analysis allows to assign a mean-
ingful uncertainty to this estimate even for a single m-
experiment and biased estimators. This can be taken,
for instance, as a confidence interval C around the esti-
mate, where the area of P (θ|{µi}mi=1) is equal to 68% [see
Fig. 3 d)]. Thus, even from a single m-experiment, we
can deduce the corresponding phase uncertainty ∆θ=̂C.
For comparison we use again the phase sensitivity, now
given by S =

√
mC.

Fig. 3 illustrates how the Bayesian probability densities
evaluated for single m-experiments [Figs 3 d)-f)] are close
to become Gaussians with a width ∝ 1/

√
mFµ̂, already

for small values of m. Consequently, the phase sensitivi-
ties exhibits stronger scatter for the ML- when compared
to the Bayesian protocol (see Fig. 4). The quantum en-
hancement drastically reduces for phases where one or
more P (µi|θ) ideally go to 0 (for θ0 = 0, 0.3π, 0.5π),
but do not due to the limited visibility of the calibration
(see Fig. 2). For other values of θ0, however, we obtain
the expected sub shot-noise phase sensitivity close to the
CRLB.

In conclusion, we have investigated experimentally, the
relation between sub shot noise phase estimation and the
entanglement properties of a probe state. We have iden-
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FIG. 3: Comparison of the maximum likelihood
method to the Bayesian approach. In the upper row, the
distributions of the ML estimators θ̂ obtained from large num-
ber of repetitions of m-experiments are shown as histograms
for a)m = 1, b)m = 10 and c)m = 100. The true value of the
phase shift is θ0 = 0.2π (dashed black line). Red solid lines
show the results of the state ρexp

D and blue solid lines show
the results of the state ρexp

sep . The histograms are normalized
to one. The lower row shows exemplary Bayesian probability
densities P (θ|{µi}mi=1) of single m-experiments for d) m=1,
e) m=10 and f) m=100 for the state ρexp

D (solid red lines)
and ρexp

sep (solid blue lines). The solid black lines in e) cor-

respond to a Gaussian with widths ∝ 1/
√

10Fµ̂. For m=1,
the µ-value observed for the Dicke state is {1}, while for the
separable state it was {−1}. For the Bayesian method the es-
timator is chosen as the maximum of the distribution (vertical

solid black line), whereas the confidence interval [θ̂−C, θ̂+C]
contains 68% of P (θ|{µi}mi=1) and is delimited by red vertical
lines [see supplementary material for details].

tified useful multiparticle entanglement by determining
the quantum Fisher information from the tomographical
data of a Dicke state of four photons. The benefit of such
entanglement has been directly proved by implementing
two different phase estimation analyses, both of which
saturate the Cramer Rao bound and clearly surpass the
shot noise limit. The approach is completely general: it
applies for any probe state, is scalable in the number of
particles and does not require state selection. Our study
thus provides a guideline for the future technological ex-
ploitation of multiparticle entanglement to outperform
current metrological limits.
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FIG. 4: Phase sensitivities S obtained with the probe state
ρexp
D (red) and ρexp

sep (blue), with a) m = 10 and b) m =
100. The solid red (blue) line is the expected sensitivity given
by the CRLB [equation (2)] with the experimental Fµ̂ [see
Fig. 2 l)] for the state ρexp

D (ρexp
sep ). Stars are the results of

the ML analysis (standard deviation of the ML estimator θ̂)

with S =
√
m∆θ̂, circles with error bars are the results of

the Bayesian analysis with S =
√
m〈C〉. Horizontal lines are

the Heisenberg limit (HL)
√
m∆θHL = 1/4, the CRLB for the

ideal Dicke state 1/
√
FQ = 1/

√
12 and the shot noise limit

(SNL)
√
m∆θSNL = 1/2.
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Experimental setup. The photons used to prepare
our two input states (see Fig. 1) are generated by spon-
taneous parametric down conversion (SPDC). To this
aim, laser pulses with a duration of 130 fs produced in-
side a Titanium-sapphire oscillator at a wavelength of
780 nm are frequency doubled to 390 nm by a lithium
triborate crystal and then guided into an enhancement
resonator for femtosecond pulses [1]. Inside the res-
onator, a 1 mm thick β-barium borate crystal is pumped
for type-II collinear SPDC generating the state |n, n〉H,V
with nH and nV polarised photons. With the enhance-
ment resonator we are able to set the UV pump power
of the SPDC process to values between 0.6W and 7.2W
[1]. The appropriate UV pump power is chosen such
that a considerably high 4-photon count rate as well as
a high fidelity of the probe states can be achieved. A
large data set is required for the accumulation of suffi-
cient statistical data in the phase measurement. This
is guaranteed by a high count rate (∼ 420 min−1 for
each four-photon state) and stability in our experimen-
tal setup allowing the utilization of 4 photons for quan-
tum enhanced metrology. The generated SPDC photons
are coupled to single mode fibre and guided to a linear
optics setup shown in Fig. 1 of the main text [1, 2].
To achieve spectral selection, a narrowband interference
filter (∆λ = 3 nm) is placed at the output of the fi-
bre. The photons are symmetrically distributed onto 4
spatial modes using 3 nonpolarising beam-splitters. The
birefringence of these beam-splitters is compensated by
pairs of perpendicularly orientated 200µm thick birefrin-
gent yttrium-vanadate crystals (YVO4). In each arm we
apply a phase-shift with half- and quarterwaveplates and
detect the photons in the outputs of a polarising beam-
splitter using single-photon avalanche photodiodes. The
detection signals are analysed by a FPGA-controlled co-
incidence logic allowing the simultaneous registration of
any possible coincidence.

Fits and errors. For the fits to the calibration curves
we used the ansatz Pexp(µ|θ) =

∑
µ′ P (µ|µ′)Pid(µ′|θ),

where Pid(µ|θ) are the ideal distributions. This is a
classical model for misalignments in the polarization
analyzers, leading to the result µ when the true re-
sult was µ′. We performed a least squares fit to the

FIG. 1: Density matrices of the real part of our two input
states ρexpD [a)] and ρexpsep [b)] obtained by full tomography [3]
are shown. The input states are observed with a fidelity of
0.8872± 0.0055 [a)] and 0.9859± 0.0062 [b)]

curves for all µ values simultaneously with the condition∑
µ P (µ|µ′) = 1 for all µ′, which ensures the proper nor-

malization
∑
µ Pexp(µ|θ) = 1 for all θ. The errors of the

Fisher information and the quantum Fisher information
were computed by a Monte Carlo method assuming pois-
sonian errors in the measurement counts obtained in the
calibration and in the tomography, respectively. Except
for full tomography (see Fig. 1) all measurements are not
corrected for relative detector efficiencies.

Quantum Fisher Information and Multiparticle
Entanglement. The quantum Fisher information is
given by [4]

FQ
[
ρ, Ĵ

]
= 2

∑

j,k

(qj − qk)2

qj + qk
|〈j|Ĵ |k〉|2, (1)

where ρ =
∑
k qk|k〉〈k| (qk > 0,

∑
k qk = 1). For pure

states, ρ = |ψ〉〈ψ|, the quantum Fisher information sim-
plifies to FQ

[
|ψ〉, Ĵ

]
= 4(∆Ĵ)2.

A pure k-particle entangled state can be written as
|ψk−ent〉 =

⊗M
l=1 |ψl〉, where |ψl〉 is a state of Nl ≤ k

particles, and at least one |ψl〉 is a state of k particles
which does not factorize. For k = 1, this corresponds
to a product state. A mixed state is k-partite entangled
iff it cannot be written as

∑
j pj |ψ

kj−ent
j 〉〈ψkj−ent

j | with

107



CHAPTER 4. OPTICAL QUANTUM ENHANCED METROLOGY

2

FIG. 2: Bias. Mean of the ML estimator θ̂ with error bars
∆θ̂, showing that the absolute value of the bias b = 〈θ̂〉−θ0 is
reduced when going from m = 10 [a)&c)] to m = 100 [b)&d)].
Figures a) & b) correspond to ρexpD and c) & d) to ρexpsep Note,
in particular, that ∂θ0b 6= 0 in many cases, which explains the
apparent violation of the CRLB in Fig. 4 of the main text.
[8].

kj < k. For k-particle entangled states we have

FQ[ρ̂, Ĵ ] ≤ bN
k
ck2 + r2, (2)

where bxc is the largest integer smaller or equal to x and
r = N − bNk c · k [5, 6].

Phase estimation. The confidence interval is calcu-
lated as

∫ θ̂+C
θ̂−C P (φ|{µi}mi=1)dφ = 0.68. Note that this

corresponds to the standard deviation if the phase distri-
bution is a Gaussian function. If θ̂ is close to the borders
of the interval [0, π2 ], the integral might give a value be-
low 68% even when C takes the maximal value possible.
If this happens for θ̂ & 0 then we define the confidence

by
∫ θ̂+C
0

P (φ|{µi}mi=1)dφ =68% in order not to underes-
timate the error. We proceed in analogy when θ̂ . π

2 .
In the ideal case, the probabilities P (µ|θ) for the

Dicke state |D(2)
4 〉 are given by: P (±2|θ) = (3/8) sin4 θ,

P (±1|θ) = (3/8) sin2 2θ, and P (0|θ) = (1+3 cos 2θ)2/16.
The ideal conditional probabilities for the separable state
|ψsep〉 are given by P (µ|θ) = [4!/(2−µ)!(2+µ)!]

[
sin(θ/2−

π/4)
]4+2µ[ cos(θ/2− π/4)

]4−2µ.

Further results used in the manuscript are: (i) Con-
cerning Fig. 1 d)-f) in the main text, it can be shown
that, in the central limit, the most likely distribution
P (θ|{µi}mi=1) is a Gaussian centered at the true value of
the phase shift with a width σ = 1/

√
mF if the prior

distribution P (θ) is flat [7]. (ii) The condition ∆θ̂ �
|〈θ̂〉−θ0| ensures that ∆θ̂ ≈

√
〈(θ̂ − θ0)2〉, hence ∆θ̂ is ap-

proximately equal to the standard deviation with respect
to the true value of the phase shift θ0. (iii) In the presence
of bias, when b = 〈θ̂〉 − θ0 6= 0, the Cramér-Rao lower

bound takes the form ∆θ ≥ |1 − ∂θ0b|/
√
mFµ̂

[
θ0, ρ, Ĵ

]

[8].
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4.2 Sub shot noise phase estimation using six photon
symmetric Dicke states

The first experiments with photons in the field of quantum enhanced metrology have
demonstrated two photon interference in a Mach-Zehnder type interferometer [152, 153].
There have been several experiments showing a reduced de Broglie wavelength with four
[154, 155] or even six photons [156], but so far, sub shot noise phase sensitivity has been
reported for only up to four photons [157]. Another experiment proved sub shot noise
sensitivity of even eight qubits, which corresponds to also 4 photons by exploiting the
polarization and momentum degrees of freedom [158]. In the preprint 4.2.1 we show,
that we achieve sub shot noise sensitivity with symmetric Dicke states using up to 6
photons.

In the previous section we have used the Fisher information to quantify the sensitiv-
ity of phase estimation beyond the shot noise limit. To motivate a different derivation
of the phase sensitivity (by simple error propagation, which will also be used in the
preprint 4.2.1), we look at a phase shift in a more intuitive way resulting from the mea-
surement of intensities at the output ports of a phase sensitive device, like for example
an interferometer (see Fig. 4.9). Assuming the light intensity at input port A of Fig. 4.9
a) is IA, then the output intensities can be written as [159]

IC = IA sin2 θ

2
(4.70)

ID = IA cos2 θ

2
(4.71)

Phase
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Figure 4.9: Mach-Zehnder interferometry. In a) a typical setup for a Mach-Zehnder
interferometer with input A, B and output C, D is shown. We assume in our case that
the light enters the interferometer at port A with IA. The phase shift θ is applied in
one arm of the interferometer. In b) the difference of the intensities D and C is shown,
i.e. E(θ) = ID − IC = IA cos θ (the figures are adapted from [159]).

109



CHAPTER 4. OPTICAL QUANTUM ENHANCED METROLOGY

Finally we are measuring the intensity difference of output port C and D, this can be
written as follows,

E(θ) = ID − IC = IA cos θ. (4.72)

What we are now interested in, is to estimate the precision of the interferometric device.
Varying θ (x-axis of Fig. 4.9 b)) by ∆θ is related to the change of E (y-Axis) by ∆E.
If the changes are small, we can approximate the following relation with differentials,

∆E

∆θ
=
∂E

∂θ
(4.73)

which can be rewritten as

∆θ =
∆E
∂E
∂θ

. (4.74)

Here we arrive at an expression of the phase sensitivity ∆θ, which consists of the
standard deviation of the measurement ∆E and the derivative of E. In the above
example we obtain for the sensitivity ∆θ = ∆E/(IA sin θ). We see now that with
Eq. 4.74 and Fig. 4.9 the phase sensitivity ∆θ is smallest, when the slope of the curve
∂E/∂θ is largest 29.

We obtain a similar result, if we consider a measurement operator Â which esti-
mates an unknown parameter. The estimated value has usually an uncertainty, which
fluctuates with the variance given by (∆A)2 = 〈Â2〉−〈Â〉2. The root mean square error
∆θ of the inferred phase θ is then determined by error propagation [161, 150]

∆θ =
∆A
∣∣∂〈Â〉
∂θ

∣∣ . (4.75)

In the preprint 4.2.1 ∆θ will be determined experimentally for symmetric N particle
Dicke states with N/2 excitations

|D(N/2)
N 〉 =

(
N
N
2

)− 1
2 ∑

i

Pi |H⊗
N
2 V ⊗

N
2 〉. (4.76)

The sensitivity is then calculated by measuring the correlation function (corresponds
here to the operator Â in Eq. 4.75) along well defined directions on the Bloch sphere.
The correlation functions are defined as (see also in [64]),

Ĉjk(θ) =
(
(cos θ)σ̂j + (sin θ)σ̂k

)⊗N
(4.77)

with j, k taking all distinct permutations of x, y and z. Measuring, for example, Ĉzx(θ)
corresponds to a measurement on the plane perpendicular to the y-axis of the Bloch

29Note that this is not in general the case, if reduced detection efficiency and interference fringe
visibility are assumed [160]
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sphere. The sensitivity of the phase shift ∆θ calculates then, according to Eq. 4.75, to
[64]

∆θ =

√
1− 〈Ĉjk(θ)⊗N〉2
∣∣∂〈Ĉjk(θ)⊗N 〉

∂θ

∣∣
. (4.78)

To motivate the performance of symmetric N particle Dicke states with N/2 excita-
tions, we will compare them with the Greenberger-Horne-Zeilinger (GHZ) state [130], a
state which achieves a measurement sensitivity up to the Heisenberg limit. This will be
shortly demonstrated in the next few lines. Let us assume we have a N-particle GHZ
state in polarization

|GHZin 〉 =
1√
2

( |H...H 〉︸ ︷︷ ︸
N−times

+ |V...V 〉︸ ︷︷ ︸
N−times

). (4.79)

If we now apply a phase shift U(θ) between H and V , like for example in a Mach-
Zehnder interferometer, which corresponds to the following transformation

U(θ) =

(
1 0
0 eiθ

)⊗N
(4.80)

we obtain,

|GHZout 〉 = U(θ) |GHZin 〉 =
1√
2

( |H...H 〉+ eiNθ |V...V 〉) (4.81)

and we see that the phase between horizontally and vertically polarized photons scales
proportional to the number of particles N. Applying the phase shift in Eq. 4.80 corre-
sponds to the measurement operator (eiθĴz)⊗N = (i sin(θ/2)σ̂z + cos(θ/2)1)⊗N (refers
here to the operator Â in Eq. 4.75). The sensitivity in Eq. 4.75 can then be calculated
for the GHZ to ∆θ = 1/N [23], which corresponds to the Heisenberg limit, the best
allowed by quantum mechanics.

If we do the same for the symmetric N particle Dicke state with N/2 excitations and
apply the phase operator of Eq. 4.80 also in the σ̂z basis as the GHZ above, we observe
that all ket-terms in Eq. 4.76 have the same amount of H and V and add therefore just
the global phase eiθ

N
2 to the state |D(N/2)

N 〉

|Dout 〉 = U(θ) |D(N/2)
N 〉 =

(
N
N
2

)− 1
2

(eiθ
N
2 | H...H︸ ︷︷ ︸

N
2
−times

V...V︸ ︷︷ ︸
N
2
−times

〉+ ...+ eiθ
N
2 | V...V︸ ︷︷ ︸

N
2
−times

H...H︸ ︷︷ ︸
N
2
−times

〉)

(4.82)

= eiθ
N
2 |D(N/2)

N 〉. (4.83)

Hence, we are not able to measure any phase difference between horizontally and ver-
tically polarized photons and have to look for another basis where the phase resolution
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Figure 4.10: Theoretical comparison of probability amplitudes of GHZ and
symmetric Dicke state with two excitations for four qubits. In a) - c) the GHZ
state is shown in the basis σ̂z, σ̂x and σ̂y. In d) - f) the symmetric Dicke state is shown
with the same basis settings for comparison.

of the state is better. This can also be illustrated in a bar chart with the probability
amplitudes of the GHZ and the symmetric N particle Dicke states with N/2 excita-
tions in the σ̂z, σ̂x and σ̂y basis (shown in Fig. 4.10), for the case of, for example,
four qubits. We see that Fig. 4.10 a) and Fig. 4.10 e), f) have quite a similar struc-
ture: the contribution of the bars at the very left and right is highest. This can also
be verified by transforming the symmetric Dicke state |D(N/2)

N 〉 analytically to the

σ̂x and σ̂y basis, resulting in
√

5/8 |GHZ∓N 〉 +
√

3/16( |D(N/2+1)
N 〉 ∓ |D(N/2−1)

N 〉) with

|GHZ∓N 〉 =
√

1/2( |0 〉⊗N ∓ |1 〉⊗N) and 0 = {+, L}, 1 = {–,R} [50]. We obviously see
the high contribution of the GHZ terms. Fig. 4.10 a) is plotted in the basis (σ̂z) where
the GHZ state reaches Heisenberg sensitivity, and one could guess, that the symmetric
N particle Dicke states with N/2 excitations achieves a similar sensitivity for the basis
σ̂x and σ̂y

30.

This is indeed the case and can also be calculated via the quantum Fisher infor-
mation (see Eq. 4.48). For the N particle GHZ state FQ[ρGHZ , Ĵz] = N2 reaches the

Heisenberg limit and for the directions Ĵx,y the shot noise limit FQ[ρGHZ , Ĵx,y] = N .
For the symmetric N particle Dicke state with N/2 excitations the quantum Fisher
information in Ĵz is FQ[ρD, Ĵz] = 0, which indicates that we do not have any phase

sensitivity in this case, while for the directions Ĵx,y we obtain FQ[ρD, Ĵx,y] = N2

2
+ N .

So, the symmetric Dicke state achieves for large N a scaling of N2

2
which is up to a fac-

tor of 1
2

proportional to N2 the Heisenberg limit. This means the Dicke state achieves

30Note, that it has already been shown theoretically that the symmetric N particle Dicke state
reaches his maximal phase sensitivity in the σ̂x and σ̂y basis [137].
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Heisenberg like scaling for the directions Ĵx and Ĵy, which is remarkable and explains
the similarities in the bar charts of Fig. 4.10. In addition, if we calculate the sum of the
quantum Fisher information (divided by three) along three orthogonal directions on
the Bloch sphere (we call it average quantum Fisher information F̄Q) we obtain for the
directions x, y and z for the GHZ and Dicke state, F̄Q[ρD,GHZ ] = 1

3
(N2 + 2N), which

is also the maximum achievable for any quantum state and is to my knowledge only
saturated by the GHZ and symmetric N particle Dicke state with N/2 excitations (see
preprint 4.2.1).

In the experiment (see preprint 4.2.1) we have observed a six photon symmetric
Dicke state and measured the phase sensitivity according to Eq. 4.75 with the operators
Ĉzy and Ĉzx (see Eq. 4.77), which corresponds to the measurement directions in the
plane perpendicular to the x-axis of the Bloch sphere and y-axis, respectively. For
both directions, we could clearly prove sub-shot noise sensitivity, which is the first
time observed with a six photon entangled state and demonstrates the performance of
symmetric Dicke states, according to two orthogonal measurement directions on the
Bloch sphere.

4.2.1 Preprint: Experimental quantum metrology with Dicke
and Twin-Fock states for determining two complemen-
tary phases beyond the shot noise limit
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Experimental quantum metrology with Dicke and Twin-Fock states for determining
two complementary phases beyond the shot noise limit

Witlef Wieczorek,1, 2, 3 Roland Krischek,1, 2 Wies law Laskowski,1, 2, 4 and Harald Weinfurter1, 2
1Max-Planck-Institut für Quantenoptik, Hans-Kopfermann-Strasse 1, D-85748 Garching, Germany

2Fakultät für Physik, Ludwig-Maximilians-Universität, D-80797 München, Germany
3Present address: Faculty of Physics, University of Vienna, A-1090 Wien, Austria

4Institute of Theoretical Physics and Astrophysics,
University of Gdansk, PL-80-952 Gdansk, Poland

Non-classical resources can speed up classical information processing but can also improve on
the precision of measurements [1]. The goal of quantum metrology [2] is to develop methods for
the latter, for example to determine a parameter like a phase shift from a measurement observable
with an uncertainty beyond the classical shot noise limit. Well-known non-classical resources as
the Greenberger-Horne-Zeilinger [3–5] or N00N states [6, 7] have been identified to be suitable for
this purpose and have also been implemented experimentally, see for example [8–12]. In our work,
we consider symmetric Dicke [13, 14] and two-mode Fock states [15–17] for measurements better
than the classical limit. These states approach the ultimate Heisenberg limit by a small constant
factor [15–17]. In our work, we show using the description of a two-state system, that multi-partite
entangled Dicke states allow to achieve this uncertainty for two complementary directions on the
Bloch sphere. For a quantification thereof, we introduce a novel criterion, which allows to identify
such suitable states. We experimentally demonstrate the benefits of these states for, in our case,
polarization interferometry. To this end, we use up to six photons [18–20] and are able to beat
the classical shot noise limit. Our work reveals another aspect of phase determination in quantum
metrology. (version: )

Nowadays, the shot noise limit (SNL) is reached in
more and more interferometric applications, foremost in
atomic clocks or gravitational wave detectors. This limit
determines the lowest uncertainty obtainable in a mea-
surement on independent particles or photons, respec-
tively. Here, we consider the measurement of a phase θ
that can be determined from an observable Ô with an
uncertainty

∆θ = ∆Ô/

∣∣∣∣∣
∂〈Ô〉
∂θ

∣∣∣∣∣ , (1)

using a simple linearized error model and the variance
(∆Ô)2 = 〈Ô2〉 − 〈Ô〉2. Thus, a measurement on N in-
dependent particles yields the SNL of ∆θSNL = 1/

√
N .

This result can also be obtained by considering the distin-
guishability of quantum states using general methods as
the quantum Cramér-Rao bound (QCR) or the quantum
Fisher information [21, 22].

The major goal of quantum metrology is now to im-
prove precision measurements beyond the SNL by uti-
lizing non-classical resources like entangled or squeezed
states. Thereby, the uncertainty can be reduced down
to ∆θHL = 1/N , the Heisenberg limit (HL). N00N-
states [6, 7] ( |N00N 〉 = ( |N, 0 〉l,u + |0, N 〉l,u)/

√
2)

of N indistinguishable particles being in a superposi-
tion of all traversing the upper (u) or the lower (l) arm
of an interferometer can be used to determine a collec-
tive phase shift θ at the HL [fig. 1(a)]. Alternatively,
when using N individually addressable particles for in-
terferometry [fig. 1(b)], θ can be determined at the HL
by using multi-partite entangled GHZ-states [3, 4, 10]

FIG. 1: Typical interferometric arrangements. (a) Schematic
of Mach-Zehnder interferometry [23], where an incoming
beam is divided by a 50/50 beam splitter (BS), followed by a
relative phase shift θ and the recombination at a second BS.
The phase shift is applied collectively to all photons travers-
ing the upper (u) arm. (b) In Ramsey interferometry, one
usually considers a sequence of rotations on the Bloch sphere
of a qubit [4] [cf. fig. 2(a)]: a π/2 rotation around, say, the
x direction, a further rotation by θ around the z direction,
and, finally, a second rotation by π/2 around the x direction.
In this case, the phase θ is applied to each particle individu-
ally. The overall state transformation of Mach-Zehnder and
Ramsey interferometry is essentially equivalent.

( |GHZN 〉 = ( |00 . . . 0 〉 + |11 . . . 1 〉)/
√

2), with N par-
ticles being in a superposition of states |00 . . . 0 〉 and
|11 . . . 1 〉. Effectively, both approaches, i.e. collective or
individual phase shifts, are equivalent as it is only essen-
tial that the same phase shift is applied to all N particles.

Based on developments in quantum information the-
ory, research in multi-partite entanglement is at a stage
to apply particular features of other multi-partite entan-
gled states for quantum metrology applicable for both
cases. In this letter, we aim at this and reveal new as-
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2

pects for interferometry by studying and demonstrating
the properties of the two-mode Fock states |TMF 〉 suit-
able for the determination of a collective phase shift [15–
17] (cf. eq. 3) and of their analogy for individually ad-
dressable particles, multi-partite entangled Dicke states
|D(e)

N 〉 [13, 14] (cf. eq. 4). To this end, let us consider
the properties of quantum states in terms of correlation
functions, which are given as the product of measurement
results on individual particles. For qubits, i.e., particles
having two possible states like |0 〉 and |1 〉, a single par-
ticle observable is given by

Ô(γ, φ) = (sin γ cosφ) σ̂x + (sin γ sinφ) σ̂y + (cos γ) σ̂z,
(2)

where σ̂i denote the Pauli matrices (i ∈ {x, y, z}), and
γ and φ are spherical coordinates [fig. 2(a)]. The mea-
surement of Ô(γ, φ) can be used to deduce the latter
and, in the case of N particles, Ô(γ, φ) has to be mea-
sured for each particle in order to infer γ and φ with the
smallest uncertainty. This results in the determination of
the N -particle correlation 〈Ô(γ, φ)⊗N 〉. Comparing the
latter to conventional interferometry, like Mach-Zehnder
interferometry (MZI)[23] as used for gravitational wave
detection or Ramsey interferometry [4] as used in atomic
clocks (see fig. 1), it can be shown that the overall state
transformation in conventional interferometry is analo-
gous to Ô(γ/2, 0) (Methods). Obviously, this does not
utilize the full dependence of Ô(γ, φ) on both angles γ
and φ. In the following, we therefore generalize con-
ventional interferometry and show the benefits of par-
ticular multi-partite entangled states in this context. To
quantify the improvement relative to the SNL let us use
S~n = ∆θSNL/∆θ [24]. Here, ~n indicates the orientation of
the interferometer, which is restricted to the y direction
for conventional interferometry (Methods). As explained
in Methods, S~n is closely related to the Fisher informa-
tion or squeezing. We now have the freedom to choose
any interferometer orientation and also to analyze the
variation of an initial state caused by the phases γ and
φ. To take this extension into account, we introduce the
improvement over the SNL along the three interferometer
directions x, y and z as (Stot)2 = (Sx)2 + (Sy)2 + (Sz)2.

In order to demonstrate the power of generalized inter-
ferometry, let us now turn to particular multi-partite en-
tangled states. Symmetric Dicke states or their MZI ana-
logue, the two-mode Fock states have been discussed in
the context of interferometry, noticing that their perfor-
mance falls slightly behind GHZ or N00N states[15–17].
In the following we show that for generalized interferom-
etry these states turn out to be superior. Two-mode Fock
states are given as N1 (N2) photons in input mode 1 (2)
of a MZI (cf. fig. 1),

|TMF 〉 = |N1, N2 〉1,2. (3)

Analogous to these states are the symmetric Dicke states
(Methods), which are given as superpositions of all dis-

tinct symmetric permutations Pi( |0⊗(N−e)1⊗e 〉) of (N−
e) qubits in state 0 and e in state 1:

|D(e)
N 〉 = (CeN )−1/2

∑

i

Pi( |0⊗(N−e)1⊗e 〉), (4)

with CeN =
(
N
e

)
and N is an even integer throughout this

work. Prominent examples are symmetric Dicke states
with an equal number of qubits in the excited and ground
state (e = N/2), as originally discussed in the context of
superradiance [13], or the recently introduced W-state
with only one excitation (e = 1), discussed in the con-
text of quantum information [25]. The improvement over
the SNL for |D(e)

N 〉 is given by Sy =
√

1 + 2(N − e) eN .
Hence, already the W-state improves on the SNL. How-
ever, for increasing N , it approaches a constant value of√

3, barely better than the SNL. This is in stark contrast
to the state |D(N/2)

N 〉 with Sy =
√
N/2 + 1 [16, 17],

which for large N approaches
√
N/
√

2, i.e., a HL-like
scaling equal to the GHZ state up to a factor of

√
2.

To identify the full dependence on γ and φ, let us come
back to correlation functions. Fig. 2(b) and (c) compare
〈Ô(γ, φ)⊗N 〉 for the six-qubit Dicke state |D(3)

6 〉 and the
GHZ state |GHZ6 〉 . For the latter (fig. 2(c)) one recog-
nizes the 6-fold oscillation period for a rotation around
the z direction, yielding the HL. Yet, for rotations around
x or y one obtains a lower oscillation period, which yields
in both cases the SNL. Contrary to this, the significantly
different symmetry of the Dicke state results in no sensi-
tivity to rotations around z, whereas steep gradients close
to the poles yield HL-like scaling for both x and y rota-
tions. This can be quantified by Stot, which, remarkably,
is equal for both states and reaches the maximal value
of (Stot)2 = N + 2 (Methods). While the GHZ state
reaches the HL for z rotations ((Sz)2 = N), only the SNL
is available for the other cases ((Sx)2 = (Sy)2 = 1), see
fig. 2(d). For the Dicke state, the HL is almost reached
for x and y ((Sx)2 = (Sy)2 = 1 + N/2, see fig. 2(d)),
while no resolution at all is achieved for the third di-
rection ((Sz)2 = 0). This also gives a general view-
point to squeezing (Methods), where now particularly for
|D(N/2)

N 〉 two complementary orientations are below the
SNL (fig. 2(d)), while the third one has an increased un-
certainty. The commonly considered squeezing ellipsoids
[23, 26] turn into structured bodies, shown in fig. 2(e)
and (f) for the |GHZ6 〉 and Dicke states, respectively.

Let us now demonstrate these features in an ex-
perimental implementation with photons (fig. 3). An
ideal photon source for this purpose is the process of
collinear type II spontaneous parametric down conver-
sion (SPDC), as it delivers in its (N/2)-th order emission
already the two-mode Fock state |N/2, N/2 〉H,V (called
Twin-Fock state) in horizontal (H) and vertical (V ) po-
larization modes. Hence, we consider the case of polar-
ization interferometry, whereby the goal is to determine
an optical phase shift between H and V polarization.
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3

FIG. 2: Comparing Dicke and GHZ states. (a) Bloch sphere
of a qubit: The polar angle of a pure state vector is γ and its

azimuthal angle is φ. For comparing the states (b) |D(3)
6 〉

and (c) |GHZ6 〉 the expectation value of the observable

〈Ô(γ, φ)⊗6〉 is drawn on a sphere. Thereby, 〈Ô(γ, φ)⊗6〉 is

rotationally invariant around the z axis for |D(3)
6 〉 , but not

for |GHZ6 〉 . (d) Reduced phase uncertainty (i.e. 1/S~n) for

the states |D(e)
6 〉 (e ∈ {1, 2, 3}) for rotations around an axis

lying in the x-y plane and for the state |GHZ6 〉 in the x-z
plane. A relation of interferometry to squeezing can be illus-
trated by considering the expectation values of the angular
momenta Ĵi and their variance ∆Ĵi, where usually ellipsoids
are used as illustrations [23, 26] (Methods). The variance

∆Ĵx,∆Ĵy,∆Ĵz is shown centered around 〈Ĵx〉, 〈Ĵy〉, 〈Ĵz〉 for

the states (e) |GHZ6 〉 and (f) |D(e)
6 〉 (e ∈ {0, 1, 2, 3}). The

larger ∆Ĵi, the smaller the phase uncertainty.

Starting with the state |N/2, N/2 〉H,V we are also able
to observe the polarization-entangled symmetric Dicke
states |D(N/2)

N 〉 after subsequent distribution of the pho-
tons into N spatial modes and conditional detection of
a single photon in each of the modes [18–20, 27] (fig. 3).
In our work, we implemented the phase measurement
with up to six photons (see Supplementary Information
for state fidelities and count rates). We could choose
whether to measure Ô(γ, φ) for each photon individually
[i.e. in modes a, b, c, . . . , marked in fig. 3 (c) with a dashed
green line], or collectively [fig. 3 (b)], data shown here are
for the latter case, for the other case see Supplementary
Information.

Fig. 4(a) shows the measurement results for the corre-
lation function Ô(γ, 0), i.e. a rotation around the y di-
rection, between six photons observed in spatial modes

FIG. 3: Experimental phase measurement setup. The experi-
mental setup consists of (a) the spontaneous parametric down
conversion (SPDC) photon source given by a ultraviolet (UV)
enhancement cavity [30] pumping a β-barium-borate (BBO)
crystal, (b) the application of the phases γ and φ for deter-

mining Ô(γ, φ) by setting appropriate angles of a half-wave
plate (HWP) and quarter-wave plate (QWP) and (c) a linear-
optical setup for distributing the photons into maximally six
spatial modes PAj with j ∈ {a, b, c, d, e, f} and subsequent
photon polarization analysis (PA) and detection. SM, single
mode fibre; RG, bandpass filter; BS, polarization-independent
beam splitter; IR, interference filter; YVO4, yttrium-vanadate
crystal; PBS, polarizing beam splitter; APD, avalanche photo
diode.

a, b, c, d, e, f . To analyze Sy we fit the data with two
different models: a Fourier decomposition (shown here)
and a SPDC noise model taking into account noise due
to higher order SPDC emissions[20, 28, 29] (see Supple-
mentary Information). From the fitted curve we deduce
the improvement Sy over the SNL (fig. 4(c)). The results
show that we not only observe the respective high oscil-
lation rate of the correlation function, but that also the
state’s quality is high enough to clearly surpass the SNL
and to reach an improvement of Sy = 1.27± 0.06. Note,
due to the presence of noise the minimal uncertainty is
not achieved at angles around γ ≈ n·π/2 (n ∈ {0, 1, . . . }),
but at γ ≈ 1.15 · (π/2). To illustrate the advantage of
the input state for generalized interferometry, we per-
form the same procedure for a rotation around the x axis
[Ô(γ, π/2), see fig. 4(b)]. The achieved uncertainty along
that direction [fig. 4(c)] is even lower than the previous
one reaching an improvement as high as Sx = 1.35±0.07
compared to the SNL (now for γ ≈ 1.18 · (π/2)).

The determination of the phase relies on previous
knowledge of the expected phase interval. For the six-
photon case this interval has to be known within ≈ π/8.
In our experiment we can make direct use of other SPDC
emission orders, where, for example, the 2nd and 1st or-
der emissions deliver four and two photons, respectively.
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FIG. 4: Experimental data for phase determination. The measurement results for 〈Ô(γ, φ)⊗6〉 for (a) y [Ô(γ, 0)] and (b) x

[Ô(γ, π/2)] rotations on the Bloch sphere are depicted along with a fit corresponding to a Fourier decomposition (blue curve in

(a) and green curve in (b)). The red curve shows the expectation for the ideal state |D(3)
6 〉 . (c) The improvement S over the

shot noise limit (SNL) for the fitted data. The SNL is surpassed maximally for angles γ ≈ 1.15 · (π/2) for y and γ ≈ 1.18 · (π/2)

for x rotations. Admixture of white noise to |D(3)
6 〉 would also lead to a reduction and shift (dashed red curve). In (d,e,f) the

corresponding results for the 4-qubit observable 〈Ô(γ, φ)⊗4〉 and in (g,h,i) for the 2-qubit observable 〈Ô(γ, φ)⊗2〉 are shown,
upon detection of 4 or 2 photons, respectively. In both cases, the SNL is surpassed: for four photons 1.31± 0.01 (1.25± 0.02)
times SNL for y (x) rotations and for two photons 1.348± 0.006 (1.334± 0.041) times SNL.

Thereby, we can determine successively the phase shift
better than the respective SNL also within the intervals
≈ π/4 [fig. 4(d,e,f)] and ≈ π/2 [fig. 4(g,h,i)] (see also
Supplementary Information).

We want to emphasize that the generalized approach
to interferometry together with the utilization of multi-
partite entangled states reveals novel and powerful fea-
tures such as HL-like scaling for two complementary di-
rections, which can be ideal for example for tracking
magnetic field fluctuations. This enables significant ad-
vances for entanglement-enhanced metrology. In partic-
ular, multi-partite entangled Dicke and Twin-Fock states
turn out to be ideal input states for this purpose as evi-
denced by a novel criterion, which will foster the search
for further suitable states. In our experiment, we demon-
strated sub-shot noise uncertainty for phase measure-
ments using up to six photons. Practical usage of our
particular experimental implementation would be greatly
enhanced by reducing photon losses. For example, the
utilization of highly efficient, photon-number resolving
detectors would enable higher state qualities [20, 28, 29]
and, thus, an overall stronger improvement as well as
a direct usage of all SPDC emission orders and, thus,
an increased throughput. We are grateful to fruitful
discussions with Philipp Hyllus, Augusto Smerzi, Luca

Pezze, Nikolai Kiesel and Géza Tóth. We acknowledge
the support of this work by the DFG-Cluster of Excel-
lence MAP, the EU Projects QAP and Q-Essence and
the DAAD/MNiSW exchange program. W.W. acknowl-
edges support by QCCC of the ENB. W.L. acknowledges
support by FNP.

METHODS

Dicke states, two-mode Fock states and
interferometry.

The symmetric Dicke states |D(e)
N 〉 are eigenstates of

the total angular momentum squared Ĵ2 and the angu-
lar momentum in the z direction Ĵz [13, 14], whereby
the Ĵ-operators are angular momentum operators Ĵi =
1
2

∑
k σ̂

k
i (i ∈ {x, y, z}) with σ̂ki acts on the k-th qubit

(Ĵ2 |D(e)
N 〉 = N/2(N/2 + 1) |D(e)

N 〉 and Ĵz |D(e)
N 〉 =

(N/2 − e) |D(e)
N 〉 ). For the states |D(N/2)

N 〉 , we have
∆Ĵx = ∆Ĵy =

√
N(N + 2)/8 and ∆Ĵz = 0. The states

|D(e)
N 〉 are isomorphic to the two-mode Fock states

|NH , NV 〉H,V , in particular |D(N/2)
N 〉 to the Twin-Fock

state |N/2, N/2 〉H,V (see Supplementary Information).
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The observable Ô(γ, φ) can also be regarded as
a unitary transformation for rotations around the
y and z directions of the Bloch sphere [fig. 2(a)],
Ô(γ, φ) = eiπ/2e−iφĴze−i2γĴye−i(π−φ)Ĵz . For Ô(γ/2, 0) =
eiπ/2e−iγĴye−iπĴz the transformation of MZI or Ramsey
interferometry is obtained [4, 23], up to the reflection
e−iπĴz and the global phase eiπ/2. For the symmet-
ric Dicke states |D(e)

N 〉 one obtains 〈Ô(γ, φ)⊗N 〉
D

(e)
N

=
∑e
k=0(−1)k+eCkN−eC

k
e (cos γ)N−2k(sin γ)2k.

Fisher information, improvement over the shot noise
limit and squeezing.

The improvement over the SNL S~n is connected
with the Fisher information FQ(ρin) [21, 22] as S~n =√
FQ(ρin, Ĵ~n)/

√
N . The Fisher information essentially

measures the information content of the observable Ĵ~n
for the amount of rotation around the axis ~n when us-
ing ρin. It can be calculated for pure states [21, 22]
ρin = |ψ 〉in〈ψ | in as FQ(ρin, Ĵ~n) = 4〈∆Ĵ2

~n〉 with Ĵ~n =
(cosα sinβ)Ĵx+(sinα sinβ)Ĵy+(cosβ)Ĵz. For the states
|D(e)

N 〉 one obtains FQ(ρin, Ĵ~n) = (N+2e(N−e)) sin2 β,

and for the states |GHZN 〉 , FQ(ρin, Ĵ~n) = N(sin2 β +
N cos2 β). For the total improvement over the SNL Stot

we obtain the following general bound

(Stot)2 = (Sx)2 + (Sy)2 + (Sz)2

= (FQ(ρin, Ĵx) + FQ(ρin, Ĵy) + FQ(ρin, Ĵz))/N

≤ 4〈∆Ĵ2
x + ∆Ĵ2

y + ∆Ĵ2
z 〉/N

≤ 4〈Ĵ2
x + Ĵ2

y + Ĵ2
z 〉/N = 4〈Ĵ2〉/N

= 4N(N + 2)/(4N) = N + 2,

which is saturated by the states |D(N/2)
N 〉 and |GHZN 〉 .

To obtain a comparison with the notion of squeezing,
we consider the product of the reduced phase uncertainty
(i.e. 1/S~n) for two different rotations: 1

S~n1
· 1
S~n2

, see also

fig. 2(d). Then, the SNL (SSNL = 1) yields the bound
1
SSNL

~n1

· 1
SSNL

~n2

≥ 1. For the states |D(N/2)
N 〉 and rota-

tions along x and y a smaller value than the SNL is ob-
tained ( 1

1+N/2 ), which is even lower than the one for the
|GHZN 〉 state for rotations along x and z ( 1√

N
).
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5
Conclusions and outlook

In this thesis, we have contributed with respect to several aspects to the development
and exploration of photonic entanglement. A key point is the development of a novel
source for the generation of multi-qubit quantum registers based on the spontaneous
parametric down conversion (SPDC) process (see publication 3.1.1 [48]). All experi-
ments in this thesis have been performed with this source and it is therefore considered
as the heart of the work presented here. Furthermore, we have characterized different
multi-photon entangled states and have found a particular state, which can also be
considered as a resource to create other quantum states (see publication 3.3.1 [50]). In
addition, we have found an effective method to tomographically characterise a desired
quantum state using the symmetry of the probe state (see publication 3.4.1 [59]). Fi-
nally, we have also demonstrated an explicit application of entangled photons in terms
of phase estimation and have shown that entangled photons can perform this task better
than possible with classical photons (see preprints 4.1.3 [60], 4.1.5 and 4.2.1).

In the last years, the exploration of entangled photons has always been related to
the technological developments of appropriate photon sources. This is also the case here
and the development of this novel SPDC source led to a series of other experiments
presented in this work. The novelty of this photon source comes from the fact that
to pump the process of SPDC, which is widely used for the generation of multiple en-
tangled photons, an enhancement cavity for ultrashort ultraviolet laser pulses has been
developed. This is the first experimental realization of an enhancement cavity at this
wavelength for femtosecond laser pulses. With this cavity we have been able to increase
the yield of the observation of genuine six partite entangled states on two orders of mag-
nitude, compared to SPDC sources pumped with todays commercially available laser
systems. Pumping a non-linear crystal with intense UV laser pulses for SPDC is still the
workhorse to generate mulit-photon entangled states. In the future, the SPDC source
presented here can even without substantial improvements lead to the observation of
an eight photon entangled state [162]. The main concern to observe entangled photons
of even higher numbers is, on the one hand, due to the highly probabilistic nature of
the SPDC process itself and, on the other hand, due to noise originating from higher
order SPDC emission disturbing the proper observation of a desired state, especially
for increasing pump powers [163]. A possibility to decrease the noise of SPDC emission
is to increase the overall detection efficiency. An effective way to perform this task is to
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improve the efficiency of single photon detectors for the infrared wavelength region. In
the future, considerable progress is expected from the development of superconducting
detectors (see for example [94, 95] and references therein). An alternative to the proba-
bilistic SPDC process is the development of triggered single photon sources, which also
allow in principle to generate multi-photon entangled states in the future (for a review
see, for example, [96]).

Besides the development of a new SPDC source, we have observed different multi-
photon entangled states by processing the photons in linear optical networks. A spe-
cially designed linear optics setup allowed us to observe the symmetric six photon
entangled Dicke state. In the experiment we have been able to observe the symmetric
six photon Dicke state with a fidelity of 0.654 ± 0.024 and verified the entanglement
of the probe state with Bell inequalities and entanglement witnesses. This state has
especially attracted our interest, because it can also be used as a resource to generate
other multi-partite entangled states of lower qubit number by projective measurements.
This allowed us to observe out of a symmetric six photon Dicke state other five or four
photon states, like for example, the four photon W state or the four photon Green-
berger Horne Zeilinger (GHZ) state. The four photon W state has the first time been
observed here. Furthermore, the six-photon symmetric Dicke state can also be used for
open destination teleportation, telecloning and quantum secret sharing [90, 64], which
makes this state even more important for the field of quantum information.

Characterizing the entanglement of a probe state is usually performed with only
few settings compared to full quantum state tomography. But if the entire information
content of a quantum state is desired, full quantum state tomography is still the method
of choice. The disadvantage of full quantum state tomography is that the number of
measurement settings is scaling exponentially with the number of qubits. In this work,
we present an alternative using the fact that a lot of quantum states, like for example
the GHZ and all Dicke states, are permutationally invariant, which means that under
exchange of two qubits, the state stays the same. Using this symmetry we can reduce
the measurement effort from exponential scaling to only quadratic scaling with the
number of qubits. For photons, quantum state tomography has already performed with
four qubits [87]. For six photons, performing full quantum state tomography assuming
3.7 six fold counts per minute [50] for 729 basis settings with a measurement statistics of
300 counts per basis results in a measurement time of approximately 41 days! By using
permutationally invariant quantum state tomography we are able to reduce the number
of settings to 28, which results with the same assumptions from above in only 1.5 days,
which makes it reasonable to perform permutationally invariant tomography for a six-
photon entangled state in the future. Because permutation invariant tomography is a
general method and applies to all kind of qubits, it could in principle also be used to
perform tomography of more than, for example, eight ions [32], because not only the
measurement time can be reduced, but also the computational effort to reconstruct the
density matrix, which is another difficulty for an increasing number of qubits [164].

Finally, we have experimentally demonstrated a direct application of entangled pho-
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tons to highlight their improved performance with respect to classical photons. This
has been realized for the estimation of an unknown phase shift, which is also known as
quantum enhanced metrology. Because not every entangled state is equally useful for
phase estimation, we first identify useful entanglement with the help of a criterion and
then experimentally prove its usefulness by implementing two different phase estimation
protocols. In the experiment we use a symmetric four photon Dicke state and compare
its benefit with respect to a separable state. For the entangled state we clearly prove a
phase sensitivity beyond the shot-noise-limit, which is not achievable with a separable
state. In another experiment we could even prove sub shot noise sensitivity for a sym-
metric six photon Dicke state, which has not yet been observed for this photon number.
Altogether, our study of entangled states useful for phase estimation, identified by a
novel criterion, establishes a guideline to perfectly exploit entanglement for quantum
enhanced metrology.

All experiments presented in this work have been performed with photons. But
there exist many other systems, which have also successfully realized different tasks in
the field of quantum information. Some might be more advantageous than others and
some less. Combining different quantum systems in the future will definitively be of
interest and because quantum states can in the end easily be transmitted by optical
glass fibres over large distances it would be surprising if photons will not be involved
in one possible combination in the future.
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[126] G. Tóth. Detection of multipartite entanglement in the vicinity of symmetric
dickestates. J. Opt. Soc. Am. B, 24:275, 2007.

[127] C. Schmid, N. Kiesel, W. Laskowski, W. Wieczorek, M. Żukowski, and H. Wein-
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[148] L. Pezzé, A. Smerzi, G. Khoury, J. F. Hodelin, and D. Bouwmeester. Phase
detection at the quantum limit with multiphoton mach-zehnder interferometry.
Phys. Rev. Lett., 99:223602, 2007.

[149] R. Kacprowicz, M.and Demkowicz-Dobrzański, W. Wasilewski, K. Banaszek, and
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