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Chapter 1

Introduction

Since its development driven by Bohr, Heisenberg, Pauli, Schrödinger et al. in the

beginning of the 20th century, Quantum Mechanics has suggested a sometimes strange

and weird picture about the microcosm not directly accessible to everyday experience:

Photons which can have taken both paths of an interferometer at the same time or

atomic ensembles acting together as a ”superparticle” at very low temperatures are

examples, which explained in common language, are completely non-intelligible. Even

Schrödinger hinted at the apparent absurdity of an application of the interpretations

of the theory to the macroscopic world [1]:

If a cat’s state of life or death could be made dependent on the state of a subatomic

particle and made inaccessible to the observer, it could exist in the joint superposition

of being alive or dead. Surely this is an interpretation which hardly enjoys any corre-

spondence to reality.

Similarly, the predicted possibility that two ”entangled” particles remain perfectly

correlated over arbitrarily large distances moved Einstein to describe this effect as

a ”spooky action at a distance”. Well evidenced by the extensive correspondence be-

tween him and Bohr, one of the mayor proponents of the Copenhagen interpretation of

Quantum Mechanics, Einstein repeatedly aimed to prove that its framework couldn’t

provide a complete description of natural phenomena.

Despite of the fact that these discussions took clear philosophical connotations in their

beginnings, they also motivated many of the most important discoveries in physics:

The resource of entanglement proved to be suited for performing tasks which were

impossible according to classical mechanics. Indeed, entanglement provided the funda-

mental key component for the development of quantum information theory, a synthesis

between the fields of quantum theory, information theory, informatics and cryptogra-

phy. Using this framework, the application of entanglement for the manipulation and

transmission of information as required by today’s information technologies has proven

to offer its highest potential.

1



2 Chapter 1 – Introduction

The transmission of completely secure information over telecommunication distances

[2] as well as the teleportation of the quantum state of atoms from one locality to an-

other [3], are only two out of the broad range of achievements which could be realized

based on entangled particles. Motivated by advances in the trapping and control of

ionic ensembles or other types of qubits, the possibility to carry out computational

operations on entangled systems would allow the realization of computers capable of

performing several operations at the same time, therefore being much more efficient

than a classical computer.

Nevertheless, a full characterization and study of entangled states at a more funda-

mental level is required before these technologies can be tamed for accessing their full

potential.

For example, the wide range of multiple-photon entangled states [4] well suited for

implementing multi-party quantum communication protocols has yet not been investi-

gated in its full potential.

In analogue, the possibility of quantum systems to be prepared in a higher dimensional

Hilbert space offers interesting improvements with respect to the implementation of

quantum key distribution (QKD) protocols. In general, these higher dimensional states

can transmit more information, using for example higher alphabets, than two dimen-

sional systems and reduce the noise threshold limiting the security of these protocols

[5, 6]. Similarly, it was hinted at the possibility that for these states an increase in

the efficiency of Bell state measurements required for quantum teleportation can be

achieved [7].

Following these research lines, the study and experimental realization of higher dimen-

sional entanglement will be the main focus of this work.

1.1 Why energy-time and time-bin entanglement?

Long distance implementation Since the entangled nature of polarization cor-

related photons could clearly be displayed, a wide range of research focused on the

implementation of entangled photons was motivated. Taking advantage of the entan-

gled nature of polarization entangled photons, classically impossible tasks, such as the

teleportation of a quantum state [8], or the implementation of quantum communication

protocols [9, 10] were possible. First steps could be realized as well with respect to the

realization of quantum computation operations [11].

The intrinsically secure transmission of information, as permitted by quantum cryptog-

raphy, has motivated the interest to investigate the distribution of entangled photons

over long distances, as required for telecommunication transmission. Polarization en-

tangled photons could successfully be distributed over free space distances up to 144km
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[12], displaying the feasibility of establishing a quantum communication network over

satellites, as discussed in [13].

In future scenarios, the distribution of polarization entangled photons over ground

based telecommunication channels such as fibres offers a high advantage with respect

to a free space channel subject to atmospheric fluctuations. Due to absorption and the

low efficiency of detectors suited for telecommunication wavelengths these distances

would be limited to a range of 100km [12]. Nevertheless, polarization entangled pho-

tons offer the disadvantage that the quality of the entangled state encoded would be

affected by polarization mode dispersion: This refers to the temporal delay between

two pulses caused by the random change in the polarization state encoded due to the

birefringent nature of optical fibres.

At this point, the encoding of the entangled states in the energy-time basis offers signif-

icant advantages, as the correlation between the photons isn’t reduced by a change in

the polarization of the photons. As will be shown in section (2.3), only the arrival time

information of the correlated photons is relevant for the encoding of an energy-time or

time-bin entangled state.

On the other side, chromatic dispersion dependent upon the bandwidth of the entangled

photons limits the maximum implementable length of the fibres before the photon wave

packets begin to overlap with each other. Nevertheless, the application of a dispersion

cancellation scheme intrinsic to the energy-time entangled nature of these photons (See

section (2.6)) yields that the maximum achievable transmission distance in dependency

of the bandwidth of the photons is superior for energy-time entangled photons [14].

Indeed, the robustness of energy-time and time-bin entangled states with respect to

decoherence over large distances could be shown in several experiments:

The distribution of time-bin entangled photons could be achieved for distances of up

to 50km of standard optical fibres [15] while energy-time entangled photons could be

transmitted over physical distances of more than 10km [16]. Using the same energy-

time entanglement configuration, the implementation of QKD protocols could be shown

[2, 17] over distances of up to 8,2km. Similarly, a scheme of probabilistic quantum tele-

portation of time-bin entangled qubits over 2km of optical fibres could successfully be

implemented as well [18, 19].

Higher dimensional entanglement Specific to polarization entangled states is that

the Hilbert space of these states is intrinsically 2 dimensional, as only 2 linearly inde-

pendent polarization vectors span the Hilbert space of the particle’s state.

In contrast, photons can be prepared in energy-time and time-bin entangled systems

by making use of interferometers, setting the respective arrival time delays between

correlated photon pairs. The dimension of the entangled states is therefore directly

dependent upon the transformation introduced by the interferometers and not by an
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intrinsic property of a particle such as its polarization.

Therefore, interesting fundamental questions about entangled states, such as their be-

haviour when being encoded in a higher dimensional Hilbert space (d ≥ 2), can be

exploited with energy-time and time-bin entangled photons.

The emergence of classical properties in the limit of high quantum numbers, as expected

due to the complementarity principle, is one of the questions still left open to exper-

imental scrutiny [20]. According to the complementarity principle, coined by Bohr,

this property of quantum systems can be attributed to the impossibility to establish

clear boundaries between the behaviour of the microscopic systems observed and the

measurement devices setting the context under which the properties of these systems

will be measured.

Experimental realizations of qutrits, i.e. entangled photons in a three dimensional

Hilbert space could be performed [21], showing the violation of a corresponding Bell

inequality.

An experimental attempt to create higher dimensional entangled states, was reported

in [22] by using mode-locked fs-lasers. The approach was to effectively repeat a 2 di-

mensional time bin entanglement by SPDC photon pairs emitted by up to 20 different

pulses still coherent to each other. A similar approach exists for a Fabry-Perot like

interferometer [23]. Nevertheless, for these experiments the analysis of the states was

achieved by letting the correlated photons, being created by different pulses, traverse

exactly the same one-arm interferometers. Therefore, neither of these two experiments

was capable of providing a full analysis of the entangled states, as can be provided by

the analysis with a multi-arm interferometer.

1.2 Aim of this work

This work is focused to be the first experimental step to attain the encoding and full

analysis of correlated photon pairs in higher dimensional entangled states. With this

respect, the scalability of the system used such as to be suited for the preparation of

correlated photons in a higher dimensional state will be one of the main purposes.

This work will be subdivided into two main chapters:

The first one will discuss the theoretical framework behind entanglement (section (2.1))

and the source of correlated photons, the spontaneous parametric down-conversion pro-

cess (SPDC) (section (2.2)), following a detailed description of their preparation and

analysis in two dimensional energy-time (section (2.3)) and time-bin (section (2.4))

entangled states. Hinting at future experimental implementations, time bin entan-

gled states in a general higher dimensional Hilbert space will be discussed in the same

framework (section (2.4.2)). In order to be able to give experimental evidence of the
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entangled nature of the photons, a CHSH inequality suited for energy-time and time-

bin entangled photons in the two dimensional Hilbert space is given (section (2.5)).

The detrimental effect of dispersion at optical fibres on energy-time entangled states

will be discussed in section (section (2.6)).

The second chapter will be focused on the full characterization of the experimental

system used to prepare the photons in two dimensional energy-time entangled states,

especially with regard to its suitability for preparing and analyzing higher dimensional

entangled states (section (3.1)). Finally, the experimental results for two dimensional

energy-time entanglement will be presented, displaying the violation of the CHSH in-

equality (section (4.1)). First experimental efforts for a time-bin entanglement experi-

ment will be discussed as well (section (4.2)).
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Chapter 2

Theoretical Background

This chapter covers the theoretical description of energy-time and time-bin entangle-

ment in two dimensions and additionally of time-bin entanglement in a higher dimen-

sional Hilbert space. First, the basic theory behind entanglement will be presented,

following a short description of the spontaneous parametric down-conversion (SPDC)

photon source, which can be prepared in these entangled states. The entanglement of

the prepared state can be tested by applying Bell inequalities for energy-time and time-

bin entangled states. From these the experimental parameters required to characterize

the entanglement can be extracted. Finally, detrimental effects on the entanglement of

the state such as dispersion in optical fibres will be discussed in detail.

2.1 Entanglement and Bell inequalities

2.1.1 Quantum Mechanics and Entanglement

The mathematical framework of Quantum Mechanics allows to give a consistent deriva-

tion and description of physical systems. This description evolves based on a set of

underlying postulates [24]:

Postulate 1: State Space

The state space of an isolated physical system is represented by a Hilbert space

H. The full information of the system is contained in the pure state |Ψ〉 ∈ H with

〈Ψ|Ψ〉 = 1.

Based on this postulate, quantum mechanics predicts that a complete description of a

system can be assigned to the state |Ψ〉 by performing measurements with respect to

one of the basis |k〉. The state can be linearly expanded as |Ψ〉 =
∑

k ck|k〉 with ck

7
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being the respective eigenvalues of the eigenstates |k〉.
Nevertheless, a suitable description of a physical system can only be warranted as long

as one accounts for the time evolution of the state describing it.

Postulate 2: Temporal Evolution

The time evolution of a closed system is described by a state |Ψ〉 holding to the

Schrödinger equation

i~
d

dt
|Ψ〉 = H|Ψ〉 (2.1)

with ~ being the experimental Planck constant and H being the Hamilton-operator

of the system.

Postulate 2 implies that an operator defining the energy of the state |Ψ〉 ∈ H and its

time evolution is the Hamilton operator H : H → H. Its eigenvalues correspond to

the discrete energy levels Ek of the physical system. More importantly, due to the

linearity of a general operator transformation O : H → H, postulate 2 implicitly states

the Superposition Principle:

Each linear combination |Ψ〉 =
∑

l rl|Ψ〉l of physical states |Ψ〉l holding to the

Schrödinger equation is a physical state of the system.

Postulate 3: Measurement

The measurement of a physical observable on a state |Ψ〉 is described as a family of

measurement operators Mk on the state space H holding to the completeness relation
∑

k M
†
kMk = I. The average probability for a measurement result k is defined as

p(k) = 〈Ψ|M †
kMk|Ψ〉. (2.2)

After the measurement the state of the system is reduced to

|Ψ〉k =
Mk|Ψ〉

√

〈Ψ|M †
kMk|Ψ〉

=
Mk|Ψ〉
√

p(k)
(2.3)

Postulate 3 states that classically interpretable measurement results k with respect

to a specific measurement basis |k〉 and with a probability distribution p(k) can be

extracted.
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Implicit to Eq.(2.3) is the collapse of the wave function, stating that the measurement

{Mk} with measurement result k projects the state into |Ψ〉k. This statement is based

upon the assumption that the interaction with the experimental apparatus intrinsically

disturbs the measured state, such that the measured observables underlie an intrinsic

random distribution.

Applied on the state space H = HA ⊗ HB of two closed physical systems HA and HB,

postulates 1, 2 and 3 of Quantum Mechanics allow special properties for the state |Ψ〉
describing the system, which cannot be understood in terms of classical physics:

Entanglement

A state |Ψ〉 on the Hilbert space H = HA⊗HB is called separable when: ∃|Ψ〉A ∈ HA

and |Ψ〉B ∈ HB such that |Ψ〉 = |Ψ〉A⊗|Ψ〉B. Otherwise the state is called entangled.

Only quantum mechanics allows the existence of entangled states, as the superposition

principle, implicitly stated by proposition 2, enables the superposition of two indis-

tinguishable, i.e. orthogonal, states |i〉A|i〉B and |j〉A|j〉B with {|i〉A, |j〉A} ∈ HA and

{|i〉B, |j〉B} ∈ HB to the entangled state |Ψ〉 = α|i〉A|i〉B+β|j〉A|j〉B with (i, j) = {0, 1}.

A maximally entangled state is for example |Φ+〉 = 1√
2
(|0〉A|0〉B + |1〉A|1〉B).

Under the assumption stated by Postulate 1, |Ψ〉 provides a complete picture of the

physical system.

Nevertheless, entangled states offer characteristics which preclude a consistent descrip-

tion when the physical system measured is described according to a local realistic

model.

2.1.2 EPR argument and Bell inequality

In the year 1935, Einstein, Podolski and Rosen formulated a Gedankenexperiment hint-

ing at the inconsistencies of Quantum Theory with the principles of reality [25]:

Aiming to restore ”elements of reality” into the theory of quanta, they defined the

requirement a complete theory would have to fulfil: Once it is able to determine the

measurement outcomes on a system with absolute certainty, the existence of an element

of reality corresponding to the measured physical variable has to be inferred.

Based on this requirement, the argument they inferred against Quantum Mechanics

can be resumed as follows: As stated in postulate 3, Quantum Mechanics is based

on the intrinsic assumption that prior to the measurement the state of the system

is undefined. With respect to an entangled state |Ψ〉, such as for example |Ψ〉 =
1√
2
(|0〉A|0〉B + |1〉A|1〉B) with {|i〉A} ∈ HA and {|i〉B} ∈ HB with i = 0, 1, this means

that the measurement on one of the two-state systems HA instantly determines the
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measurement outcome on the system HB with absolute certainty. Prior to the mea-

surement, no statement can be done about the systems HA and HB.

The paradox arises when both systems HA and HB have been distributed to two spa-

tially distributed measurement devices:

Assuming that causality should be a basic principle of the theory, the measurement

on one system HA cannot instantly influence the measurement outcome at the other

system. Nevertheless, due to the entangled nature of both distributed systems the mea-

surement {MA} on the system HA instantly reduces the state wavefunction to |1〉A|1〉B
or |0〉A|0〉B from which the outcome of a possible measurement {MB} on HB can be

determined.

This fact would certainly be in contradiction to Proposition 3, as this would require

that the state of the system HB is already defined prior to its measurement.

According to the requirement given in the EPR paper[25] for a complete theory, quan-

tum mechanics cannot be considered as complete, as long as it is assumed that the

outcomes of the measurements performed on the systems HA and HB don’t correspond

to an ”element of physical reality”.

The merit for solving this apparent paradox without resorting to philosophical argu-

ments can be attributed to Bell [26], 29 years later.

The main purpose of this paper is to derive experimentally accessible constraints which

a theory based on the precepts of reality and locality 1 would have to offer when the

correlation between measurement results on both systems HA and HB sharing the en-

tangled state |Ψ〉 is analyzed. The expected constraint on the statistical distribution of

the measurement results for such a theory clearly differs from the one for an entangled

system.

The inconsistency of quantum mechanics with a local and realistic theory describing

nature would have to be concluded.

The experimental proposal of Bell [26], limited to correlation measurements of Spin-1/2

particles, could be extended in 1969 [27] by Clauser, Horne, Shimony and Holt such

as to be implementable on experimentally more accessible entangled systems. First

experiments by Freedman and Clauser [28] were done in 1972, but a direct test of the

CHSH Bell inequalities was provided by Aspect et al. in 1982 [29]. These experiments,

based on polarization correlated photons, enabled to provide a decisive test that the

observed correlations between both photons weren’t reproducible by a local realistic

theory.

A CHSH inequality applied on energy-time and time-bin entangled states (See section

(2.3) and (2.4)) as studied in this work will be derived in greater detail in section (2.5).

1Such a theory is often referred to as ”Local Hidden Variable Theory”, with the hidden variables

determining the measurement outcomes on the system prior to their measurement
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2.2 Source of the entangled photons

This section is focused onto a description of the theoretical background behind the

Spontaneous Parametric Down Conversion process. As will be shown later, this source

offers ideal characteristics to prepare energy-time or time-bin entangled states. For

Type II down-conversion the transversal and longitudinal walk-off between the gener-

ated photon pairs has to be discussed, too.

2.2.1 Type II collinear SPDC

The process of spontaneous parametric down-conversion has been proven to be one of

the most efficient methods to generate photon pairs. Although being a process which

could only be understood in terms of quantum mechanics it has a phenomenological

analogy in classical electrodynamics.

When a strong pump wave ~Ep traverses a dielectric crystal, the medium gets macro-

scopically polarized. For an anisotropic medium, the macroscopic polarization, given

by the sum of the induced electrical dipole moments, reads as

P i = ǫ0(
∑

j

χ
(1)
ij E

j +
∑

jk

χ
(2)
ijkE

jEk +
∑

jkl

χ
(3)
ijklE

jEkEl + ...). (2.4)

The first term with the susceptibility tensor of first order, χ(1), describes the refrac-

tion or dispersion characteristics of the pump wave in the crystal’s medium, while the

creation of SPDC photon pairs can be attributed to the nonlinear coupling term, with

χ(2). χ(2) and χ(3) denote the susceptibility tensor of second order and third order

respectively.

An illustrative description of this term can be given, when one considers a strong and

a weak wave with frequencies ωp and ωs traversing the crystal medium. The weak

wave can be amplified under the emission of a correlated ”idler” photon with the dif-

ference frequency ωi = ωp − ωs, as conditioned by the conservation of energy, such

that ωp > ωs, ωi holds. This nonlinear process is described as the coupling between

the pump wave Ep, with frequency ωp and wave vector ~kp and two spontaneous light

waves Ej and Ek with frequency ωi and ωs and wave vectors ~ks and ~ki respectively.

For the implemented BBO crystals the strength of this nonlinear interaction is in the

range of χ(2) ≈ 10−10, i.e. ten orders of magnitude smaller than for the linear term

χ(1) ≈ 1 but still 7 orders of magnitude larger than the coupling term of next order

χ(3) ≈ 10−17 [30]. Despite of these seemingly low nonlinear coupling efficiencies the

initially weak waves Ej and Ek can become strongly amplified if the pump wave offers

high intensities. Nevertheless, these pump intensities are low enough in this experiment

such that the coupling of higher order between more than three waves can be neglected.

However, the classical framework fails to provide a full description of the SPDC pro-
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cess. Due to the fact that the process is of spontaneous nature, i.e. it happens without

the coupling to any additional weak field, a consistent description can only be given in

terms of a quantum mechanical framework [31].

The condition χ(2) << χ(1) enables to apply perturbation theory on the nonlinear cou-

pling term between the pump and SPDC waves in order to derive the Hamiltonian of

the SPDC biphoton state [30, 32]:

HInt(t) = 1/2

∫

V
d3x~PNL

~EP = ǫ0/2

∫

V
d3x[χ

(2)
ijkE

−
j (~x, t)E−

k (~x, t)E+
i (~x, t) + h.c.] (2.5)

with E−
m = −i

√

~ωm

2ǫ0njVq

∫

d3kmA(~kj)a
†
~km
e−i(~km~x−ωjt)êm being the signal (m = s) and

idler (m = i) waves as described in the framework of second quantization. Here Vq

denotes the quantization volume and A(~kj) is the distribution function of the SPDC

photon modes. In contrast, as the pump field offers high intensities [31], the pump

wave can be described as a classical monochromatic plane wave E+
p = f( ~r⊥)ei(

~kpx−ωpt),

with the transversal amplitude distribution f( ~r⊥).

The SPDC biphoton state reads as

|ΨSPDC〉 = e−i/~
∫

∞

−∞
dtHint(t)|0〉 ≈ −i

~

∫ tc,P

0
dtHint(t)|0〉, (2.6)

where |0〉 denotes the vacuum mode. The multimode SPDC photon pairs are coherently

emitted at different emission times as long as the interaction time of the pump wave

with the crystal is shorter than the coherence time of the pump photons. Therefore

the upper and lower integration limit can effectively be substituted by the coherence

time tc,P of the pump photons and 0 respectively.

However, as the detailed calculations are beyond the scope of this work, the reader will

be referred to [30].

Within the same framework of second quantization, the SPDC process can be described

as the decay of a pump photon mode â+
~kp

into a signal and idler photon mode â+
~ks

and

â+
~ki

such that the two photons are emitted simultaneously and such that energy and

momentum conservation holds:

ωp = ωs + ωi (2.7)

~kp = ~ks + ~ki (2.8)

with the condition that ωs, ωi < ωp. The conditions (2.7) and (2.8.) are usually referred

to as phase matching conditions. Due to the relatively high mass of the crystal atoms

the momentum and energy the photons transfer on them is negligible, yielding that the

process can be considered as elastic.

It suffices here to point out that an uncertainty ∆ps,i in the longitudinal and transversal
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momentum of the SPDC photons correlated by the phase matching conditions has to

be considered. A reason for this is that the phase matching between the pump photon

and the corresponding SPDC photons will only be perfect for infinite crystal lengths

and ideally planar pump waves. The consequence is that for each down-converted

pump photon with vector ~kp the emission of signal and idler waves with different wave

vectors ~ks and ~ki satisfying the phase matching conditions are possible. Effectively, for

type II down-conversion the bandwidth of the emitted SPDC pairs is increased yielding

typical values of ∆λSPDC ≈ 40nm, while their coherence length decreases accordingly

to lc ≈ λ2/∆λSPDC ≈ 30µm at a wavelength λ = 805nm.

Due to the optical anisotropy of the BBO crystal, birefringence has to be considered for

photons propagating in the crystal medium. Therefore the polarization of the pump and

the two SPDC photons with respect to the orientation of the optical axis of the crystal

has to be accounted for in the description: The emission direction of an ordinarily and

extraordinarily polarized photon will be specified by the angle spanned between the

pump photon vector and the optical axis of the crystal. One specifies two types of

SPDC processes in relation to the polarization of the involved photons:

• If the pump photon is extraordinarily polarized and the two down converted

photons ordinarily, one calls this a Type I down-conversion process.

• If the pump photon is extraordinarily polarized, but one photon ordinarily and the

other one extraordinarily polarized then it is a Type II down-conversion process.

Only Type II collinear down-conversion was considered in this work, as it offered a

trivial way to deterministically separate the photon pair by their polarization and to

work with each photon separately.

To explain the term ”collinear” for the considered SPDC process it is necessary to

study the conditions (2.7) and (2.8) in more detail:

As the wave vectors ~ks and ~ki of the SPDC photons are perfectly correlated, the emis-

sion directions of degenerate SPDC signal and idler photons are symmetrically oriented

with respect to the propagation direction ~kp of the pump photon. A well known fact is

that for the same wavelength the SPDC photon emission vectors are distributed along

cones.

As for a type II SPDC process the down-converted photons are ordinarily and extraor-

dinarily polarized, the optical density of the BBO crystal medium will be different for

the two photons and dependent upon the angle spanned between their respective prop-

agation direction and the optical axis of the crystal.

On the other side, this characteristic ensures that by tilting the optical axis of the crys-

tal in relation to ~kp the emission cones of two momentum correlated down conversion

photons can be made to intersect. In this case the term collinear refers to the case

when the cones intersect only at one point, such that the emission directions of the



14 Chapter 2 – Theoretical Background

momentum correlated, orthogonally polarized photons are indistinguishable at exactly

this point.

Figure 2.1: Schematic depiction of the emission cones of the signal and idler photons for a collinear

type II down-conversion process. For a vertically polarized photon with respect to the optical axis of the

crystal, the signal and idler photons will be horizontally and vertically polarized. The optical axis of

the crystal is tilted with respect to the direction ~kp of the pump photon, such that both emission cones

of the SPDC photons intersect at exactly one point.

At this point one can hint at the possibility of using photon pairs created in the SPDC

process as a source for entangled photons. One way to prepare them in an entangled

state is to make use of their perfect momentum-position correlation. The detection of

the signal SPDC photon emitted at one point of its emission cone will yield that the

correlated idler photon will be emitted at exactly the opposed emission direction. An

experimental proposal exists in [33].

For the non-collinear Type II SPDC process, analyzing the state of the SPDC photons in

the polarization basis yields also perfect correlations, as has already been successfully

demonstrated [34]. The photons detected at the overlap regions of the two SPDC

emission cones can be made indistinguishable with respect to their polarization and

are then prepared in the entangled state

|Ψ〉 =
1√
2

(|H〉|V 〉 + eiφ|V 〉|H〉) (2.9)

However, as the aim of the project is to achieve higher dimensional entanglement, nei-

ther entanglement in the polarization nor in the momentum basis is perfectly suited:

A theoretical proposal to prepare impulse-position correlated photons in a higher di-

mensional Hilbert space exists, consisting in filtering out the spatial modes of correlated

SPDC photon pairs along several positions at their emission cones [33]. However, the

experimental implementation of such a proposal is difficult.

Instead, following the theoretical proposal of Franson [35], the possibility to entangle

the photons in the energy-time basis promises to offer a straightforward way in order

to achieve higher dimensional entanglement between both SPDC photons. However
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the details about how to prepare the photons in an energy-time entangled state will be

presented in the next section (2.4).

2.2.1.1 Compensation of the transversal and longitudinal walk-off

A problem to deal with when handling type II SPDC photons is the transverse and

longitudinal walk-off between the ordinarily and extraordinarily polarized photons in

the medium of the down-conversion crystal. Both effects are detrimental for achieving

a perfect indistinguishability of the SPDC photons, as firstly the transverse walk-off

induces a reduced mode overlap, and secondly the longitudinal walk-off reduces the

time-indistinguishability between the ordinarily and extraordinarily polarized photons.

• Transverse Walk-Off

In order to create Type II down-conversion photons, the pump photon has to

be extraordinarily polarized with respect to the optical axis of the crystal. The

propagation direction of the pump photon energy flux, described by the Point-

ing vector ~Sp = ~Ep ⊗ ~Hp is therefore shifted with respect to the energy flux
~So of the ordinarily polarized down conversion photon but is equal to ~Se for

the extraordinarily polarized photon. Therefore, all ordinarily polarized photons

spontaneously emitted in the way of the pump photons through the crystal will

add up to an elliptic mode, with a shifted center with respect to the mode of the

extraordinarily polarized photons, as these are emitted on the direction of the

pump photons. This shift can reach values in the range of several tens of µm per

mm of crystal length and reduce the overlap between both photon modes. The

resulting increase in the spatial distinguishability between both modes leads to a

decrease in the entanglement quality to be expected. A way to compensate for

this shift exists:

It consists in rotating the polarization of both SPDC photons by 90◦ with a λ/2

waveplate and letting the two shifted modes propagate through a second BBO

crystal with half the thickness and the same orientation of the optical axis. Due

to the same effect as described above an opposite transversal shift half so large

in magnitude of the now extraordinarily polarized photon will ensure that both

modes will be centred again spatially (See [30] for more details).

• Longitudinal Walk-Off

Another disturbing effect based on the birefringence of the crystal is the time

delay ∆t between the ordinarily and extraordinarily polarized photons after their

propagation through the BBO crystal. As photon pairs emitted at different po-

sitions of the BBO crystal are coherent with respect to each other, it will suffice

to consider SPDC photon pairs produced at symmetrically opposed sides L − ǫ
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and ǫ of the crystal with length L. The time delays ∆tǫ = ∆tH,ǫ − ∆tV,ǫ and

∆tL−ǫ = ∆tH,L−ǫ − ∆tV,L−ǫ between an ordinarily (H) and extraordinarily (V )

polarized photon created at different points ǫ and L − ǫ of the crystal depends

upon the path L− ǫ and ǫ both photons have traversed in the BBO crystal.

The time delay between the photons of the first photon pair can be characterized

as ∆tL−ǫ = (L − ǫ) · ∆n
c and for the photons of the second as ∆tǫ = ǫ · ∆n

c with

∆n denoting the difference in the refraction index of both H and V polarized

photons. The magnitude of these time delays can reach values higher than the

coherence time of the SPDC photons tc ≈ 100fs2, such that the indistinguishabil-

ity between the two-photon states |H〉L−ǫ|V 〉L−ǫ and |V 〉ǫ|H〉ǫ created at different

points L− ǫ and ǫ of the crystal is reduced.

The solution for this problem is given by the same configuration as for compensat-

ing the transversal walk-off, with a λ/2 waveplate and an additional BBO crystal

with half the width and the same orientation of the optical axis as for the first

crystal.

Due to the λ/2 waveplate the photons acquire the opposite polarization before

traversing the second BBO crystal. Once they propagate in this BBO crystal, the

time delay between each photon in the states |H〉|V 〉L−ǫ and |V 〉|H〉ǫ will now be

opposite and half so large in magnitude than in the first crystal:

∆t2 = −L/2 · ∆n

c
. (2.10)

This yields a total time delay of

∆ttot,L−ǫ = ∆tL−ǫ − ∆t2 = ∆t(L/2−ǫ) ·
∆n

c

∆ttot,ǫ = ∆tǫ − ∆t2 = (−L/2 + ǫ) · ∆n

c
= −∆ttot,ǫ (2.11)

for both two-photon states.

This warrants that after the second BBO crystal the time delays between the

photons in the states |H〉|V 〉L−ǫ and |V 〉|H〉ǫ created at different points L−ǫ and

ǫ of the BBO crystal are opposite in sign but have exactly the same magnitude

for each considered pair of creation points. This holds too for each emission point

configuration with general ǫ ≤ L/2, such that the two-photon states emitted

at different points of the crystal remain indistinguishable with respect to their

detection time.

2SPDC photons filtered out by 5nm filters
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2.3 Energy-time entanglement

Based on the theoretical proposal by J.D. Franson [35] to prepare a quantum state

in an energy-time entangled state, this section will present the necessary theoretical

background.

2.3.1 Two dimensional energy-time entanglement

In his original proposal for an experiment on energy time entangled photons, Franson

originally devised photon pairs created in an atomic decay process. Considered were

three level atoms such that a photon with emission time uncertainty τ1 is emitted from

the excited state Ψe into the intermediate state Ψi and a photon with emission time

uncertainty τ2 is emitted from the intermediate state Ψi to the ground state Ψg. A

feasible condition for general atomic systems is that the atomic lifetimes fulfil the con-

dition τ2 << τ1, i.e. the uncertainty in the coincidence time between both photons is

much smaller than their shared emission time uncertainty.

Once a coincidence time measurement between both photons is carried out, the detec-

tion of one of the photons would therefore instantly determine the time of creation of

the other photon up to an accuracy τ2 much smaller than the shared indeterminacy

in their emission time τ1, independently how far away the detectors would be placed:

In terms of a quantum theoretical approach, the instant reduction of the photon wave

packet of the correlated photon up to a time uncertainty τ2 would have to be expected.

In parallel, the uncertainty ∆E in the photon wave packet energy would have to in-

crease accordingly as specified by the uncertainty relation ∆E · ∆t ≥ ~/2. In analogy,

the energy Es,i of both photons is uncertain up to the SPDC bandwidth ∆ν, but the

sum of each photon’s energy is bound by the phase matching condition (2.7) 3. The

time uncertainty ∆t only defines the time interval after which the expectation value 〈E〉
of a state varies appreciably, i.e. the time interval under which the system described

by |Ψ〉 remains unperturbed.

In this experiment photon pairs created at the SPDC process are used, as it is easy to

verify that the conditions accounted for by Franson can very well be fulfilled by these.

This has already been successfully demonstrated in [36, 37]. Their uncertainty τ2 in

their coincidence time is zero and therefore well below the resolution of common single

photon detectors.

Experimentally, the analysis of the entanglement in two dimensions can be carried out

by the implementation of unbalanced interferometers on each of the correlated SPDC

photon path (See Fig. (2.2)). The interferometer path length has to be chosen such

3It is to note that the time variable t defines the evolution of a particle’s state |Ψ〉 but is not an

operator, therefore the definition of an energy-time inequality based on the non-commutation relation

of a ”time” and energy operator requires some precautions.
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Figure 2.2: Schematic representation of an experimental realization of energy-time entanglement ex-

periment. A pump photon with the coherence length τ1 emitted by the CW laser source is down-converted

into two correlated photons at a BBO crystal. In order to analyze the energy-time entangled state, each

correlated photon is sent through an unbalanced one-arm interferometer respectively, such that photons

taking a distinct arm in the interferometers are delayed by ∆T with respect to each other. The coherence

length of the pump source τ1 holds to the condition τ1 >> ∆T

that the implemented time delay ∆T is much higher than their coherence time τ2 as well

as higher than the maximal resolution achievable with common single photon detectors

∆tD. For simplicity, these can be labelled as Alice’s and Bob’s analysis interferom-

eters introducing a time delay ∆T between photons taking the short and long path

respectively. To carry out the analysis of the SPDC biphoton state, Alice and Bob

are provided with the independent relative phase adjustments φA and φB the photons

acquire in the respective interferometers.

The other condition envisioned by Franson, that the indistinguishability in creation

time τ1 of both SPDC photons, i.e. the coherence time of the pump source, is much

higher than the time delay ∆T introduced by the interferometers, can easily be imple-

mented experimentally (See section (4.1.1)).

For simplification, the notation |i〉|j〉 ∼= |i · ∆T 〉|j · ∆T 〉 has been introduced. Only the

correlation between one pair of detectors at one output of each interferometer will be

considered for the moment.

After projecting the photon state onto the coincidence time ∆t = tA − tB between

both SPDC photons the coincident photons can be detected at three possible detection

times (−∆T , 0,∆T ) and can be described as being projected into the biphoton states

|0〉A|1〉B,|0〉A|0〉B,|1〉A|1〉B and |1〉A|0〉B (See Fig. 2.3.). In parallel, the two biphoton

states |0〉A|0〉B and |1〉A|1〉B remain indistinguishable in their time of detection, as long

as the path length difference in both interferometers is kept equal up to the coherence

length lc of the SPDC photons.

Note that only a postselection procedure on the coincidence probabilities with time

delay ∆t = 0 will warrant that only the count rates for perfectly indistinguishable
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biphoton states are being selected.

Figure 2.3: Schematic presentation of the four biphoton state amplitudes in the coincidence time basis.

The two biphoton states |0〉A|0〉B and |1〉A|1〉B overlap up to the coherence time of the SPDC photons

and under the conditions ∆T = ∆TA = ∆TB ± τ2 and τ1 >> ∆T superpose to an entangled state

|Ψ〉AB = 1/
√

2 · (|0〉A|0〉B + ei·(φA+φB)|1〉A|1〉B).

These postselected biphoton states are |0〉A|0〉B and |1〉A|1〉B. Once one correlated

SPDC photon pair has been detected in the state |0〉A|0〉B their path through the

interferometer still remains indistinguishable with respect to the correlated photon

pair’s path |1〉A|1〉B.

Therefore, the entangled state can be written as the coherent superposition of both

biphoton states, as a function of the relative phases φA and φB each correlated photon

acquires in the respective interferometer arms:

|Ψ〉AB = 1/
√

2 · (|0〉A|0〉B + ei·(φA+φB)|1〉A|1〉B) (2.12)

with φA = φl,A − φs,A and φB = φl,B − φs,B being the phase differences between the

respective long and short paths in the interferometers.

Having implemented a path length difference ∆T ∝ 2ns much higher than the SPDC

photon coherence length τ2 ∝ 100fs ensures that the probability for single photon

interference is negligible: The expected interference pattern can only be explained as

two-photon interference between both biphoton states in relation to the accumulated

phase φA + φB in both interferometers. The two photon interference pattern has an

envelope with a FWHM given by the single photon coherence length lc,SPDC .

The evaluation of the coincidence count rate between both photons detected at two

detectors separated by space-like distances is not trivial, and is better studied using

second order quantized fields. A detailed calculation for two general real valued ampli-

tudes α and β for both two-photon states |0〉A|0〉B and |1〉A|1〉B will be derived in the

Appendix.
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There it is shown that the coincidence function Pc between two pairs of detectors can

be parameterized as

Pc(φA, φB) =

1/2(α2 + β2 + 2 · αβ · cos(φA + φ′B)) =

1/2(α+ β)(1 + 2 · αβ · /(α2 + β2) · cos(φA + φ′B) =

M · (1 + V · cos(φA + φ′B)), (2.13)

with the normalization constant M = (α + β)/2 of both amplitudes and with the two

photon visibility V = 2 · αβ · /(α2 + β2). In Bob’s phase setting φ′B = φB +
ωkP

∆T

~
a

constant offset given by the frequency of the pump photon is included.

According to this simple calculation the maximum theoretically achievable visibility

V for the coincidence probability is V = 100% for α = β = 1/2, i.e. for perfect

beamsplitters. A further reduction in the visibility can be expected due to the finite

coherence length lc,SPDC of the SPDC photons as a function of the ratio between the

path length differences ∆LA − ∆LB between both interferometers and lc,SPDC . For

SPDC photons being filtered out by filters with Gaussian frequency transmission, the

reduction in the visibility can be parameterized [16] as

V ′ = V · e−((∆LA−∆LB)/lc,SPDC)2 (2.14)

.

As discussed in section (2.6), for interferometers being of the all-fibre configuration,

dispersion effects in the silica material of the fibres would introduce an additional mis-

match between the time distribution of the biphoton amplitudes. Therefore, the two

photon interference would be reduced accordingly.

Following the same arguments as Bell when formulating his famous Bell-inequality for

Spin 1/2 particles [26], it is possible to derive a theoretical bound, the Bell parameter

S, for which a local hidden variable theory is able to provide a coherent description

of the two photon interference correlations observed between photons detected at the

different output arms of Alice’s and Bob’s interferometers. As quantum mechanics is

based on assumptions violating this experimental bound, the energy-time entangled

nature of the correlated photons can be proven.

At this point it will suffice to point out that a relation between the two photon in-

terference visibility V and the Bell parameter S for an energy-time correlated state

can be derived. This will be done in section (2.5.). Here it will suffice to note that a

bound of V ≥ 70, 7% in the interference visibility is necessary to show the violation of

a energy-time Bell inequality.
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2.4 Time-bin entanglement

This section describes a slightly different concept of entanglement on the time basis cen-

tred on pulsed sources of SPDC photons. A correct designation for this entanglement

scheme would be ”gated” energy-time entanglement: The entangled photon pairs have

well defined emission times instead of being undetermined over a large pump laser co-

herence time as for energy-time entanglement. The advantages of this implementation

of energy-time entangled states with respect to the realization of higher dimensional

entanglement will be discussed. Time bin entanglement for two dimensions and for

a higher dimension will be presented. The emission of multiple SPDC photon pairs

enhanced at higher pump powers and its detrimental effect for the quality of the en-

tanglement will be treated too.

2.4.1 Two dimensional time-bin entanglement

The different designation of ”time-bin” entanglement with respect to energy-time en-

tanglement is necessary, as the preparation of time-bin entangled Bell states requires

some modifications in the theoretical background and the experimental implementa-

tion. The first difference is the employment of pulsed sources of SPDC photons, i.e.

ps-pulsed diodes or fs-pulsed Ti:sapphire lasers as already have been successfully im-

plemented in diverse experiments [38, 39]. Due to their resonant cavity, fs-lasers are

characterized by the fact that the pulse phase can be kept stable over several pulses,

while pulses produced by diode lasers aren’t coherent to each other, as with each mod-

ulation of the bias current, needed for pulsing the diode, the photon’s phase will have

changed. For the time bin experiment planned in this work pulsed laser diodes are to

be implemented.

The first important requirement in order to achieve energy-time entanglement as pre-

sented in section (2.3), the supremacy of the pump laser coherence time over the time

delay ∆T introduced by the respective analyzer interferometers τ1 >> ∆T , therefore

cannot be fulfilled.

However, the implementation of an additional stabilized interferometer in the path of

the pump beam offers the most straightforward solution (See Fig. (2.4.)), as a pump

photon is split up into two pulses |0〉 and |1〉 with a fixed phase relation and time delay

∆T , i.e. ”time bins” with respect to each other. The pump photon emission time now

consists of two well defined creation times 0 and ∆T up to the pulse width of the laser

∆tP . Therefore the initial pump photon state can be defined as

|ΨP 〉 = 1/
√

2(|0〉 + ei·φP |1〉) (2.15)

where again the notation |n〉 ∼= |n · ∆T 〉 has been introduced.
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Figure 2.4: Proposed setup for preparing and analyzing time-bin entangled qubits. Displayed are the

biphoton states for a pump photon being emitted by the pulsed laser with a repetition rate FRR. Before

undergoing the process of SPDC at the BBO crystal with an efficiency ∝ 10−10, it is split up into two

coherent pump pulses with fixed time delay ∆T and phase φP , i.e. ”time-bins”, by an additional pump

interferometer. The pump photon state can be written as ΨP = 1/
√

2(|0〉 + ei·φP |1〉). The state after

the SPDC process will read as ΨSPDC = 1/
√

2(|0〉A|0〉B + ei·φP |1〉A|1〉B). Alice and Bob analyze the

entangled state by setting their corresponding relative phases φA and φB the photons accumulate when

being guided through the respective analyzer interferometers. Nevertheless, only the measurement of

the time delays with respect to the emission time tP of the pump photon and a postselection of the

indistinguishable biphoton states will allow the analysis of the entangled state.

After passing through the BBO crystal SPDC photon pairs can be emitted in any of

the two time bins. The SPDC state therefore reads as

|ΨSPDC〉 = 1/
√

2(|0〉A|0〉B + ei·φP |1〉A|1〉B), (2.16)

which is a Bell state. With this simple configuration only two out of the four Bell

entangled states can be prepared by changing the relative phase.

In difference to energy-time correlated states, now there are two possible well defined

creation times, i.e. time bins, for the SPDC photon pairs: 0 and ∆T . Their coherence

time τ2 remains still smaller than the pulse length ∆tp. The detection of one photon in

one of the two possible time bins will only determine the emission time of the correlated

photon in the same time bin up to a much smaller uncertainty τ2. Nevertheless, a fixed

relative phase relation exists between the SPDC biphoton states created in the different

time-bins due to the coherent transformation introduced by the pump interferometer.

A straightforward way to analyze this coherent relation between the different time bins

consists in using two analyzer interferometers at Bob’s and Alice’s site introducing the

same time delay ∆T ± τ2 as by the pump interferometer. This will warrant that the

biphoton states of the SPDC photons created in different time bins can be made to
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overlap in time again and to interfere, as long as the conditions which will be described

in this section are fulfilled.

For illustrative purposes the biphoton states will be defined by the number of interfer-

ometer time delay units ∆T each photon has acquired while traversing the pump and

its respective analyzer interferometer. Demonstratively, the photon state of a photon

going though the short arm in both interferometers will be denoted as |0〉 while for a

photon travelling through any long arm of both interferometers the state will be de-

noted as |1〉 and as |2〉 for having taken the long path in both interferometers.

Using this notation, the original biphoton state of Eq. (2.16) transforms into

|Ψ〉 =
1

2
√

2
(|0〉A|0〉B + ei·φA |1〉A|0〉B + ei·(φA+φP )|2〉A|1〉B

+ei·φB |0〉A|1〉B + ei·(φB+φP )|1〉A|2〉B
+(ei·(φA+φB) + ei·φP )|1〉A|1〉B + ei·(φA+φB+φP )|2〉A|2〉B) (2.17)

A projection onto the detection time differences tA − tB between the SPDC photons

at Alice’s and Bob’s detectors will demonstrate that the coincidence times of the pho-

ton pairs are distributed over three well defined detection times −∆T , 0 and ∆T , as

depicted in Fig. (2.5).

In difference to the Franson experiment the postselection of coincident biphoton states

doesn’t warrant their indistinguishability, as each SPDC biphoton state has a well de-

fined creation time ∆tP much smaller than the chosen interferometer time delay ∆T .

Once the detection time of a coincidence is triggered to the pulsed laser repetition

rate, it would be possible to determine each photon’s path through the interferometer.

For example the biphoton state |1〉A|1〉B corresponds to a SPDC photon pair having

acquired a time delay ∆T , while the biphoton state |2〉A|2〉B is delayed by 2∆T with

respect to the emission time tP of the SPDC photon.

Therefore, two-photon interference is possible only once the photon arrival times of

the photons are triggered to the emission time of the pump laser. Once the measured

coincidence count rate is limited to the postselection window 0 the analysis is fixed on

the biphoton states |0〉A|0〉B,|1〉A|1〉B and |2〉A|2〉B. With respect to the pulse time tP ,

the three biphoton states are distributed over three distinct possible discrete times 0,

∆T and 2∆T as depicted in Fig. (2.6). The amplitude of the central peak is double as

high as for the two side peaks, what has to do with the fact that the path of a pump

and their corresponding SPDC photons weren’t denoted separately in the preceding

discussions. Indeed the central peak can be denoted as the indistinguishable superpo-

sition of a pump photon having taken the long interferometer path (acquiring a time

delay ∆T ) and the down-converted photon pairs having taken the short interferometer

path (not acquiring any delay) |1〉P |0〉A,B and vice versa |0〉P |1〉A,B.
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Figure 2.5: Schematic description of the SPDC biphoton states after passing through the setup de-

scribed in Fig. (2.4) and with respect to their detection time difference tA − tB. The different possible

postselection windows are displayed. However a two dimensional entangled state can only be extracted

by measuring on the Postselection Window (PW) 2.

For illustrative purposes the notation has to be changed accordingly as used in Fig.

(2.6):

|0〉A|0〉B → |0〉P |0〉A,B

(ei·(φA+φB) + ei·φP )|1〉A|1〉B → ei·(φA+φB)|0〉P |1〉A,B + ei·φP |1〉P |0〉A,B

ei·(φA+φB+φP )|2〉A|2〉B → ei·(φA+φB+φP )|1〉P |1〉A,B

It is possible to extract from Fig. (2.6.) that the postselected biphoton states in the

postselection window 1 are SPDC biphoton states actually created in the two distinct

time bins |0〉P and |1〉P , but coinciding again in their respective detection times due to

the additional delay by ∆T in the respective analyzer interferometers. Both biphoton

states |1〉P |0〉A,B and |0〉P |1〉A,B are indistinguishable with respect to each other as long

as the time delays introduced in the pump and both analyzer interferometers are equal

up to the SPDC photon’s coherence time τ2. Therefore, according to the superposition

principle, the state can be written as
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Figure 2.6: Schematic description of the SPDC biphoton amplitudes after their passing through the

setup described in Fig. (2.6) and with respect to the pulsed pump laser trigger time tp. Setting the

time basis at the postselection window 1 will project the photon state onto Ψ = ei·(φA+φB)|0〉P |1〉A,B +

ei·φP |1〉P |0〉A,B, a time-bin entangled state.

|Ψ〉 = ei·(φA+φB)|0〉P |1〉A,B + ei·φP |1〉P |0〉A,B = (ei·(φA+φB) + ei·φP )|1〉A|1〉B (2.18)

such that two photon interference can be expected in the coincidence count rates of the

photons triggered to the pulse photon emission time and in dependence of the relative

phase settings φA and φB.

It can be argued, that the interference to be expected in the triggered coincidence

count rates is indeed only due to two-photon interference between both postselected

biphoton states. The possibility to attribute this effect to interference of first order

between photon pairs emitted at the two possible time bins 0 and ∆T is discarded, as

the coherence length of both SPDC photon pairs is limited to values lower than the time

delay ∆T between the time bins due to the pulsed character of the source. Therefore,

both considered SPDC biphoton states aren’t coherent to each other, although a fixed

phase relation φP exists between both states.

Again the quality of the entanglement can be quantified by the two photon interference

visibility observed while changing any of the phases in the analysis interferometers.

This will be discussed in section (2.5.).
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2.4.2 Higher dimensional time bin entanglement

Higher dimensional entanglement has motivated the interest of the scientific commu-

nity since the first publication on entanglement of two qudits, i.e. particles whose state

is prepared in a d dimensional Hilbert space, by Peres [20]. The question of interest

is, whether for dimensions d → ∞ quantum theory still asymptotically violates a Bell

inequality, i.e. whether in the limit of large quantum numbers the emergence of classi-

cal properties, being explainable by a Local Hidden Variable Theory (LHVT), could be

expected. However, in this paper it could be shown that the Bell Parameter S for an

entangled Spin-j biphoton system was still larger than the one predicted by a LHVT

in the limit j → ∞: SQM = 2, 481 > 2 = SLHV T .

Similarly, in [40] it was demonstrated that for dimensions up to d = 9 the violation

of local realism is maximized. Analogously it was demonstrated that the upper bound

for the maximal noise tolerated by maximally entangled systems decreases in a higher

dimensional Hilbert space, showing the increasing robustness of higher dimensional en-

tanglement [40]. This fact has also enhanced the interest in implementing qudits in

quantum key distribution (QKD) protocols, as the robustness of entanglement with

respect to noise is usually the main criteria for quantifying the security of these pro-

tocols. Analogously, it is expected that a detector loop-hole free test of entanglement

could be easier to be provided for higher dimensional entanglement as for these states

the critical quantum efficiency η of the detectors is lowered [40].

However the discussions in [40] and one experimental implementation [33] are centred

onto qudits Ψ(d) = 1/
√
d

∑d
m=1 |m〉A|m〉B prepared by the selection of correlated spa-

tial modes of SPDC photons and analyzed by coupling each mode |m〉A and |m〉B into

the d input ports of separate d × e multiport beamsplitters. These beamsplitters for

which each of the photons coupled into one of its d input ports can be randomly guided

into any of the e outputs are provided with appropriate settings of the phase shifts

ΦA
m and ΦB

m. As presented in [33], the defining characteristic of a symmetric multiport

beam splitter is its unitary transition matrix Ud
ij = 〈j|Ud|i〉 = 1/

√
dγ

(j−1)(i−1)
d with

γd = ei·2·π/d.

In this work the way chosen to implement higher dimensional entanglement is a natural

extension of the time bin scheme with the implementation of additional interferometer

arms in series (see Fig. (2.7)) and only two detectors placed at the two outputs of the

multiple-path interferometer configuration. It is to note that each interferometer arm

has to be chosen to implement the double time delay as the previous one. Instead of

the multiport scheme, requiring d interferometer arms for preparing and analyzing the

state in the d dimensional Hilbert space, this scheme requires only log2d arms, as for

each interferometer arm m, 2m = d different paths can be taken by the photons for

m ∈ 0, 1, 2, .... Therefore the experimental effort is reduced.
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Figure 2.7: A multi-path interferometer configuration has to be implemented in the time-bin scheme

for each of the analyzer and pump interferometers. Each implemented beam splitter has a symmetric

splitting ratio. Each interferometer arm implements the double time delay as the previous one. No

adjustable phase setting is associated to each arm, as these have to be addressed independently with

phase modulators.

One important reason for not choosing the energy-time entanglement scheme is that

in this case the number of independent phase settings is inferior to the number of

dimensions d in the Hilbert space of the photons:

With a 2 arm interferometer, enabling to encode the photons in a 4 dimensional Hilbert

space, only 2 phase settings would be available, for example.

This problem can be circumvented with the time bin entanglement scheme, as the

possibility to trigger each time bin separately to the pulsed laser rate enables the

implementation of phase modulators 4, such that a phase setting can be associated to

each time-bin independently.

Following this scheme, the qudit state can be prepared using a m = log2d arm pump

interferometer such that the pump photon is split up into d time bins |i〉. The state

reads as

|ΨP 〉 = 1/
√
d

d−1
∑

i=0

|i〉P (2.19)

and after the down conversion process at the BBO crystal the correlated photon pair’s

state is

4Devices enabling to switch the phase of an optical wave by electro-optical effects in photonic crystals



28 Chapter 2 – Theoretical Background

|ΨP 〉 = 1/
√
d

d−1
∑

i=0

|i〉A|i〉B (2.20)

Here, the relative phase settings in each interferometer arm are considered to be kept

stable and equal φP,i = 0 and are not taken explicitly as a degree of freedom for prepar-

ing the state. As mentioned before, the number of these phase settings is inferior to

the number of dimensions encoded, such that no independent phase would be settable

for each dimension.

For Bob’s and Alice’s analysis of the prepared state, the phase setting in the higher

dimensional Hilbert space of the entangled photon state can be addressed by two dif-

ferent phase modulators, into which the photons are coupled before their analysis in

the respective interferometer arms is undertaken. For each encoded dimension a phase

setting φA,0, φA,1, ..., φA,d−1 and φB,0, φB,1, ..., φB,d−1 is to be set. Bob’s and Alice’s

analysis interferometers have the same configuration as for the pump interferometer

and allow them to make SPDC photon pairs emitted in different time bins coincide

again.

As the pump and both SPDC photons can have taken up to d different paths in each of

the 3 interferometers respectively, the photon pairs can have acquired up to d3 different

time delays with respect to each other.

The SPDC photon pairs are distributed with equal probability 5 over any of the d3

different biphoton states |i ·∆T 〉A|j ·∆T 〉B with i, j ∈ 0, 1, ..., 2d− 1 as a function of the

time delays ∆T introduced by any of the arms of the pump and analyzer interferometers.

|ΨDC,P 〉 = 1/
√
d

d−1
∑

i=0

|i〉A|i〉B → |ΨDC,AB〉 = (2.21)

1√
d · d

[ei(φA,0+φB,0)|0〉A|0〉B + ei(φA,0+φB,1)|0〉A|1〉B

+ei(φA,1+φB,0)|1〉A|0〉B + ei(φA,1+φB,1)|1〉A|1〉B + ...+

ei(φA,d−2+φB,d−2)|d− 2〉A|d− 2〉B + ei(φA,d−2+φB,d−1)|d− 2〉A|d− 1〉B
+ei(φA,d−1+φB,d−2)|d− 1〉A|d− 2〉B + ei(φA,d−1+φB,d−1)|d− 1〉A|d− 1〉B
+...+ ei(φA,0+φB,0)|d〉A|d〉B + ei(φA,0+φB,1)|d〉A|d+ 1〉B
+ei(φA,1+φB,0)|d+ 1〉A|d〉B + ei(φA,1+φB,1)|d+ 1〉A|d+ 1〉B + ...+

ei(φA,d−1+φB,d−2)|2d− 2〉A|2d− 2〉B + ei(φA,d−2+φB,d−1)|2d− 2〉A|2d− 1〉B +

ei(φA,d−1+φB,d−2)|2d− 1〉A|2d− 2〉B + ei(φA,d−1+φB,d−1)|2d− 1〉A|2d− 1〉B]

A more intuitive description of the physical meaning of this state is given in Fig.

(2.8), where the biphoton states are distributed over 2d-1 postselection windows each

5Each beamsplitter has an ideal symmetric splitting ratio
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covering exactly one distribution peak. However, the amplitude of the superposing

biphoton states varies from window to window, and, as will be shown subsequently,

depends on the dimension of the maximally entangled state to be analyzed.

Figure 2.8: Schematic description of the amplitudes for the SPDC biphoton states after their passing

through the three d arm interferometers and with respect to their detection time difference (tA − tB).

A postselection projection into any of the 2d − 1 postselection windows is possible, which corresponds

to a projection into a specific Hilbert space of a specific dimension ≤ d of the photon states. However

the entangled nature of the photon pairs can be analyzed only by measuring in the (tA − tB − tP ) time

basis, as displayed in Fig. (2.9)

For the subsequent discussion only a projection into the postselection window 0 in the

tA−tB time basis will be considered. This window selects coincidence counts for SPDC

photon pairs having taken the same path in their respective analyzer interferometers.

The photon pairs postselected at the different side peaks are delayed by exactly the

same amount multiple of ∆T :
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tA − tB = d · ∆T

Nevertheless, for each of these PWs, the which path information of each photon pair

through the interferometers can easily be extracted by triggering the photon arrival

time to the emission time of the corresponding pump photon such that the biphoton

states in each postselection window (PW) are distinguishable with respect to each other.

Again, this is solved by projecting the state of the selected postselection window into

the (tA − tB − tP ) time basis, as depicted in Fig. (2.9.). In this basis, each biphoton

state |i〉A|j〉B with (i, j) ∈ [0, 2d − 1] is again distributed over 2d-1 different peaks,

triggered to the emission time of the pump photon tP .

For clarification, a change in notation |i〉A|i〉B → |i〉P |j〉A,B, defining each photon’s time

delay acquired in the pump and analyser interferometers distinctly, will be necessary.

For example:

(ei(φA,0+φB,0) + ei(φA,1+φB,1) + ...+ ei(φA,d−1+φB,d−1))|d− 1〉A|d− 1〉B →
ei(φA,0+φB,0)|d− 1〉P |0〉A,B + ei(φA,1+φB,1)|d− 2〉P |1〉A,B + ...

+ei(φA,d−1+φB,d−1)|0〉P |d− 1〉A,B (2.22)

In Fig. (2.9) the distribution of the biphoton states are depicted for both chosen

notations in order to clarify how the maximally entangled states are realized.

The selection of the coincidence counts in the postselection window 0 in Fig. (2.9.)

triggered to the pump photon emission time will allow to project the biphoton states

into the higher dimensional Hilbert space with dimension d:

|Ψd〉 =
1√
d

(ei(φA,0+φB,0)|d− 1〉P |0〉A,B + ei(φA,1+φB,1)|d− 2〉P |1〉A,B + ...

+ei(φA,d−2+φB,d−2)|1〉P |d− 2〉A,B + ei(φA,d−1+φB,d−1)|0〉P |d− 1〉A,B). (2.23)

The state can be interpreted as the superposition of all the d different possible paths

the postselected photon pair could have taken on its way through the pump and anal-

ysis interferometers, such that both photons have been delayed by d · ∆T . Following

the same discussion as in the sections before, it has to be warranted that the respec-

tive time delays ∆T, 2 · ∆T, ..., 2d/2 · ∆T introduced in the three interferometers are

respectively equal up to the SPDC photon’s coherence time in order to warrant the

indistinguishability of all postselected biphoton states. In the same way a stable and

fixed phase relation has to be warranted for in each interferometer arm, such that the

phases in the prepared entangled stated are only determined by the phase modulator

settings.
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Figure 2.9: Schematic description of the SPDC biphoton states amplitude in the (tA − tB − tP )/∆T

time basis. For clarification, the biphoton states depicted are both described in the |i〉A|i〉B and the

|i〉P |j〉A,B notation. A postselection projection into any of the 2d-1 postselection except the first and

the last windows corresponds to the projection of the photonic state into a higher dimensional maximally

entangled state. The dimension is different for every postselection window and is limited to d.

However, the discussion presented here is analogous for the states analysed when choos-

ing any of the 2d − 1 different postselection windows except the first and last one in

the (tA − tB) time basis. Nevertheless, the dimension of these states is smaller than

d. For any of these PWs no additional timing information can be extracted once a

measurement in the (tA − tB − tP ) time basis is performed, yielding that the prepared

states are maximally entangled, too.

Considering these facts, we see that the scheme presented here is very well suited for

selecting a specific higher dimensional entangled state and for analyzing each dimension

independently with the phase settings φA,i and φB,i.
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It is to note that the practical limitation with regards of the maximal dimension of the

biphoton states to be encoded is given by the detector timing resolution ∆td and by

the time delay ∆TRR between subsequent pulses emitted by the pulsed laser:

The path length difference ∆T has to be chosen to be larger than the timing resolu-

tion ∆td. If not, the capability to distinguish between SPDC photon pairs emitted

at the different time bins would be reduced. In order to avoid the overlap between

photon pairs emitted by subsequent pulses, the total time delay has to be chosen as

(2d− 1) · ∆T < ∆TRR. With the implemented instruments, higher dimensional entan-

glement up to d=8, i.e. corresponding to the implementation of three arm preparation

and analysis interferometers, should be feasible:

A d=8 dimensional entangled state reads as

|Ψ8〉 = 1√
8
(ei(φA,0+φB,0)|7〉P |0〉A,B + ei(φA,1+φB,1)|6〉P |1〉A,B + ...+

ei(φA,6+φB,6)|1〉P |6〉A,B + ei(φA,7+φB,7)|0〉P |7〉A,B).

Nevertheless, the discussions presented here show that the preparation and analysis

of entangled states is rather inefficient. Only a small portion of the triggered SPDC

photon pairs are postselected. An approximation about the reduction in the coincidence

count rates for a 4 and 8 dimensional entangled biphoton state can be found in section

(5.1.).

2.4.3 Multiple Events

As experimentally investigated in [22], the possibility that multiple SPDC photon pairs

are emitted with each down-converted pump photon increases with the power of the

pump source. Specially for pulsed sources the peak power can correspond to values of

several W, such that the multiple photon pair rate is highly enhanced. These multiple

photon pairs are generally not prepared in the same entangled state as for single photon

pairs and as single photon detectors cannot discriminate multiple from single photon

pairs, a reduction of the entanglement quality in dependence of the multiple photon

pair probability has to be expected. This could be experimentally verified in [22].

Therefore, for this experiment pulsed laser diodes with a peak power not exceeding the

maximal CW power achievable for the diodes (Pmax ∝ 60mW ) were considered.

As the probability to create multiple photon pairs depends on the efficiency of the

down-conversion process, this factor has to be regarded, too, when dealing with crystals

offering high effective nonlinearities.

2.5 Bell-Inequality for energy-time entangled states

The purpose of this section is to derive a CHSH inequality for energy-time entangled

states. A violation of this inequality for the states considered in the previous section
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would provide the definite proof that the SPDC photon pairs are indeed energy-time

entangled. However, in this work a Bell inequality suited only for 2 dimensional systems

will be derived.

2.5.1 Bell inequality for energy-time entangled states for two dimen-

sions

Considering the proposal of the EPR paradox, Bell, in his seminal work, [26] devised an

experiment designed to univocally show the incompleteness of quantum mechanics. By

incompleteness was meant the impossibility to assign a local realistic model onto the

predictions of quantum mechanics. The experimental settings Bell initially considered

were based on anti-correlated Spin 1/2 particles having only interacted at their joint

emission point and propagating in different directions. The analysis of the correlation

was devised to be done by a Stern-Gerlach type measurement ~σx, ~σy, ~σz on the spins ~σ1

and ~σ2 of each particle. However, only perfectly anti-correlated particles, i.e. particles

in a Singlet state were considered. Under this condition, the measurement results ~σ1 ·~a
on the photon’s spin with respect to a selected analysis direction ~a parallel for both

photons are restricted to measurement results +1 and −1.

Another Bell type theorem, the CHSH theorem, was proposed by Clauser, Horne, Shi-

mony and Holt in 1969 [27] and extended in 1974 [41], such as to offer a straightforward

application on particle systems to be prepared experimentally: The theorem could be

applied on correlated particle systems where the measurement outcomes could be any

real value within [+1,−1].

The CHSH inequality can be applied on particle systems correlated in the energy-time

basis, too, as considered in this work. Similar derivations can be found on publications

on other energy-time entanglement experiments [42].

A Franson type experiment, as described in section 2.2, already offers the character-

istics envisioned for a Bell type test: The two correlated photons only interacted at

their emission time t0 and propagate to two spatially separated analyzer interferome-

ters for Alice and Bob who can choose the local settings φA and φB the photons acquire

through their path in the respective interferometers. Classically, the experiment can be

interpreted as a Bernoulli type experiment on the binary output values, +1 and −1 for

a detection at output + or at output − respectively, as the photons are split randomly

at the output beamsplitter of the respective interferometers.

However, for an energy- time entangled state

|Ψ〉AB = 1/
√

2 · (|0〉A|0〉B + ei·(φA+φB)|1〉A|1〉B) (2.24)

as derived in section (2.3) for the Franson experiment, specific correlations can be ex-

pected. The biphoton states |1〉A|1〉B and |0〉A|0〉B represent the correlated possibilities
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that the photon pairs have both taken either the long or the short arm of their respec-

tive interferometers, situated at a space-like distance from each other. As long as the

indistinguishability between both biphoton states, projected into the tA−tB time basis,

is ensured, two photon interference can be observed:

Both photon pairs will either be detected in the detector pair (+,+) or in the detec-

tor pair (−,−), a correlation result which cannot be explained by a LHVT, as will be

shown in the following.

Coincidence

Rates

Source

Figure 2.10: Schematic representation of a Bell experiment for analyzing the energy-time correlations

of the correlated photons. The photon pairs are created at the same source and are analyzed by Bob’s and

Alice’s interferometers. The photons taking either the (±,±) output of their respective interferometers

are detected with single photon detectors.

If the correlation measurements between the detectors are to be interpreted in the

framework of a local hidden variable theory, the hidden variable λ has to be introduced.

Assume that the measured single and coincident photon count rates are determined

by the set of hidden variables λ ∈ Λ, which define the possible photon states after

their creation but prior to their measurement. Once the measurement results 0 ≤
PA
± (φA, λ) ≤ 1 and 0 ≤ PB

± (φB, λ) ≤ 1 between the different + and − outputs of

Alice’s and Bob’s interferometers are compared, the different correlation probabilities

PA,B
+,+ (φA, φB, λ), PA,B

+,− (φA, φB, λ), PA,B
−,+ (φA, φB, λ), PA,B

−,− (φA, φB, λ) can be extracted.

However, experimentally testable observables, in this case the single photon count rates

NA,±/N , NB,±/N and correlation count rates NA,B,±/N with N =
∑

±NA,B,±, have

to be defined accordingly. This requirement can be met by setting

NA,±/N := PA
± (φA) =

∫

Γ
PA
± (φA, λ)ρ(λ)dλ. (2.25)

NB,±/N := PB
± (φB) =

∫

Γ
PB
± (φB, λ)ρ(λ)dλ. (2.26)
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and

NA,B,±/N := PA,B
±,± (φA, φB) =

∫

Γ
PA,B
± (φA, φB, λ)ρ(λ)dλ. (2.27)

where ρ(λ) is the normalized probability density of the distribution of λ over its space

Λ.

It is to note that due to the limited detection efficiency of the detectors, limiting the

probability of a photon detection, the assumption that these probabilities are statisti-

cally equivalent to the measured count rates has to be met. This assumption is often

referred to as the fair sampling condition, still leaving a so called detection called de-

tection loophole for this experiment.

The condition of locality intrinsic to a LHVT can be met by requiring

PA,B
±,± (φA, φB, λ) = PA

± (φA, λ) · PB
± (φB, λ), (2.28)

i.e. the statistical independence between both probabilities PA
± (φA, λ) and PB

± (φB, λ):

Assuming the objective nature of the biphoton states, i.e. their determination by

the set of hidden variables λ, the local setting φB of the photon analyzed by Bob

cannot instantly determine the probability PA
± (φA) of Alice’s photon as Alice’s and Bob

analyser interferometers are situated at a space-like distance from each other. Bob’s

phase setting cannot instantly determine the measurement result PA
± (φA) at Alice’s

site as no information about his measurement settings can be transmitted faster than

the speed of light.

Under these conditions the CHSH theorem states that in a LHVT the normalized

correlation function for the coincident detection between the detector pairs (±A,±B),

for two different settings φA, φA′ and φB, φB′ for Alice and Bob, is

|E(φA, φB)| =

∫

Λ ρ(λ)dλ(|PA
+ (φA, λ) − PA

− (φA, λ)) · (PB
+ (φB, λ) − PB

− (φB, λ)|)
∫

Λ ρ(λ)dλ(|PA
+ (φA, λ) + PA

− (φA, λ)) · (PB
+ (φB, λ) + PB

− (φB, λ)|) =

|PA,B
+,+ (φA, φB) + PA,B

−,− (φA, φB) − PA,B
+,− (φA, φB) − PA,B

−,+ (φA, φB)|
|PA,B

+,+ (φA, φB) + PA,B
−,− (φA, φB) + PA,B

+,− (φA, φB) + PA,B
−,+ (φA, φB)|

,(2.29)

such that |PB
+ (φB, λ) − PB

− (φB, λ)| ≤ 1 and |PA
+ (φA, λ) − PA

− (φA, λ)| ≤ 1 holds.

With these definitions, the CHSH inequality can be formulated as

S(A,B;A′, B′) = |E(φA, φB) − E(φA, φB′) + E(φA′ , φB) + E(φA′ , φB′)| ≤ 2 (2.30)

with S(A,B;A′, B′) being the Bell parameter to be tested experimentally.

In order to verify if indeed a LHVT can account for the correlation results for energy-

time entangled states as derived in sections (2.3)-(2.4.), let us now derive the expected

results for the quantum mechanical description of the biphoton system. The state and

the coincidence rate calculated in Eq.(2.13), have to be reformulated in order to account
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for the detection of the photons at different detector pairs at different outputs (±,±)

of Bob’s and Alice’s analysis interferometers:

|Ψ〉A±,B±
= 1/

√
2 · (|0〉A±

|0〉B±
+ klei·(φA+φB)|1〉A±

|1〉B±
). (2.31)

with the factors k, l = ±1. These factors can be explained by taking a closer look at

the four possible possibilities for a coincident detection:

Photons taking the reflection output mode (in this case (−,−)) of the respective in-

terferometer’s second beamsplitter, acquire a relative phase shift of eiπ = −1. For the

detector configuration (−,−) this factor reads as eiπ · eiπ = (−1)2 = k · l, while the de-

tector configuration (+,−) yields a factor of eiπ ·1 = (−1) ·1 = k · l. Similar arguments

hold for the two other coincidence probabilities.

The coincidence function can be reformulated as

PA,B
±,± (φA, φB) = M · (1 + ijV · cos(φA + φB)) (2.32)

with M = (α+ β)/2 and the visibility V = 2 · αβ · /(α2 + β2).

The correlation function reads as E(φA, φB) = V · cos(φA + φB), such that a max-

imum S = 2
√

2 for the Bell parameter S can be found for the analyzer settings

φA = −π/4;φA′ = π/2;φB = 0 and φB′ = π/2. Therefore, a quantum mechani-

cal description of the correlation between both photons cannot be consistent with a

LHVT, as this result is clearly above the bound S = 2 derived for this type of theory.

In the same paper [41] cited before a more experimentally accessible CHSH inequal-

ity was formulated for entangled particles, for which it can be experimentally verified

that the respective coincidence probabilities PA,B
±,± (φA, φB) don’t depend on the re-

spective local phase settings independently but only on their sum: PA,B
±,± (φA, φB) =

PA,B
±,± (|φA + φB|) = PA,B

±,± (Φ). If additionally it is verified that the single count rates

PA
± (φA) and PB

± (φB) don’t vary with a change in the analyzer settings φA and φB, the

Bell inequality can be reformulated as

S = |3E(Φ) − E(3Φ)| < 2 (2.33)

corresponding to a value

S = 2
√

2V < 2 ⇔ V ≥ 1/
√

2 ≈ 70, 7% (2.34)

when introducing the correlation function E(Φ) as calculated above.

It is to note that in this experiment only the correlation between a detector pair

PA,B
+,+ (φA, φB) was measured. Nevertheless the correlation function can still be ex-

tracted, starting from the assumption that the measured coincidence count rates are

equivalent to a representative sample of the total count rates expected. This condition

can be expressed as
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∑

±,±
PA,B
±,± (φA, φB) = 1, (2.35)

i.e. the normalization to 1 of all calculated coincidence count rates, such that M = 1
4

holds. The following relations between the different coincidence rates can be extracted

from this condition:

PA,B
+,+ = 1/2 − PA,B

+,−

PA,B
−,− = 1/2 − PA,B

−,+ (2.36)

Similarly, the coincidence rates calculated fulfil

PA,B
−,− = PA,B

+,+ (2.37)

according to Eq.(2.42).

The correlation function will therefore only depend on the measured coincidence count

rate PA,B
+,+ (Φ)

E(Φ) = 4PA,B
+,+ (φA, φB) − 1 = V cos(Φ) (2.38)

leading to the same bounds V ≥ 70, 7% for a Bell parameter S ≥ 2 as given in Eq.(2.44).

According to this derivation, the measurement of a two photon interference with a

visibility V higher than 70, 7% will therefore be the direct experimental evidence that

the two photon correlation cannot be described by a LHVT and that the two photons

are energy-time entangled. Nevertheless, a conclusive test of a Bell inequality for this

system can only be given when all the coincidence count rates between the different

detectors are measured.

Additionally, the fact has to remain clear that the entangled state |Ψ〉A±,B±
can only

be discriminated by a postselection method in the coincidence time basis tA − tB, as

the two other biphoton states |0〉A±
|1〉B±

and |1〉A±
|0〉B±

are distinguishable in the

time basis. Therefore only two out of four biphoton states are indistinguishable with

respect to each other. This means that the theoretical achievable visibility without the

postselection method is limited to 50%, which is lower than the level of 70, 7% required

to verify the entanglement of both photons.

A detailed discussion on this problem is given in [43], arguing that a local hidden

variable model able to describe the correlations exists, even for the postselected state.

In the same paper it is argued that a violation of a Bell inequality can still be warranted

for the interferometer systems used for the analysis, as long as a fast random phase

switch within the timescale ∆T/c is made. In this case the Bell parameter for a

LHVT model is still smaller than for a quantum mechanical model. However, the Bell
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inequality derived under these conditions would be violated only with an upper bound

of V > 96. The results of this paper have to be revisited.

Nevertheless, the postselection problem could be circumvented experimentally in [44]

by encoding the states additionally in the polarization basis such that effectively the

photons are only prepared in indistinguishable biphoton states, requiring no further

postselection. In this case a visibility high enough to violate a Bell inequality could be

verified.

Bell inequality for two dimensional time-bin entanglement As mentioned in

section (2.4.), the stringent difference between energy-time and time-bin entanglement

is that time-bin entanglement can be understood as the gated version of energy-time

entanglement: The entangled photon pairs are emitted at discrete emission times, called

time bins. A time bin entangled state

Ψ = ei·(φA+φB)|0〉P |1〉A,B + ei·φP |1〉P |0〉A,B (2.39)

is defined. Analogically to energy-time entanglement, the entanglement of this state is

verified as the two photon interference in the coincidence rate, too, with the only dif-

ference that the correlation probabilities between the different detector pairs (±A,±B)

have to be measured with respect to the pump photon emission time tP .

This means that the same Bell inequality derived for energy-time entangled states

applies for time bin entangled states as well. The measurement of the two photon

interference visibility V by changing the phase φA and φB characterizes the quality of

the entanglement.

2.6 Dispersion effects of the SPDC photons in optical fi-

bres

Problem In view of the practical implementation of energy-time and time-bin en-

tangled states, dispersion effects in optical fibres and optical components have to be

accounted for as they can lead to a decrease of the entanglement quality to be achieved.

Before giving concrete details about the experimental setup, it will suffice to consider

the experimental scheme for a time-bin experiment as depicted in Fig. (2.11):

A pulsed laser is coupled into an unbalanced free space interferometer introducing a

path length difference of ∆L between the photons taking its short and long arm 6. One

output of the interferometer is used to produce degenerate SPDC photons on a BBO

crystal. The emitted down-conversion photons are filtered by a filter with Gaussian

frequency transmission centred at λ0 and with a bandwidth of ∆λ. Due to the finite

6The free space configuration has to be chosen as no commercial fused fibre couplers exist for the

used UV wavelengths
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Figure 2.11: Schematic presentation of a time-bin experiment employing one free space and two

all-fibre interferometers. A pulsed pump laser emits pulses which are coupled into the unbalanced free

space interferometer with a symmetric splitting ratio such that two pump pulses with a time delay ∆T

exit the two outputs. Subsequently, one of the interferometer outputs is directed on a BBO crystal,

such that approximately each 10−10th pump photon is down-converted into a SPDC photon pair. Each

SPDC photon of a pair is filtered by a 3nm bandwidth filter and is coupled into two distinct all-fibre

interferometers with symmetric splitting ratios which introduce the same time delay as the pump inter-

ferometer. One output of each interferometer is coupled into an APD. The red and the green markings

denote two different paths a pump photon and the corresponding down-converted photons can have taken

in each of the interferometers of this configuration.

bandwidth of the filter, non-degenerate photon pairs with a maximal wavelength dif-

ference of ±∆λ/2 for the FWHM of the filter are coupled into two distinct all-fibre

interferometers introducing the same time delay as the pump interferometer.

In difference to the free space interferometer, where the dispersion of the pump pulses

are negligible due to their propagation through air, dispersion effects at the all-fibre in-

terferometers represent a problem not to be underestimated: The photon wave packets

will disperse because of the wavelength dependent group velocity in the silica medium

of standard optical fibres. To illustrate the problem, consider the case when the sig-

nal and idler photons with wavelengths λs,i
1 = λ0 + ∆λǫ/2 and λi,s

2 = λ0 − ∆λǫ/2

with ∆λǫ < ∆λ, are coupled into their respective all-fibre interferometers. Each

SPDC non-degenerate photon pair acquires a wavelength dependent time delay of

∆t(∆λǫ,∆L) = ts(λ0 + ∆λǫ/2,∆L) − ti(λ0 − ∆λǫ/2,∆L) with respect to its corre-

lated photon as they are detected at the APDs. This time delay depends upon the

path ∆L = ∆T · c the photons have traversed through the dispersive medium consid-

ered and upon their degree of non-degeneracy ∆λepsilon.

The case of interest here is when both signal and idler SPDC photons either both

take the path marked by the red or the green line in their respective all fibre interfer-

ometers. Then, for a photon pair with a frequency difference of ∆λǫ the time delay

between two non-degenerate SPDC photon pairs due to dispersion will correspond to

∆tL = ∆t(∆λǫ, L0 + ∆L) and to ∆tS = ∆t(∆λǫ, L0) respectively. Here  L0 denotes the

path in the short arm of each interferometer. The amount of dispersive delay between
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the SPDC photons is directly proportional to the path length traversed through the

interferometers such that ∆tL − ∆tS 6= 0: The indistinguishability of non-degenerate

photon pairs having taken different arms will be reduced at their respective detection

at the APDs.

Calculation and Interpretation An accurate description of these dispersion effects

can be given by evaluating the joint time distribution of the two photon wave packets

in dependency of the time delay tλ1 − tλ2 between two non-degenerate photons of

wavelength λ1 = λ0 + ∆λǫ/2 and λ2 = λ0 − ∆λǫ/2 with λ1 > λ2. For that, the

formalism developed in more detail in [45] and [46] can be applied. Due to its accuracy,

this description of the SPDC photon pairs as biphoton states will be referred to in the

rest of this work.

The dispersion of the pump, signal and idler photon in the optical fibres (M = Si) and

in the BBO crystal (M = BBO) can be characterized by the group velocity dispersion

DM
x of the photon wave packets, propagating with their corresponding group velocities

vM
x :

dM
x =

1

vM
x

=
dkx

dωkx

= (nλx
− λx

dn(λx)

dλx
)/c (2.40)

DM
x =

d2kx

d2ωkx

=
λ3

x

2πc2
d2n(λx)

dλ2
x

(2.41)

The time distribution of the SPDC photon modes after being affected by dispersion can

be described by the biphoton probability amplitudes AS(ts, ti) and AL(ts, ti). Following

the paths marked in Fig. (2.10), these correspond to the amplitudes for the pump

photon having traversed the long pump interferometer arm while both corresponding

down-converted signal and idler photons have taken the short arm in their respective

all-fibre interferometers (green) or vice versa (red).

Following the scheme outlined in detail in [46], the biphoton states are defined via the

transition matrix between the SPDC photon state |Ψ(2)(0, t)〉 into the vacuum state

|0〉:

AS,L(ts, ti) = 〈0|E+
s (0, t0 + ts)E

+
i (0, t0 + ti)|Ψ(2)(0, t)〉, (2.42)

with E+
s (0, t0 + ts) and E+

i (0, t0 + ti) being the field operators of the signal and idler

photon. The evolution of the SPDC photon state as a function of the Taylor expanded

wave numbers km(ωkm
) = k0

m(ω0
m) + 1/vm(ωkm

− ω0
m) + Dm/2(ωkm

− ω0
m)2 + ... with

m = s, i will allow to describe the effect of dispersion in the optical fibres.

This results in
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AS,L(ts, ti) = C

∫ 0

−L
dz

∫ ∞

−∞
dνp

∫ ∞

−∞
dνs

∫ ∞

−∞
dνi

·es(ω0
s)ei(ω

0
i )Γ+

p (0, νp) · e−i(ω0
p+νp)(tP +LL,S ·c) · e−i(ω0

i +ω0
s+νi+νs)LS,L·c

·ei(νp/vBBO
p −νs/vBBO

s −νi/vBBO
i )zei/2(DBBO

p ν2
p−DBBO

s ν2
s−DBBO

i ν2
i )z

·ei(ks+ki)LS,L · ei(νs/vSi
s +νi/vSi

i )LS,L · ei/2(DSi
s ν2

s+DSi
i ν2

i )LS,L

·δ(νp − νs − νi)e
i(νsts+νiti)

√

Fs(νs)
√

Fi(νi). (2.43)

with Γ+
p (0, νp) being the Fourier transform of the pump field envelope at z = 0 and

Fx(νx) = e−2ν2
x/σ2

x being the frequency transmission of the respective filters. C is a

constant including the effective nonlinearity and the amplitudes em(ωkm
) of the signal

and idler photon modes with wave vectors km and central frequencies ωkm
, for m = s, i.

The calculations consider the effect of pump, signal and idler wave dispersion at the

BBO crystal, as denoted by the corresponding group velocities vBBO
x and dispersion

DBBO
x with x = p, s, i. For small crystal lengths L ∝ 1mm, the amount of dispersion at

the BBO crystal is however negligible [46]. Only the group velocities and the dispersion

at the silica material of the optical fibres characterized by vSi
x = 1/dSi

x and DSi
x over

the corresponding path lengths LS = L0 and LL = L0 + ∆L will be of interest here.

Figure 2.12: Non-normalized biphoton amplitudes for both photons of a pair taking either the short

(A) or the long (B) interferometer arm of an all-fibre interferometer as a function of the photon

arrival time difference tλ1
− tλ2

> 0 and their sum tλ1
+ tλ2

. The path length difference introduced

is ∆L = 0, 6m, while the bandwidth of the SPDC photons, as defined by the bandwidth of the used

filters, is chosen to be ∆λ = 3nm. The overlap between the biphoton amplitudes in the tλ1
− tλ2

time

basis decreases due to dispersion: Each non-degenerate photon pair with wavelength λ1 = λ0 + δλǫ/2

and λ2 = λ0 − δλǫ/2 with δλǫ < δλ = 3nm acquires a wavelength dependent time shift with respect to

each other, directly proportional to the optical fibre path traversed. A high overlap of the pulsed SPDC

photons in the tλ1
+tλ2

time basis is ensured for both path configurations in Fig. (2.10) is exactly equal.

In Fig (2.11) the non-normalized biphoton amplitudes for the short and the long arm

are depicted for pulsed down-conversion photons acquiring a path length difference of

∆L = 0, 6m and being filtered by a ∆λ = 3nm filter. The amplitudes are depicted
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as a function of the relative and absolute time basis tλ1 − tλ2 > 0 and tλ1 + tλ2 , for

SPDC photons with the different non-degenerate wavelengths λ1 and λ2, for λ1 < λ2.

The distribution of the two-photon modes in the tλ1 − tλ2 < 0 axis is symmetric to the

displayed distribution for λ1 > λ2. In this model, the polarization transformation of

both photons traversing both interferometer configurations is the same, such that no

polarization dependent time delay between both photons is simulated.

The tλ1 + tλ2 time basis describes the absolute arrival time of the centre of the two

photon wave packets with respect to the pump pulse arrival time. Nevertheless, as the

interferometer path length difference is equal between all three interferometers in the

setup, the absolute arrival time of the pump and SPDC photon pairs having traversed

both paths in Fig.(2.10) is equal. This ensures a high indistinguishability in this time

basis.

However, a clear mismatch between the distribution of the different SPDC photon

frequency modes in the tλ1 − tλ2 time basis can be observed, due to the wavelength

dependent dispersion in the long and in the short arm of the all-fibre interferometers.

Each photon mode acquires a different wavelength dependent time delay tλ1 − tλ2 > 0.

The maximal time delay can be evaluated to be

∆tmax
S,L = tλ0+∆λ/2 − tλ0−∆λ/2 = LS,L · (

1

vλ0+∆λ/2
− 1

vλ0−∆λ/2
), (2.44)

with the path length LS = L0 and LL = L0 + ∆L for the short and long interferometer

arm respectively. For λ0 = 805nm and ∆λ = 3nm the respective group velocities read

as vλ0+∆λ/2 = 2, 03793 · 108m/s and vλ0−∆λ/2 = 2, 03779 · 108m/s.

For a path of L0 = 0, 6m and a path difference of ∆L = 0, 6m, this results in a maximal

wavelength dependent time delay of |∆tmax
S | = 0, 1951ps and of |∆tmax

L | = 0, 3902ps be-

tween the respective photon pairs with wavelengths λ1 = λ0+∆λ/2 and λ2 = λ0−∆λ/2.

The maximal shift in the FWHM distribution of both biphoton amplitudes is evaluated

to be ∆tmax
L − ∆tmax

S = 195fs < tc ≈ 720fs, only slightly smaller than the coherence

time tc of the photon wave packets. This time delay refers only to the photons with a

wavelength limited by the FWHM of the filters. For photons at a lower transmission

level of the filters, this delay is even higher.

We note that the maximal SPDC photon’s path differences in a multiple arm interfer-

ometer configuration have to be chosen to add to a total of ∆L = 4, 20m, a path length

difference 7 times higher than the computed here, as will be displayed in section (3.1.3).

For this value, the reduction in the overlap between both biphoton states distributions

would increase and the maximal time shift between two correlated biphoton would even

be higher than the coherence length of the photons. A loss of coherence and a reduc-

tion in the entanglement quality between two biphoton wave packets having traversed

two different paths in the interferometer has to be expected as a function of the path

length difference ∆L of the all-fibre interferometers and the degree of non-degeneracy
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∆λǫ of the SPDC photons. Therefore the all-fibre interferometer configuration should

be avoided in this experiment.

Proposed and chosen solutions The difference to experiments where all-fibre in-

terferometers could be successfully employed [16],[15] is given by the pump laser wave-

length and by the optical fibre types used. It is advantageous to choose pump wave-

lengths for which SPDC photon pairs can be produced in the telecom wavelength regime

and to implement commercial optical fibre components with a zero dispersion wave-

length corresponding to the central wavelength of the degenerate photon wave packets.

Additionally, the magnitude of the dispersion coefficients of the non-degenerate signal

and idler photon can be chosen to be equal up to a high accuracy: |DSi
s | = |DSi

i |.
Under these conditions one can take advantage of the effect of dispersion cancellation,

which is based on the entangled nature of biphoton states. As described by J.D. Fran-

son in [47] the dispersion DSi
s ν

2
s and DSi

i ν
2
i in Eq.(2.45.) for each entangled photon

pair with wavelength λs = λ0 + ∆λǫ and λi = λ0 − ∆λǫ is of opposite sign

DSi
s ν

2
s = −DSi

i ν
2
i , (2.45)

as long as λ0 corresponds to the zero dispersion wavelength of the silica medium. This

warrants that for the entangled biphoton state both dispersion components will cancel

each other for general ǫ.

This presents an interesting alternative based on the observation in Fig. 2.12 that the

distinguishability of both biphoton amplitudes for both correlated photons taking either

the long or the short arm in their respective all fibre interferometers increases with the

path length difference introduced. Therefore, an experimental alternative would be the

integration of Photonic Crystal Fibres (PCFs) into the interferometers, offering the

characteristic that the zero dispersion wavelength for the fibre material can be shifted

down to IR wavelengths, such as to make it correspond with the degeneracy wavelength

of the photon wave packets. As long as this special fibre is introduced instead of the

standard fibres accounting for the path length difference ∆L = ∆T/c, the dispersion

cancels for both biphoton probability amplitudes as described above. However this

approach would be difficult to implement experimentally, as the accuracy required in

the zero dispersion wavelength of commercially available PCFs couldn’t be warranted

[48]. Another disadvantage lies in the very difficult handling of the PCFs.

As will be described in detail in the experimental section, the solution to this problem

was given by substituting the standard fibres accounting for the path length difference

∆L by a free space path, i.e. the amount of dispersive silica material the photons

traverse for the long and the short path is equal, such that effectively both biphoton

states remain indistinguishable.
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Chapter 3

Experimental Implementation

This chapter deals with the practical implementation of energy-time and time-bin en-

tanglement. The experimental setup chosen for this purpose is described in detail.

Beginning with the SPDC photon source, special focus will be given on the interferom-

eter system required to analyze the entangled state.

3.1 Presentation of the experimental setup

Here, starting from the schematic presentation and description of the experimental

setup in Fig. (3.1), the advantages and disadvantages of the implemented components

with respect to the achievement of higher dimensional entanglement will be discussed,

which is the aim for further experiments in the future.

3.1.1 Blue Laser Diode and further optical components

The choice of a laser diode in the wavelength regime of 400nm has been met on the

following criteria: The experiment is not planned to be suited for the distribution of

entangled SPDC photons over large distances, such that the implementation of com-

mercial optical fibres in the telecom regime (1, 3− 1, 5µm) which has proven to be very

fruitful for this purpose [16], will not be considered.

As the scheme used to prepare the photons in higher dimensional states is afflicted by

a relatively high loss rate at the interferometer sets, a high efficiency and reduced noise

rates of the single photon detectors would be favourable. Silicon avalanche photodiodes

(APDs) holding to these criteria exist for the visible wavelength regime λ = 600−900nm

offering efficiencies of up to 70% at the peak wavelength, much higher than for InGaAs

APDs suited for telecom wavelengths. Therefore, a blue laser diode with a free run-

ning wavelength of 402,5nm (Nichia, NDHV310APC, 60mW of maximal output power),

suited for creating degenerate SPDC photon pairs at 805nm, is implemented. At this

wavelength regime the implemented actively quenched Si APDs offer specified detec-

45
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Figure 3.1: Scheme of the experimental setup for two dimensional energy-time entanglement. The

source for the SPDC photons is a grating stabilized blue CW laser diode, whose stability can be monitored

with the help of an additional free space interferometer. The pump beam is directed onto the setup

allowing the creation of Type II collinear SPDC photon pairs with respective H and V polarization.

These can be separated by a PBS and redirected onto the two spatially separated interferometers, of the

Free Space and Hybrid Michelson interferometer type, respectively. One output of each interferometer

is coupled into an APD and the coincidence rate between both detectors measured with a Time to Digital

Converter (TDC). For the interferometer stabilization a HeNe laser is coupled into one input of each

interferometer and their output signals compared by Proportional-Integral (P-I) regulation electronics.

The electronic circuit of this device is in a closed loop with a piezo actuator correcting for the fluctuations

of each interferometer’s path length difference.
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tion efficiencies of up to 60.5%. The laser diode is mounted inside a collimation tube

with suited collimating optics, while a Peltier element placed directly under the diode

mounting permits to continuously stabilize it to room temperature. The polarization

of the emitted laser beam is oriented on the vertical axis.

As described in the theoretical section (2.3) one of the requirements for observing

energy-time entanglement for SPDC correlated photons is that the uncertainty in their

creation time τ1, defined by the pump laser coherence time, is much higher than their

time delay ∆T acquired at the respective interferometers.

In order to be able to distinguish between photon pairs having taken different paths

through the interferometer the time delay ∆T has to chosen to be larger than the

detector’s timing resolution ∆tD. For the actively quenched Si detectors used in this

experiment, a ∆tD ≥ 2ns FWHM timing resolution could be observed.

Therefore the time delay ∆T introduced by the analysis interferometers has to satisfy

the condition ∆tD < 2ns < ∆T << τ1. However, this condition cannot be warranted

generally for free running laser diodes as they offer coherence times only in the range

of τ1,FR ≈ 1ns.

However, there exists a simple solution, based on the application of an holographic grat-

ing (line density of 3600/mm) as an external cavity mirror (See Fig. 3.1). This method

is called grating stabilization and is described in detail in [49]. Additional details on

its function and on measurements on the achieved enhancement in the coherence time

will be given in section (3.1.1).

Collimation Optics Further optical elements are introduced into the path of the

blue laser beam: In order to reduce the background light in a wavelength range 500-

900nm emitted by the blue laser diode, which could falsify the count rates of the SPDC

photons, the blue beam is reflected 4 times by dichroic UV-mirrors with a designed high

reflection coating for 390nm and low transmission for 780nm, still suited for the wave-

lengths of 402,5nm for the pump laser and of 805nm for the down-converted photons.

This ensures that with each reflection the background light intensity at the wavelength

regime of the down-conversion photons reduces.

Additional optical components, like a magnifying pair of lenses (f1 = 150mm and

f2 = 200mm), with one of them mounted on a translation stage, were introduced in or-

der to correct for the divergence of the pump beam and to increase the beam waist w0. 1

1The improvement of the spatial mode collimation and the enhancement of the Raleigh length

zR = πw2
0/λ up to the interferometer path length difference would have been necessary for the time-bin

experiment such as to provide a better mode overlap at the preparation interferometer. However this

experiment wasn’t performed in the actual work.
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Frequency stability control A free space interferometer was available, which en-

abled to monitor the frequency stability of the grating stabilized blue laser diode during

the experimental runtime (See section (4.1.4):

A thin glass plate was used for splitting up a small component of the blue laser beam

and coupling it into one input mode of this interferometer. Its path length difference

was chosen to be larger than the free running laser diode’s coherence length, such that

an increase in the bandwidth and the corresponding reduction in its coherence length

would be characterized by a large decrease in the interference visibility observed at

one output of the interferometer while scanning its path length difference with a piezo.

Further details are given in section (4.1.4).

The monitoring of the laser diode’s frequency stability is crucial for the experiment,

in order to ensure the condition ∆T << τ1 for the blue laser’s coherence time to hold

over the whole measurement time.

3.1.2 SPDC Source

After the collimation optics, the blue laser diode beam is directed onto a 2mm thick

BBO (β − BaB2O4)-crystal cut at an angle Θ = 42, 13◦ for producing Type II SPDC

photon pairs. In order to achieve a high SPDC photon pair rate, several criteria with

respect to the spatial mode of the blue laser beam have to be met:

The spatial mode of the laser diode has to be as close to a Gaussian form as possible.

This maximizes the overlap between the intensity distribution of the SPDC photons

and the transversal mode distribution guided in single mode fibre, into which the SPDC

photons are coupled. In this setup, the quality of the blue laser mode guided through

the setup in Fig.(3.1) was sufficiently good such that only a simple iris was necessary

for achieving a mode quality as depicted in Fig. (3.2.).

The blue laser beam is focused onto the BBO crystal with a f=200mm lens, ensuring

that the waist of the beam lies at the BBO’s crystal position. The waist of the focused

pump beam is chosen such that the divergence of the emission modes matches the di-

vergence of the modes collected by the fibre with a core diameter of 2, 9µm. The fibre

coupler with a f = 11mm aspheric lens is mounted on two translation stages allowing

its translation along the horizontal and the vertical axis and the adjustment of the hor-

izontal and vertical tilting in the coupling direction is possible. In order to minimize

the divergence of the pump photons, effectively resulting in a higher bandwidth of the

phase matched SPDC photons (See section 2.1.), a waist radius not less than 50µm

has to be warranted for. In this experiment a waist radius of 57, 4µm was achieved

(Fig. 3.2.). For these parameters, an ideal separation of 165mm between the waist of

the beam and the aspheric lens focusing the photons into the core of the fibre could be

calculated.

The BBO crystal was tilted by about 2◦ with respect to the vertical axis in order to en-
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Figure 3.2: Beam waist at the position of the BBO crystal. The beam waist radius amounts to

57, 4µm.

sure the collinearity of the SPDC photon pair emission cones. The vertical polarization

of the laser beam ensures it to be extraordinarily polarized with respect to the crystal’s

optical axis, as required for Type II SPDC. Therefore H and V polarized SPDC photon

pairs will be emitted. In order to prevent photons of the blue laser beam of being cou-

pled too into the SM fibre, too, two mirrors with suited HR coating for 400nm reflected

back the laser beam. An additional interference filter with a maximum transmission of

81,1% at the central wavelength of 807,92nm and with a 6nm FWHM was introduced.

However, the tilting of the filter in the horizontal plane shifts the central transmission

wavelength down to the desired wavelength of 805nm, such as to permit preferably the

transmission of the degenerate SPDC photon pairs created in this scheme.

In order to ensure the deterministic discrimination between H and V polarized photons

of a SPDC photon pair the output of the SM fibre guiding the SPDC photons is di-

rected onto a PBS. In order to maximize the discrimination, this component is slightly

tilted in the vertical direction such that the polarization of the reflected photons is

parallel to the V polarized photons emitted at the crystal. With an additional fibre

controller on the input fibre, it can be ensured that the rotation in the polarization

introduced by the guiding fibres is compensated. Finally, the H and V outputs of the

PBS are coupled onto separate SM fibres directed onto distinct interferometers. The

coupling of the SPDC photons into the single mode fibre is adjusted by monitoring the

coincidence rate between the detection count rates of the correlated SPDC photons in

both detectors. The coincidences can be monitored with the help of a coincidence card

with a suited coincidence time interval ≈ 1.3ns mounted on a computer.

Additionally, it has to be considered that the tilting of the interference filter necessary

to couple preferably degenerate photon pairs will introduce a vertical displacement into
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the SPDC photon’s path, such that the coupling adjustment will be lost. It helps to

leave the interference filter without tilting in first place, yielding a reduced coincidence

rate, and then to gradually readjust the tilting together with the coupler’s horizontal

position such as to maximize the coincidence rate again. The optimal tilting of the

filter is achieved when maximal coincidence rates are measured.

The longitudinal and transversal walk-off described in (2.2.1) is compensated for with

a λ/2 adjusted such as to ensure the rotation by 90◦ of the polarizations of both SPDC

photons respectively and by an additional BBO crystal with the same cutting charac-

teristics as the first one but only with a thickness of 1mm. The optimal compensation

will only be ensured by adjusting the tilting of this BBO crystal with respect to ~kp

such as to be exactly the same as for the first crystal. This is easily done by inserting

this BBO crystal instead of the first one and adjusting its tilting until the coincidence

count rates are optimized for this crystal, too.

At 9mW of optical power, maximal coincidence rates of 1875/s with respect to an av-

erage single count rate of 10.500/s could be measured, yielding a coincidence ratio of

17, 85% and down conversion efficiencies of 208/(s ·mW ). However, in the final experi-

mental setup a readjustment of the SPDC setup proved to be necessary, as the grating

stabilization method applied on the diode wasn’t sufficiently optimized such as to offer

its required frequency stability. With a readjustment of the grating, the spatial mode

would have changed. A necessary readjustment yielded a lower single to coincidence

count ratio of 13, 5%.

3.1.3 Considered and implemented interferometer types

As discussed in the introductory chapter, energy-time entanglement proposes several

advantages with respect to entanglement in the polarization basis. However the practi-

cal implementation is difficult due to the high sensibility of the interferometer’s relative

phase to mechanical instabilities and to frequency instabilities in the lasers used (See

section 3.1.3.2). This work tries to achieve higher dimensional entanglement requiring

the use of multi-arm interferometers, with each arm introducing twice the time delay as

the previous one. With a minimum path length difference of ∆L = ∆T/c = 0, 60m for

the first interferometer arm, determined by the detectors timing resolution ∆tD ≥ 2ns,

the path length of the following arms would amount to ∆L2 = 1, 20m and ∆L3 = 2, 40m

and so on, respectively.

The configuration with three interferometer arms, encoding the biphoton state in an

eight dimensional Hilbert space, already amounts to a maximal path length difference

of 4,20m, between a SPDC photon having taken the shortest arm and the correlated

photon taking the longest one, respectively. The stabilization of path length differences

of this magnitude offers a challenge not trivially to be solved.

As long as no detectors offering a better timing resolution are used, enabling to reduce
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the path length difference required, adding further interferometer arms, such as to en-

code the photon pairs in even higher dimensional entangled states, is difficult.

Free Space interferometer The free space interferometer consists of a beamsplit-

ter with a design wavelength of 780nm offering an optimal (48.9± 2/51.1± 2) splitting

ratio as measured for an H polarized laser diode at 812nm. The output of the SM fibre

guiding the V SPDC photons is directed into one input of the BS such that the spatial

mode is split up into two separate modes.

Both SPDC photon modes are redirected onto the BS with the help of the two retro-

reflection prisms with a 90◦ angle accuracy better than 5′′ 2. This high accuracy is

an important advantage when adjusting the mode overlap between both retro-reflected

beams at the beam splitter. The quality of the mode overlap achieved, which character-

izes the degree of indistinguishability between both modes, is studied in section (4.1.2).

In order to change the path length difference, one retro-reflection prism is mounted

on a micro-translation stage with its adjustment screw driven by a step motor 3. A

change of the path length difference on a nm resolution is achieved by the additional

piezo actuator 4 installed in the same translation stage 5.

As the analysis of the entangled state is undertaken by a change in the relative phase

each photon acquires on their path through the interferometer, the stability of this

phase setting has to be ensured. Mechanical vibrations of the optical table, fluctua-

tions in the refractive index along the interferometer path as well as the bending of

the optical table are all factors which can contribute to a random change in the phase

setting.

For this reason a stabilization laser, in this case a HeNe laser (632.8nm), is implemented

such that its beam follows a path parallel on the same horizontal plane as for the SPDC

photon’s path in the interferometer. Even if the splitting ratio at the BS is highly asym-

metric at this wavelength regime, interference could be observed in both output modes

of the BS. A voltage proportional to the intensity at both output modes, as measured

by two different photodiodes the output modes are directed to, is subtracted and the

difference compared to a voltage value of 0V by an Proportional-Integral (P-I) regu-

lator. The P-I regulated output signal of this electronic device is proportional to the

deviation from the zero voltage difference level. As long as it is applied at the piezo

actuator after being amplified, the path length difference in the interferometer can be

stabilized on a nm scale. This warrants that as long as a closed regulation loop between

the photodiode voltage differences and the voltage applied at the piezo is ensured, all

2Bernhard Halle GmBH Model UPS1.20
3OWIS DMT-40
4PhysikInstrumente P830.10
5OWIS MT45
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mechanical instabilities in the interferometer will be compensated for by a readjust-

ment in the path length difference by the piezo (See section 4.1.2, and for a detailed

description of the electronics: [50]).

In order to be able to change the relative phase setting in the interferometer, a thin

glass plate with a thickness of 1mm mounted on a rotation motor 6 was introduced

into the path of the HeNe beam in the longest interferometer arm. A rotation of the

glass plate will allow to shift the phase of the HeNe laser beam in the interferometer.

The voltage difference measured between both output photodiodes is therefore shifted

from the zero voltage value adjusted by the stabilization electronics. Due to the closed

control loop, the piezo is driven as long as the voltage difference reaches 0V again, such

that effectively the piezo will have introduced the desired change in the phase of the

SPDC photons guided through the same interferometer.

Hybrid interferometer The designation ”hybrid” for the second interferometer

type derives from its composition of 2 fused 2x2 fibre couplers offering a (50/50) split-

ting ratio for 780nm 7 and an additional free space path. The fibre coupler pigtail

lengths are equal up to a length difference ≤ 2cm. Both fused fibre couplers are in-

stalled in an aluminium box in order to limit the variation of the optical path length

through the fibres with temperature fluctuations.

The H polarized SPDC photons are coupled into one input arm of the fibre couplers

such as to be split up with a ratio of (41± 2/59± 2). One output is directly connected

to the input of a second fused fibre coupler, while the SPDC photons at the other

output are extracted and collimated by an aspheric lens in order to be transmitted over

a free space path outside the box. With the help of a retro-reflection prism the beam

can be redirected back into a fibre coupler in the box, such as to be focused into one

input of the second fused fibre coupler. This arrangement ensures that both modes

overlap at the fused beam splitter with a splitting ratio of (44 ± 2/56 ± 2). Due to the

fact that the fibre pigtails have only small length differences ≤ 2cm, the path length

difference ∆L the photons acquire in the interferometer is given in its majority by its

free space component. The path length difference of the interferometer can be changed

by the micro-translation stage with attached piezoactuator the retro-reflection prism is

mounted on.

As the mode overlap at the second fused fibre coupler is free of any mismatch in the

spatial mode, the spatial indistinguishability of both modes is minimal. However, due

to the birefringent nature of the fibres 8, the polarization transformation in any of the

6OWIS SM40
7Thomas&Betts
8Due to the manufacturing process of fused fibre couplers, even the compensating effect of polariza-

tion maintaining fibres would be lost
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two fibres is arbitrary. Therefore this has to be readjusted for such that both fibre

paths introduce the same unitary transformation to the polarization state of the pho-

tons. Nevertheless, the maximal indistinguishability between both modes requires the

adjustment on two different polarizations rotated by 45◦ with respect to each other,

such as to ensure that at their overlap both modes share exactly the same sign in their

polarization transformation. This can be adjusted with the help of two fibre polariza-

tion controllers (”bat-ears”) along both fibre paths of the photons.

Finally both output modes of the interferometer are collimated again and transmitted

over a free space path.

For the same reasons illustrated above for the free space interferometer, a stabilization

laser is coupled into the input fibre of the first fused fibre coupler, ensuring it to be

guided along the same path in the interferometer as for the SPDC photons. Of course,

at this wavelength regime of 632.8nm, well below the design wavelength of 780nm, the

single mode operation of the fibre couplers had to be ensured. For this wavelength a

relatively bad splitting ratio of (78.9 ± 2/18.1 ± 2) and of (17.7 ± 2/82.3 ± 2) at the

two fused fibre couplers was observed. However, the interference visibilities achieved

were still higher than 40% in both output modes, sufficient for applying the same sta-

bilization method described above. A fibre polarization controller at the input fibre for

this laser allows to improve the interference visibility at both outputs, as the splitting

ratios in the fused fibre couplers are highly polarization dependent for this wavelength.

As for the Hybrid interferometer the HeNe laser and the SPDC photons are coupled

the same fused fibre coupler, their spatial modes share essentially the same distribu-

tion. For the discrimination between both modes a dichroic mirror with specified high

reflection at 478nm and high transmission at 780 was available and was introduced on

the path of one output mode of the interferometer. Only reduced transmission losses

were observed for the SPDC photons at this mirror, while for 632.8nm it offered a

sufficiently good reflection.

The reflected HeNe beam is directed onto one photodiode, while the 805nm photons

transmitted are coupled into a Multimode (MM) fibre guiding the photons to one of

the detectors. The intensity of the HeNe laser beam at the second output mode of the

interferometer is directly measured by a second photodiode. Again the stabilization of

the interferometer is undertaken with the help of P-I regulation electronics driven by

the photodiode’s voltage difference.

It is to note that the remaining photon flux of the HeNe laser still being transmitted

through the dichroic mirror is orders of magnitude higher than the SPDC photon flux,

such that even a combination of several long-pass filters of the type RG645 and RG715

and a 7nm FWHM interference filter at 805nm is not sufficient to suppress it. Even

if a suited dichroic mirror with high reflection at 632.8nm was used, the remaining

transmitted HeNe laser could still influence the measurement results.
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A higher suppression of the HeNe photon flux could be obtained by introducing an

optical chopper into the experimental arrangement as depicted in Fig. 3.1.:

The main HeNe beam is blocked alternately by the chopper blades before being coupled

into the interferometers such that effectively a modulation in the HeNe intensity with

a frequency of up to f = 1kHz is achieved. In parallel, one output mode of the in-

terferometer directed onto the MM fibre coupler is guided through the optical chopper

blades too, such that the blocking of the SPDC photons is alternating with the block-

ing of the HeNe laser beam. This ensures that only for a time interval of 1ms = 1
1kHz

where the HeNe laser is not guided through the Hybrid interferometer, the count rates

of the SPDC photons are measured on the detector, and vice versa. Effectively, this

corresponds to the continuous switching between a stabilization time and a detection

time, such that both share 50% of the total measurement time. Therefore a reduction

of the coincidence rate of 50% has to be accounted for.

In contrast, using asymmetric chopper blades would allow to switch between the mea-

surement and the stabilization time by an unbalanced ratio, for example 80% to 20%

respectively.

Additionally, this method offers the possibility to avoid the detection of wrong counts

due to Raman scattering processes, i.e. the inelastic scattering of HeNe laser photons on

the atoms of the silica medium accompanied by the emission of Stokes and Anti-Stokes

photons with a frequency ν 6= νHeNe. As the HeNe beam is coupled into the fibres

with an average power in the range P ∝ 100− 500µW , there exists a finite probability

that photons in the 800nm regime are emitted due to these processes. With the scheme

presented here the HeNe laser isn’t guided through the fibres during the measurement

time and the problem of inelastic scattering can be circumvented.

It is to note that due to the vibrations the motor in the optical chopper could trans-

mit onto the optical table the interferometer’s phase can suffer additional fluctuations.

Therefore the chopper was attached to a support above the optical table, such as to

ensure that all contact with the optical table is avoided.

In order to avoid a reduction of the stabilization quality, a modulation rate higher than

the inverse of the response time 1
τR

≈ 1
0.1ms = 100Hz of the piezo actuators has to be

chosen. The modulation with a frequency f = 1kHz satisfied this condition.

3.1.3.1 Advantages and disadvantages of the different interferometer types

Next, the advantages and disadvantages of the two interferometer types will be dis-

cussed in view of achieving higher dimensional entanglement. In addition, these two

types will be compared to a third interferometer type composed entirely of fibre optical

material not implemented in this work, but which offer many advantages as already

demonstrated in [15]. In difference to the hybrid interferometer described before, this
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type is composed of two 2x2 fused fibre couplers with a 50/50 splitting ratio whose

pigtail lengths are not equalized. The two output fibre pigtails of one fibre coupler are

directly connected to the two input pigtails of the second one, such that the path length

difference between the two couplers differs by ∆LSi = ∆T
nSic

where nSi is the refractive

index of the fibre’s silica material at the design wavelength. In contrast, for the hybrid

interferometer it is defined entirely by its free space path ∆T
c .

1. Free Space Michelson interferometer

Advantages: ´

• The stability and robustness of this interferometer type could be shown even

for high path length differences ∆L ≥ 1m.

Disadvantages:

• Due to its free space nature, a perfect mode overlap of both retro-reflected

beams at the beamsplitter is difficult to implement and offers the most im-

portant limit for achieving a high interference visibility. A perfect colli-

mation of the mode over the whole range of the interferometer would be

necessary, requiring the refocusing of the beam into the beamsplitters with

additional pairs of lenses. This problem is enhanced when several interfer-

ometer arms are to be appended in series as required for achieving higher

dimensional entanglement. For three arms a good collimation over a range

of 4, 20m between the shortest and the longest interferometer path would be

necessary.

• Connecting several interferometer arms in series would present the additional

problem that a small drift in the mode of the first interferometer will directly

affect the mode overlap in the subsequent interferometers. Thermal drifts

in the optical components or the bending of the optical table are the major

factors contributing to this problem. Variations in the interference visibility

are therefore difficult to control. A very time intensive adjustment would

have to be done in order to compensate this detrimental effect.

• As could be observed in previous experimental realizations of interferome-

ters in the group [51], a reduction in the long term phase stability of the

interferometer can be expected due to the bending of the optical table and

the corresponding tilt in the optical components used in the interferome-

ter. This is a problem which gets enhanced when the stabilization laser isn’t

guided at exactly the same height as the SPDC photons path such that both

modes acquire a different phase shift with the tilting of the affected optical

component. In this case the bending of the table would introduce a different



56 Chapter 3 – Experimental Implementation

phase drift between both spatial modes, such that once the path of the HeNe

laser is readjusted with the stabilization scheme mentioned before, it would

erroneously change the SPDC photon’s phase setting, too.

• A problem not to be underestimated is the rotation in polarization at the

optical components implemented. A high rotation in the polarization could

be observed at the output for the input beam being polarized at +45◦, being

possibly due to the birefringent nature of the dielectric layer of the BS. This

effect will be detrimental for ensuring that both modes share exactly the

same polarization state at their overlap at the beamsplitter. A compensa-

tion for this effect can be undertaken with the help of λ/2 waveplates or

birefringent quartz plates [50].

2. All-Fibre interferometer

Advantages:

• The most stringent advantage of this interferometer is the good spatial over-

lap achieved between two input modes at the fused fibre beam splitter, ensur-

ing both modes to be perfectly indistinguishable in their spatial distribution.

• No active stabilization of the interferometer against mechanical vibrations

is required as the optical fibres used are less sensible to them. The active

stabilization on the temperature of the optical fibres is required as the fibres

are subject to length differences with a change in the room temperature.

Disadvantages:

• The handling of the fibres of this interferometer is difficult. As the path

length differences of the interferometers have to be equalized up to the SPDC

photon’s coherence length lc ∝ 100µm, a high precision when cutting and

connecting the fibres has to be achieved. Stretching the fibres to the desired

path length can overstretch them.

• As already discussed in section (2.6) dispersion effects at the optical fibres

will reduce the attainable indistinguishability of the SPDC biphoton states

in dependency of the path length traversed and the bandwidth ∆λ of the

photons. The two possible biphoton evolutions, i.e., both correlated photons

taking different arms in their respective all fibre interferometers, will not be

perfectly indistinguishable in the coincidence time basis. This limits the

visibility of the two photon interference between both biphoton states.

• The arbitrary transformations in the polarization state of the photons intro-

duced by the optical fibres need to be compensated for. This is achieved with

the help of fibre polarization controllers such that the polarization states are
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adjusted to be the same for both overlapping modes. As the polarization

state in the fibres will change with the fluctuations in the ambient temper-

ature, this adjustment will be worse after some weeks.

3. Fibre and Free space (Hybrid) interferometer

Advantages:

• Analogically to the all-fibre interferometer the mode overlap at the fused

fibre couplers ensures the maximal indistinguishability of the overlapping

modes in their spatial distribution.

• For this interferometer type successively appended interferometer arms aren’t

as interdependent in their respective mode overlap as for the free space in-

terferometer, as there is no spatial mismatch between the overlapping modes

in each interferometer arm.

• As discussed in section (2.6) the detrimental dispersion effects are reduced

for this kind of interferometer. Dispersion effects are only due to the small

mismatch in the length of the fused fibre coupler pigtails ≤ 2cm and due

to the dispersion of the photon wave packets at the retro-reflection prism

implemented. However, these small effects can easily be compensated by

cutting the relative length difference of the fibre pigtails between the long

and the short arm to the required length.

• For this interferometer type the stabilization laser mode is guided though

exactly the same path as for the SPDC photon modes. This increases its

phase stability with respect to the free space configuration, where detrimen-

tal effects such as the bending of the optical table can cause additional phase

shifts.

• The rotation in the polarization at the retro-reflection prism can easily be

compensated for with the implemented fibre polarization controllers.

• In difference to the all fibre configuration, a change in the path length dif-

ference in order to match it with another interferometer is easily realized, as

this change can easily be implemented on the free space path.

Disadvantages:

• An active stabilization scheme as implemented for the free space interferom-

eter is required for compensating the mechanical instabilities. Additionally

a temperature stabilization of the fibres would be desirable in order to mini-

mize their contribution to a phase drift. However, as the fibre pigtail lengths

of both fused fibre couplers are nearly equalized, this effect is reduced, as the
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phase drifts in both interferometer arms would be synchronous. As demon-

strated in section (4.1.2), this interferometer type requires only an active

stabilization scheme in order to correct for the phase fluctuations.

• A not so simple problem is given when connecting several interferometer

arms. Each interferometer arm is subject to its specific mechanical insta-

bilities such that they have to be stabilized independently from each other.

Therefore, the stabilization laser has to be extracted at a position on the

path of the subsequent interferometer arm, while the stabilization laser for

the subsequent arm has to be introduced in this interferometer arm, too. In

parallel it has to be ensured that the SPDC photons don’t suffer by losses

at the optical components introduced along all interferometer arms. As long

as the wavelengths of the SPDC photons and of the stabilization laser are

dichroically separable, at least one scheme for solving this problem could be

found. These will be presented in section 5.1.

• For the free space path the extraction and the coupling of the photon modes

from one fused fibre coupler output to the fibre input of the next fused

coupler cause additional intensity losses ∝ 10− 20%, depending on the path

length difference chosen. This decreases the indistinguishability between a

photon taking the long and another one taking the short arm. However,

the expected reduction in the interference visibility is less compared to the

reduction given in the free space interferometer due to the spatial mismatch

between both modes. The interference visibility in one interferometer arm

scales as V = 2
√

I1I2
I1+I2

=
2·√η
1+η [52] in the ratio η between the intensity I1 and I2

of both input modes such that for η = 0, 8 the visibility would only reduce

by 0, 62% with respect to the ideal visibility. In comparison a reduction

of the mode overlap on the nm range can cause a higher reduction in the

visibility as is the case for the free space interferometer. This behaviour will

be quantified in section (4.1.2).

Conclusion Judging by the advantages and disadvantages listed above, the most

suited interferometer type for achieving higher dimensional entanglement is the Hybrid

interferometer. Due to its detrimental dispersion characteristics, an all fibre interfer-

ometer would not be implementable at the IR wavelengths of the SPDC photons, while

for the free space configuration the spatial mode overlap presents the most important

limitations for achieving a high interference visibility. In the same way the adjustment

of the mode overlap and the reduction of the interdependency of different interferome-

ter arms appended in series is a very time consuming process. Instead, for the hybrid

interferometer only the coupling and re-coupling of the mode into the fibre coupler

pigtails and the adjustment of the polarization state in both arms is necessary.
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However, for the time bin experiment the pump interferometer has to be build in the

free space configuration, as fused fibre couplers for the blue wavelength regime (400nm)

aren’t commercially available. The hybrid configuration is therefore chosen only for the

analyzer interferometers.

3.1.3.2 Stability considerations for the energy-time and time-bin entangle-

ment scheme

Both implemented interferometer types, the free space and the hybrid interferometer

require an active stabilization over the whole path of the interferometer in order to

ensure that the relative phase settings φA and φB Alice and Bob can choose to set are

not affected by random variations.

It is to note that these discussions are based on the idealized assumption that the fre-

quency of the CW pump laser and of the stabilization laser remains fixed. For diode

lasers in single mode operation, typical variations in the laser frequency range to values

of ∆νPump ≤ 500Mhz [53] even over short time intervals as long as no frequency stabi-

lization method is applied. Due to the frequencies ωs and ωi of the degenerate SPDC

photons holding to the phase matching condition (2.7), the variations in both pump

laser and SPDC photon’s frequency are correlated according to ∆νPump = 2∆νSPDC .

A path length difference introduced by a 60cm interferometer is 5 orders of magnitude

higher than the wavelength of 805nm of the SPDC photons, involving that the number

of wavelengths fitting into this path length difference is N = ∆L/(λ) ∝ 7, 45·105. Hence

a variation in the laser wavelength ∆λ will produce a change 5 orders in magnitude

higher in the relative phase φ = 2π∆L/(λ) of the interferometer, as an approximation

displays: |∆φ| ≈ 2π∆L
λ

∆λ
λ = 2πN ∆λ

λ ∝ 2π. Therefore, a change of approximately 2π in

the encoded phase of the entangled state only due to variations in the laser frequency

can be expected even over a short measurement time. Of course, as this phase change

scales proportionally with the path length difference, for ∆L = 2, 40m a phase change

over 4 full phases of the SPDC photons ∆φ ≈ 4 · 2π can be expected.

The same argument applies to variations in the frequency νHeNe of the stabilization

laser serving as a reference to stabilize the path of the SPDC photons in the inter-

ferometer. A corresponding variation in its relative phase ∆φHeNe(∆νHeNe) in the

interferometer will be compensated by the stabilization electronics driving the piezo.

Of course, as both lasers aren’t mode locked to each other and as therefore both lasers

have uncorrelated frequency variations, the variation in the path length by the piezo

erroneously changes the relative phase for the SPDC photons, too. Effectively, a phase

change of −φHeNe is introduced. For this experiment a HeNe laser with a specified

long term frequency stability in the range ∆νHeNe ≤ 500Mhz was implemented.
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Phase variations for energy-time entangled states For the energy-time entan-

glement scheme, these random changes ∆φDC,A,B and −φHeNe,A,B in the relative phase

both SPDC photons acquire when taking the long interferometer arm in their respec-

tive interferometers will be detrimental for the analysis of the energy-time entangled

state:

|Ψ〉AB = 1/
√

2 · (|0〉A|0〉B + ei·(φA+∆φDC,A−∆φHeNe,A+φB+∆φDC,B−∆φHeNe,B)|1〉A|1〉B).

(3.1)

A successful scheme for reducing the frequency variations down to ∆ν ≤ 10MHz is

based on the active stabilization on a suited stable reference frequency, as for example

the frequency of a photon being emitted after an atomic transition. This stabilization

scheme is routine in atomic physics where the laser frequency has to be suited to excite

a specific atomic transition. A broad experience exists for the stabilization of Rb-

lasers with a wavelength of 780nm for example [51]. However, for this experiment this

presupposes that a suitable atomic transition in the 400nm range can be found for

stabilizing the pump diode.

As the stabilization laser would have to be dichroically separable from the 805nm

SPDC photons (see section 5.1.), the well studied Rb or Cs lasers stabilized on the

corresponding atomic transition can’t be considered. The wavelength of the HeNe

laser (632.8nm) lies within this constraint. HeNe lasers with a long term frequency

stability ∆νHeNe ≤ 3MHz over 8 hours corresponding to a phase shift δφ(νHeNe) ≈
0, 006 · 2π << 2π over 2, 40m path length difference are commercially available [54].

Phase variations for time bin entangled states However, when considering the

time bin entanglement scheme with pulsed diode lasers, these considerations don’t

apply directly anymore. Due to the pulsed character of the diode, involving that for

each pulse a slightly different bias current is applied, the frequency of the pump laser

will vary from pulse to pulse. Therefore each SPDC photon pair created by a different

pump pulse will acquire a different phase in the interferometers with respect to each

other. As no stabilization scheme working for CW lasers can be applied for pulsed laser

diodes, at first sight this presents an unsolvable situation.

Nevertheless, a closer analysis of the phase the time bin correlated SPDC photons

acquire at the set of pump and analyzer interferometers will reveal that the solution

is intrinsic to the time entanglement scheme. It suffices to consider the postselected

time-bin entangled state

|Ψ〉 = ei·(φA+φB)|0〉P |1〉A,B + ei·φP |1〉P |0〉A,B. (3.2)

The state is given by the superposition of the biphoton probability amplitudes for both

photons having taken the long interferometer arm in the analyzer interferometer or the
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pump photon having taken the long arm of the pump interferometer respectively.

An important condition to be met for the discussion here, is that the same HeNe laser

is applied to stabilize all the arms of the pump and analysis interferometers. Therefore

the additional phase shifts due to a variation in the frequency of the pump or the

stabilization laser described above will contribute to the state as

|Ψ〉 =

ei·(φA+φB+2∆φDC,A,B−2∆φHeNe,A,B)|0〉P |1〉A,B +

ei·(φP +∆φP−∆φHeNe,P )|1〉P |0〉A,B =

(ei·(φA+φB−∆φHeNe,A,B)|0〉P |1〉A,B + ei·φP |1〉P |0〉A,B)ei·(∆φP−∆φHeNe) (3.3)

where the relations ∆φDC,A ≈ ∆φDC,B
∼= ∆φDC,A,B as well as ∆φHeNe,P ≈ ∆φHeNe,A,B =

∆φHeNe hold as the interferometer arms are equalized up to the coherence length of

the SPDC photons. Therefore the change in the phase in both interferometers will

be negligible. Due to the phase matching conditions of the degenerate SPDC pho-

tons, once the frequency of the pump photon changes, the phase variation ∆φP in

the pump interferometer will correspond to a variation 2∆φDC,A,B for both analyzer

interferometers. The same doesn’t hold for the variations in the phase ∆φHeNe,A,B

of the HeNe laser as the accumulated phase difference is given by the three interfer-

ometers it stabilizes. Therefore it still contributes to a random relative phase shift in

the entangled state. However, as discussed before, this fluctuation can be reduced to

∆φHeNe,A,B(∆L) << 2π with frequency stabilized lasers.

The important result is that the phase fluctuations due to the frequency variation in

the pulsed laser diode behave as a global phase, and do not influence the relative phase

between both correlated probability amplitudes, the parameter setting the entangled

state. This results in an additional advantage of the time-bin scheme with respect to

the energy-time scheme, as the stability of the latter entangled state is highly affected

by the frequency instabilities of the pump and stabilization laser.

The same discussion is valid for higher dimensional states, encoded by the superposi-

tion of up to d biphoton states defined by the d possible paths the SPDC photon pairs

can have taken through the set of pump and analyzer interferometers. As the path

each photon can take is the same up to the coherence length of the SPDC photons,

the phase shifts introduced are practically equal, such that for the same reasons given

before they only behave as a global phase. For eight dimensional entanglement, the

maximal phase fluctuations over several hours due to a variation in the stabilization

laser frequency are limited to ∆φHeNe(7 · ∆L) = 7 · ∆φHeNe(∆L) ≈ 0, 042 · 2π << 2π,

for a frequency stabilized laser.
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3.1.4 Coincidence Unit

The signal of both detectors measuring the SPDC photon rate at one output of each

interferometer is connected with the stop and start input of a Time to Digital Converter

(TDC) card 9 connected to a computer running under Linux. This instrument allows

to measure arrival time differences between both detectors with a resolution of 72ps or

better (of course, the effective resolution is limited by the detectors timing resolution

∆tD), triggered by the detection signal of the SPDC photon connected to the start

input. Next, only coincident SPDC photons passing through the corresponding inter-

ferometers are discriminated from the single photons emitted at the SPDC process,

corresponding to a direct projection onto the coincidence time basis as required for the

analysis of the entangled states.

9ACAM GPX TDC
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Measurements

This section will present the measurement results displaying the energy-time entangled

nature of the SPDC photons in a two dimensional Hilbert space. Several adjustments

and measurements are necessary prior to this, such as the measurement of the pump

laser coherence length and the equalization of the interferometer path length differ-

ences of both interferometers. In order to test the suitability of both interferometers

for preparing the photon states in a higher dimensional state a detailed study on their

characteristics was performed. Finally, the first experimental efforts necessary to pre-

pare the SPDC photon pairs in time bin entangled states are presented. This includes

the measurements of the blue pulsed laser diode.

4.1 Franson experiment

4.1.1 Measurement of the coherence length of a blue laser diode

source

For energy-time entangled photons, the coherence length of the CW pump source plays

an important factor, as described in the theoretical section (2.3): Its value quantifies

the distinguishability between the SPDC biphoton states for a photon pair having taken

two different interferometer paths in the experimental setup described in section (3.1).

A good quality of the two photon interference between both biphoton states can there-

fore only be warranted for coherence lengths lc,P >> ∆L, i.e. exceeding considerably

the path length difference implemented in the interferometers. Therefore this section

will be focused on studying the enhancement of the coherence length of a blue laser

diode by applying the grating stabilization method, as described in more detail in [49].

The basic function of this method can be described as follows:

The reflection of first order of the holographic grating installed on the laser diode’s

output is injected back into the diode. The reflected beam has a narrow bandwidth

and its central frequency is dependent on the horizontal tilting angle of the grating,

63
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such that once it is re-injected into the diode, only a single frequency mode of the

laser diode will be enhanced. Effectively, this results in a reduction in the bandwidth

∆νPump of the laser diode and a corresponding enhancement of the coherence length

lc = c
∆νPump

. An empirical observation in the experimental group is that the highest

stability of the laser diode will be achieved when enhancing only one of the frequency

modes dominant for the free running diode.

Higher dimensional entanglement is to be achieved using the time-bin entanglement

scheme, such that the entanglement quality doesn’t depend upon the laser diode’s

coherence length being higher than the interferometer path length differences imple-

mented (See section 2.3.). Therefore, it will suffice to warrant that the coherence length

is higher than the path length difference of a one arm interferometer, needed for ana-

lyzing two dimensional energy-time entangled states as done in this experiment.

The most elegant way to measure the coherence length of a blue laser diode is to use

a confocal cavity of the Fabry-Perot type. In our case, one of the two cavity mirrors

separated by a distance of l ≈ 12.0cm± 0.5cm with a high reflection of R = 96± 2% at

a wavelength of 400nm is mounted on a piezo cell. The spatial mode of the grating sta-

bilized laser diode (Nichia NDHV310AFBE2 with 35mW of maximal output power) is

focused into the cavity. To be able to scan the full spectral range (FSR) of the cavity a

periodic triangle signal amplified by a high voltage amplifier is applied to the piezo tube.

The FSR is defined as the frequency interval between the respective interference max-

ima in the cavity and is given by ∆νFSR = c
2l = 1, 25GHz in this case. The coherence

length of the laser can directly be extracted by measuring the FWHM ∆νFWHM of the

transmission peak. The coherence length can be defined as lc = c
∆νFWHM

≈ λ2
0

∆λFWHM
.

It is to note, however, that the resolution of the cavity is limited by the reflectivity of the

mirrors used, such that the maximal resolvable coherence length which can be measured

will be limited too. The cavity resolution ∆νFWHM,R can be extracted via the Finesse,

defined as the ratio of the FSR with respect to the FWHM of the transmission maxima:

F = ∆νFSR

∆νFWHM
= π

√
R

1−R . As the second part of the equality depends only on the reflection

coefficient R of the cavity mirrors used, the finesse is F = 69, 8±0, 5. The measurement

of the coherence length will therefore be limited by the maximum achievable frequency

resolution ∆νFWHM,R = ∆νFSR

F = 17, 91MHz to lc,max ≈ c
∆νFSR

= 16, 75m.

The cavity output signal is measured with a photodiode and is visualized on an oscil-

loscope, as depicted in Fig. (4.1).

As discussed before, the FWHM of the transmission maxima will be a direct measure

of the coherence length. A fit into the transmission curve on the oscilloscope signal

yields a time width of ∆t = (8, 9 ± 0, 02) · 10−4s. The conversion of this value into the

path scanned by the piezo cell is still necessary. The path length scanned during the

measurement time interval ∆t = (9±0, 02)ms is given by ∆s = d31 ·L·∆U/d·∆t·f [55],

where ∆U = 8, 14V is the potential difference between the maximum and minimum
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Figure 4.1: Output signal at the cavity measured with a photodiode and visualized on an oscilloscope.

The FWHM of the transmission curve observed is proportional to the coherence length of the diode.

The piezo actuator was scanned with a triangle signal with a voltage difference of ∆U = 8, 14V and

a frequency of f = 64Hz. A higher bound for the coherence length of lc ≤ 4, 91 ± 1, 23m could be

measured.

voltage of the applied signal while f is the scan frequency of the signal, d = 1mm

is the wall width of the piezo cell, L = 0, 01m is the length of the piezo tube and

d31 = 2, 1 · 10−10/V is the piezoelectric constant of the piezo cell. Hence a value of

∆s = (9, 8 ± 0, 01) · 10−9m can be extracted.

As interference is responsible for observing a transmission maximum, the path difference

∆s scanned over which interference is observed is limited to the uncertainty ∆λFWHM

of the laser diode wavelength. This dependency can be rewritten as ∆λ ≥ λ·∆s
s with

the length s of the cavity. A lower bound for the bandwidth of ∆λFWHM ≥ (8, 23 ±
0, 008) · 10−9λ0 can be extracted by this way. A higher bound for the coherence length

of the laser diode therefore corresponds to lc ≈ λ2
0

∆λFWHM
≤ 4, 91 ± 1, 23m. Therefore,

the coherence length measured for this diode clearly satisfies the condition lc >> ∆L.

This shows that the grating stabilization method is very well suited for achieving the

desired coherence lengths.

The final measurements on energy-time entanglement of the SPDC photons pumped

by a blue laser diode were performed on a similar grating stabilized diode (Nichia

NDHV330APC). Therefore a similar coherence length can be expected when carefully

stabilizing its frequency. Nevertheless, no measurement of its coherence length in a

cavity was made. Instead, measurements done with it before by coupling it into a

free space Michelson interferometer with a path length difference of up to 2,20m were

available.
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An interference visibility of up to V=32,6%, V=51,56% and V=62,1% could be observed

at one output of the interferometer for path length difference of 2, 20m, 1, 20m and of

0, 60m respectively. As the visibility depends on the ratio between the path length

difference implemented and the coherence length of the laser, a lower bound for the

coherence length can be given. As the parameterization of this decrease will depend

on the line shape of the frequency distribution of the laser, which is not known, a

lower bound for the coherence length is chosen. This bound is given by the path

length difference at which the interference visibility is reduced to one half. Following

this scheme we extract a lower bound of lc ≈ 1, 20m > ∆L, a value which is suited

for the experiment. Later, this value was further improved by a careful frequency

stabilization of the diode such that a visibility of V ≥ 90% could be measured at a

path length difference of 0, 60m. Therefore, it can be argued that the coherence length

reached larger values lC > 1, 20m during the experiment for achieving energy-time

entanglement.

4.1.2 Characterization of the different interferometer types imple-

mented

As discussed in section 3.1.3, 2 different Michelson interferometer types, the Hybrid

and the Free Space type, were studied in this experiment. However, due to the Hybrid

interferometer not being well studied before, a quantitative comparison of its most

important characteristics with respect to the Free Space interferometer had to be given.

Indistinguishability of overlapping modes in the interferometers As the qual-

ity of the entanglement will depend directly on the indistinguishability of the overlap-

ping modes in each interferometer type, this characteristic will be studied in first place.

The best way to quantify the indistinguishability of two overlapping modes at the re-

spective interferometer beamsplitters, is the observation of the first order interference

visibility achieved for a suited source being coupled into the interferometers.

As the path length difference implemented in the interferometers is orders of magnitude

higher than the coherence length of the SPDC photons, no single photon interference

could be observed. Therefore the optimal adjustment of the mode indistinguishability

had to be done with the help of a grating stabilized laser diode at 812nm, which offered

the desired coherence length properties. It was considered that the deviation of 7nm of

the laser wavelength from the central wavelength of the SPDC photons at 805nm would

only lead to a small error in the degree of indistinguishability to be achieved for the

SPDC photons. The contributions to this error are given in its majority by the slightly

different collimation properties of the 812nm beam in the Free Space interferometer or

by the slightly different polarization transformation in the fibres of the Hybrid inter-

ferometer.
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As already discussed in section 3.1.3., for the Free Space interferometer the non perfect

mode overlap offers the highest limitation in order to achieve a high interference visi-

bility. In this setup it can be adjusted by guiding the 812nm laser beam into the same

path in the interferometer as the SPDC photons. First, the beam guided by a single

mode fibre is collimated with an aspheric lens, such that the size of both retro-reflected

beams after the second BS, observed on a CCD camera, is the same. The mode overlap

between both modes could be adjusted by use of the differential adjuster screws on the

retro-reflection prism’s supports and by varying the horizontal position of one of the

prisms with a micro-translation stage. For reasons which will be described in section

(4.1.3) one of the output modes of the interferometer was coupled into a SM fibre, such

that effectively only one spatial mode of both retro-reflected beams is coupled. The

spatial mode overlap between both coupled modes is maximal such that the reduction

in the interference visibility due to this factor is reduced.

Only small losses in the visibility could be attributed to a different rotation of the

polarization state of the photons in both paths of the interferometer. The rotation

was minimal for the adjusted input polarization of H and amounted only to a shift of

∆ψR = (0, 5 ± 0, 1)% with respect to this input polarization. The expected reduction

in the visibility V ′ ∝ cos2(∆ψ)V = 99, 996% · V ≈ V is therefore small.

Nevertheless, after the adjustment, a fitted visibility of only V = (89, 67 ± 0, 2)%

could be achieved as depicted in Fig. (3.4). The fitting function was parameterized as

C(1 + V sin[2π(x + φ)/λ]) as a function of the visibility V , phase φ, the wavelength

λ and a constant offset C. The fitted visibilities were only slightly reduced by ≤ 2%

with respect to the raw visibilities observed. A small mismatch between the fitted

wavelength and the wavelength of 812nm can be attributed to the inaccuracy of up to

20% in the expansion coefficient of the piezo.

The interference visibility achieved was high enough such as to ensure the violation of

a Bell inequality in the subsequent experiments according to the discussions in section

(2.5.). Due to the temporal limitation of this work, the visibility couldn’t be further

improved.

In comparison, the performance of the Hybrid interferometer was tested such that

the same 812nm laser was coupled into one of the interferometer inputs. First, the

beam following the free space path of the interferometer and redirected back by the

retro-reflection prism had to be coupled into the input fibre pigtail of the second fused

fibre coupler such that the coupled intensity was maximized. Only 70, 1% of the input

intensity could be coupled as measured in both interferometer outputs. From these

losses of 29, 9% in the intensity, (8, 7 ± 1)% could be associated to reflection losses at

the retro-reflection prism not provided with a suited antireflection coating for 805nm.

Nevertheless, the expected visibility considering the splitting ratios and losses observed

in this interferometer setup would still reach up to 97%.
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Figure 4.2: Measured interference visibility at one output of the Free Space (A) and of the Hybrid

(B) interferometer for a grating stabilized laser diode at 812nm. In order to scan the interference

fringes, an amplified triangle output signal was applied on the piezo actuator such as to periodically

change the path length difference of the interferometers. On the signal measured by a photodiode and

displayed on a 40MHz oscilloscope, an interference visibility of (A) VFS = (89, 67 ± 0, 2)% and of (B)

VH = (95, 16±0, 45)% could be fitted. The fitting function was parameterized as C(1+V sin[2π(x+φ)/λ])

as a function of the visibility V , phase φ, wavelength λ and a constant offset C

Additionally, it is necessary to ensure that both modes of the interferometer overlap-

ping at the second fused fibre coupler are indistinguishable in their polarization state.

Therefore, the polarization state had to be adjusted on two different input polariza-

tions rotated by 45◦ with respect to each other, for what purpose the fibre polarization

controllers were used. As the transformation adjusted for one polarization will be lost

when adjusting on the other polarization, a good strategy to follow is to make the

”pad-ears” adjustment on each polarization as independent as possible. Once a rough

adjustment has been achieved by this method, usually it will suffice to turn only on

one ”pad-ear” at a time for the fine tuning, such that a wrong adjustment can easily

be reversed. An accuracy better than 0, 35% could be achieved for the adjustments on

both H and 45◦ polarizations.

The interference fringes recorded when scanning the path length difference by the piezo

actuator are depicted in Fig. (4.2). The interference visibility of V = 95, 16 ± 0, 43%

could be fitted. This demonstrates that the Hybrid interferometer offers an important

advantage with respect to a Free Space interferometer in regards to achieving higher

dimensional entanglement, as a good interference visibility can be achieved with less

efforts.

Stability of the implemented interferometers On the other side, the stability

of the different interferometer types has to be warranted:

As described before, the Hybrid interferometer not only consists of a free space part,

but of a path guided in optical fibres, too. In order to compensate for the phase

fluctuations in the free space path an active stabilization scheme has to be used, by
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coupling the HeNe laser into the interferometer and by the employment of suited P-I

(Proportional-Integral) stabilization electronics.

It has to be ensured that a closed control loop exists between the difference of the

voltages measured at the two output photodiodes of the interferometer and the P-I

regulated and amplified voltage applied at the piezo actuator. A closed loop will there-

fore warrant that all vibrations in the optical path will be compensated for by the piezo

actuator setting the path length difference of the interferometer.

Due to the asymmetric splitting ratio in both of the fused fibre couplers implemented,

the intensities of the interfering HeNe modes split up into any of the interferometer out-

puts are not equal. When scanning the interference fringes with a piezo and visualizing

them on an oscilloscope, it could even be observed that the minimum voltage in one

output doesn’t meet with the maximum interference voltage in the other output. As

the stabilization electronics compares both photodiode signals to a zero voltage level,

this stabilization scheme wouldn’t be implementable.

However, the easiest solution consists in changing the position of the photodiodes, such

as to change the magnitude of the laser beam incident on the photodiode area. Ef-

fectively, the magnitude of the interference signal measured can be changed, until the

average of the interference signals in both outputs overlaps again. The difference be-

tween both photodiode voltages can be 0 again. Of course, the visibilities observed

between both outputs differed by up to 30%, what was still sufficient for achieving a

successful stabilization. The same approach could be used for matching the asymmetric

output signals of the HeNe laser at the Free Space interferometer.

A second issue to handle are the correct settings of the Proportional and Integral reg-

ulation devices of the stabilization electronics, in regards to the specific composition of

both interferometers: For the free space interferometer, the optimal stabilization can

only be achieved for a suited integration time of the integrator, such that the piezo is

readjusted with exactly the same frequency as the mechanical oscillations destabilizing

the interferometer. The proportional regulation parameter is set such that the regula-

tion loop doesn’t oscillate, as could be monitored in the output signal measured on an

oscilloscope.

In difference, for the hybrid interferometer, the question is if the additional drifts in

its length due to temperature variations can be compensated by the same stabilization

scheme as used for its free space path:

Readjusting the hybrid interferometer such as to be composed only by its fibre compo-

nents and coupling a reference diode at 812nm into one output enabled to approximate

the velocity of phase drifts given only on the fibres. The drifts over a full phase were

varying on average on a timescale of ∆tDrift,F ibre ≈ 5, 1min corresponding to an av-

erage drift frequency of fDrift,F ibre ≈ 0, 0033Hz (See Fig. (4.4)). Of course this

measurement is only approximate, as the contribution of a possible fluctuation in the
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laser frequency wasn’t monitored.

The low frequency of the fibre drifts can be explained by the fact that the corresponding

length difference between the output and input fibre pigtails are nearly equalized, such

that a change in the fibre path will be nearly synchronous as long as the temperature

changes are not localized on one fibre. The relative phase between the long and the

short interferometer arm, the parameter which characterizes the entangled state, will

therefore suffer only variations with a small frequency.

Figure 4.3: Measured fluctuations in the output signal for the HeNe laser of an all fibre interferometer

built with the same optical fibres implemented in the Hybrid interferometer. The measured voltage drifts

over a whole phase periode have an average frequency of fDrift,F ibre ≈ 0, 0032Hz.

The frequency of the integrator circuit of the stabilization electronics should therefore

be chosen to be slightly lower than for a free space interferometer, in order to be able

to compensate these drifts too.

Experimentally, it could be verified that for the Free Space interferometer the optimal

integrator frequency was fFS = 1
R·C = 6, 51Hz, given by a condensator with C = 47µF

and by a resistance of R = 138.5kΩ. For this optimal setting the variations in the

amplitude in one output of the interferometer was monitored in one of the outputs of

the stabilized interferometer over a total time of up to 51
2 hours. As the interference

amplitude depends on the relative phase φ, the variation in the amplitude will be a

direct measure of the phase variations ∆φ:

A parameter for characterizing the quality of the stabilization achieved is the ratio

between the range ∆UF of the fluctuations measured and the difference between the

maximum and minimum interference amplitude ∆U0 observed, which are delimited by

the two dotted lines in Fig. (4.4 B). This corresponds to an average phase stability of

∆φ = 2π∆UF

∆U0
= 0, 096rad over the whole measurement time.

The stabilization of the Hybrid interferometer was possible with a similar quality, how-
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Figure 4.4: Monitored output signal for the stabilization laser in one output of the Hybrid (A) and

Free Space (B) interferometer over a total measurement time of up to 5 1
2

and 6 hours, respectively.

The variations in the amplitude quantify the achieved phase stability of the interferometers. The two

dotted lines in each figure represent the level of the maximum and minimum interference levels observed.

Normalized with respect to the difference between these voltage values, a phase stability of (A) ∆φH =

±0, 10rad and (B) ∆φFS = ±0, 09rad respectively with respect to the average phase was achieved over

the whole measurement time.

ever the frequency of the integrator had to be chosen to be lower than for the Free Space

interferometer. The optimal setting could be found for a resistance of R = 88.5kΩ and

a capacitance of C = 47µF corresponding to the optimal integration frequency of

fH = 1
R·C = 4, 15Hz. For this setting the fluctuations in the amplitude in one in-

terferometer output are depicted in Fig. (4.3 A). Over the whole measurement time

of up to 6 hours the corresponding maximal change in the phase was evaluated to be

∆φ = ±0, 10rad.

It is to note that, due to a systematic error in the measurement device 1, only found

after the measurements were performed, the fluctuations measured are higher than the

real fluctuations. When measured with a 40Mhz bandwidth oscilloscope, phase fluc-

tuations in the range of only ∆φ = ±0, 04rad over a time interval of 15 min could be

observed for the Hybrid interferometer. However these fluctuations weren’t monitored

over many hours.

Nevertheless, the important result of these measurements is that the phase stability of

the Hybrid interferometer is nearly equivalent to the stability achieved for a Free Space

interferometer, whose high stability has been studied in other experiments [50].

Finally it is to note, that the measured stability in the interferometer’s phase doesn’t

automatically warrant the stability of the interferometers: Phase shifts due to frequency

variations in the HeNe laser are corrected by the active stabilization scheme together

with the mechanical instabilities and drifts of the interferometer. This disables the

1DT304 8-channel voltage measurement device
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correction done on the path length difference of the SPDC photons. Therefore, a high

stability of the pump and stabilization laser has to be warranted additionally.

4.1.3 Matching the interferometer path length differences

As explained in the theoretical section (2.3), energy-time entanglement between the

state of the SPDC photon pairs used in this experiment can be achieved when the path

difference ∆L = ∆T/c introduced into both analyzer interferometers is chosen to be

exactly the same, up to an accuracy given by the coherence length lc ≈ 108µm of the

SPDC photons. This warrants the indistinguishability of each of the photon pairs when

passing through the long arm of the respective interferometers.

A first practical limitation when trying to directly match the time delays ∆T intro-

duced by the interferometers, is that the needed accuracy given by the coherence time

of the SPDC photons tc ∝ 360fs lies well below the resolution of standard measurement

electronics. Therefore another methodology based on interference has to be chosen:

It consists in rearranging both interferometers, such that the output of one of them

is directly coupled into one of the inputs of the second one. Once single SPDC pho-

tons are coupled into this set of interferometers, 4 paths through the first and second

interferometer |0〉1|0〉2,|0〉1|1〉2,|1〉1|0〉2 and |1〉1|1〉2 are possible. Changing the path

length difference will yield constant output intensities as long as the interferometers

are mismatched. Only once the interferometer path lengths are equalized up to the co-

herence length of the SPDC photons and the polarization state of the photons in both

output beamsplitters is equal, the two states |1〉1|0〉2 and |0〉1|1〉2 of the photons will

interfere. As the FWHM of the envelope of the interference pattern is determined by

the single photon coherence length lc ≈ 108µm, a very accurate matching adjustment

can be realized. However, as only two out of the four possible probability amplitudes

can interfere and the non-interfering states aren’t temporally discriminated by the elec-

tronics, a maximum theoretical visibility of 50% can be expected. As over the range

of lc ≈ 108µm many interference fringes will be scanned for arbitrary phase settings,

in average a value near to the maximum and minimum interference amplitude will

be measured. Therefore it isn’t necessary to stabilize the interferometers during the

matching scan in order to clearly observe the interference fringes.

For this experiment, it was chosen to couple the SPDC photons into the Hybrid in-

terferometer first. The path length difference of the second free space interferometer

could be continuously changed over a range of up to 5cm with a resolution of 2µm by

shifting the position of one of the retro-reflection prisms with a step motor mounted

on a micro-translation stage.

A problem arises due to the non-perfect guiding of the micro-translation stage, as a

shift of the retro-reflected mode in the vertical and horizontal basis would lead to a

reduction of the interference visibility at the BS. In order to apply an alignment method
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described in detail in [56], one output of the interferometer had to be coupled into a

multi-mode fibre mounted on two micro-translation stages setting the horizontal and

vertical position of the coupler. However, probably due to additional guiding errors of

the translation stage after the mounting of the piezo actuator into it, a compensation

for these shifts was only possible over half of the range of the translation stage.

Therefore it was chosen to couple the photons directly into a single mode fibre, in order

to ensure that even if the mode overlap of both retro-reflected modes is changed, only

single modes of both overlapping SPDC photon modes are selected by the fibre. By

this method the interference probability of both coupled modes could be maximized.

However, due to the lower collection solid angle of this fibre type with respect to a

multi-mode fibre, a reduction in the coupled intensity could be observed when chang-

ing the path length difference over more than 1cm. Therefore this shift had to be

compensated several times during the scan of the path length difference by readjusting

the tilting of the affected retro-reflection prism.

Additionally, a non trivial problem is the accurate measurement of the path length

difference introduced into the Hybrid interferometer. Probably due to density fluctua-

tions in the fibre material conditioned by the manufacturing process, the optical path

length introduced by the fibres cannot be directly determined by measuring the path

length of the fibre pigtails by a meter.

The solution consists in using a pulsed laser and to measure the pulses with a fast pho-

todiode after they are split up at the respective interferometers. A fs-laser at 780nm

with a bandwidth of 6,5nm was used and coupled into each interferometer. A fast pho-

todiode 2 with 7GHz bandwidth was used in order to measure the pulse intensity at the

output of each of the interferometers. The signal was only resolvable on an oscilloscope

operated in 10GHz bandwidth mode of an oscilloscope 3 after connecting the photodi-

ode signal through an additional 3dB attenuation. By this method a resolution better

than 100ps, corresponding to a path length difference of 30mm could be reached. This

corresponds to a length smaller than the adjustment range of the translation stage. By

this method the path length difference of both interferometers could be adjusted to the

same time delay ∆t = (2, 45± 0, 1)ns, as depicted in Fig. (4.5), what corresponds to a

path length difference of ∆L = (73, 5 ± 3)cm.

With this measurement a rough alignment of the interferometer path length differences

could be achieved. For the fine adjustment a scan with the step motor was necessary.

As the coherence lengths of the fs-laser and of the SPDC photons considered in this

experiment were very similar, the scan could be simplified by scanning the interference

fringes with the 780nm fs-laser. The intensity of the laser was high enough such that

it could be directly measured on a usual photodiode instead of an APD, subject to an

2SUV7-FC of Thor Labs
3Le Croy 574
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Figure 4.5: Measured signals of a fs pulse split up into two pulses in the Hybrid and the Free Space

interferometers. A fast photodiode and an oscilloscope operated in the 10GHz bandwidth modus were

used. The time delay between both signals corresponds to ∆t = (2, 45 ± 0, 1)ns. The difference in

the pulse amplitudes is due to the losses in the long arm of the Hybrid interferometer and due to the

non-optimized adjustment of the Free Space interferometer.

easy corruption of the scan. However, the measurement displayed in Fig. (4.6), was

realized with an APD:
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Figure 4.6: Interference signal between the two states |1〉1|0〉2 and |0〉1|1〉2 encoded by the Hybrid

and the Free Space interferometer connected in series while scanning the position of one of the retro-

reflection prism. The FWHM of the envelop function corresponds to the coherence length of the fs-laser

of tc,fs ≈ 60, 9µm.

The centre position of the interference pattern observed was x0 = 1, 688 ± 0, 007mm.

The FWHM of the envelope function of the interference pattern observed corresponds

to a coherence length of tc,fs ≈ 60, 9µm, differing from the approximated coherence
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length of tc,fs ≈ 93, 6µm of the fs laser. The reason for this might be that the Fourier

transform of the laser’s pulse form is, specifying its bandwidth, is unknown, such that

only an approximation can be given for the coherence length.

Nevertheless, it could be observed that the centre of the interference envelope is slightly

shifted with respect to a matching measurement with SPDC photons at 805nm. This

could be due to the different optical path difference a photon at 805nm acquires on the

small fibre path’s contribution to the path length difference of the Hybrid interferom-

eter. This contribution of approximately ∆x ≈ 9µm is due to the length difference of

the fibre pigtails, which was estimated to be less than 2cm.

This is an important factor to consider as the visibility V ′ of the two photon interfer-

ence will vary as V ′ = V · e−((∆LA−∆LB)/lc) with the mismatch ∆LA − ∆LB between

both path length differences (See equation (2.14)). Therefore this mismatch should be

kept low with respect to the coherence length lc of the SPDC photons.

However, the adjustment of the path length difference with SPDC photons is difficult

due to the relatively low ratio between the single photon count rates and the noise

background. The corruption of the scan results happens very easily, such that the

localization of the matching point is more difficult.

4.1.4 Franson experiment for a two dimensional entangled state

Having matched the path length difference of both analyzer interferometers up to the

coherence length warrants that the respective photon pairs can be described as a co-

herent superposition of the biphoton states |0〉A|0〉B and |1〉A|1〉B). Only as long as the

condition τ1 >> ∆T for the corresponding coherence times τ1 of the pump laser holds,

both biphoton states remain indistinguishable and can be superposed to an energy-time

entangled state

|Ψ〉AB = 1/
√

2 · (|0〉A|0〉B + ei·(φA+φB)|1〉A|1〉B).

Laser Stability That the latter condition holds was ensured in section (4.1.1), but

nevertheless it has to be warranted that it still holds over the whole measurement time.

This was monitored on the additional interferometer into which one mode of the blue

laser diode was coupled, as the interference visibility observed in one output while scan-

ning its path length with a piezo quantifies the frequency stability of the diode.

The frequency stability of the stabilization laser has to be monitored, too, as the phase

stability of the interferometers is dependent upon this factor. Therefore one mode of

the stabilization laser was coupled along a different path into this additional interfer-

ometer, as depicted in Fig. (3.1). By this method, multimode operation of both lasers

could be observed by a drastic reduction in the interference visibility. Similarly, it was

possible to attribute the observed phase drifts to variations in the respective laser fre-
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quencies:

Phase drifts due to mechanical instabilities in the optical path would lead to a syn-

chronous change in both laser’s phase in the interferometer, therefore being distin-

guishable from frequency drifts between both lasers, as these aren’t mode locked to

each other. Qualitative statements about the relative frequency stability of both lasers

could be made: As the HeNe was running more stable than the blue laser diode, phase

drifts in the interference signal were faster for the latter diode and could be referenced

to the relatively stable phase of the HeNe signal. The search for an optimal current

setting of the blue laser diode could be undertaken, until the velocity of its phase drifts

was reduced. This enabled to further reduce the relatively high frequency instability

of the blue laser diode, detrimental for the analysis of the entangled state (See section

(3.1.3.2)).

Count Rates and Coincidence time measurement As outlined in section 2.4.,

the violation of a Bell inequality defined for photons with a state encoded in the energy-

time basis will be necessary, in order to univocally prove the entangled nature of the

photon pairs. When measuring coincident photon events for tA−tB = 0 the coincidence

count rate RA,B
+,+(φA, φB) = R0/4 · (1 + V · cos(φA + φB)) and the correlation function

E(φA, φB) = 4PA,B
+,+ (φA, φB) − 1 = V cos(φA + φB) could be extracted.

The measurements were performed such that each of the H and V polarized SPDC pho-

tons were coupled into distinct interferometers and one output of each interferometer

was finally coupled into a multimode fibre. The single count rates PA
+ (φA) and PB

+ (φB)

in each of the detectors were measured on a counting device (DT340). Count rates of

2000/s and 2500/s photons could be observed for each interferometer respectively for

an applied pump diode current of 48,9mA (Of course, approximately one half of the

photons take the other interferometer output). Losses in the interferometers account

for the relatively low count rates with respect to count rates of 8000-9000/s as mea-

sured before coupling the photons into them. This could be evaluated by measuring

the loss rate with a 812nm diode, yielding a total loss of (42 ± 2)% for the Hybrid

interferometer. These can be attributed to the coupling and reflection losses of 10-20%

in each of the 3 fibre couplers. Similarly, coupling losses into the SM and MM fibres

implemented account for a total loss of (49 ± 2)%, for the Free Space interferometer.

As expected for these interferometer types with a path length difference ∆L much

higher than the coherence length of the SPDC photons lc, no interference in the single

count rates could be observed.

Further on, the coincidence count rate PA,B
+,+ (φA, φB) between the photon pairs was

measured by triggering the start and stop timing measurement on a TDC measure-

ment card with each of the APD’s output signal:
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Figure 4.7: Measurement of the time of arrival difference between both correlated photons being coupled

into their respective analyzer interferometers with the TDC measurement device. The integration time

corresponds to 30s and the time bin width corresponds to 82ps. The count rates of the central peak are

proportional to the amplitudes of both |0〉A|0〉B and |1〉A|1〉B biphoton states overlapping with respect

to the coincidence time, while both side peaks correspond to the biphoton states |0〉A|1〉B and |1〉A|0〉B
respectively. Two dotted lines delimiting the range of the postselection window are displayed, such as

to select only the count rates distributed around the central peak for posterior analysis. The reason for

the side peaks splitting is not known, yet.

Three coincidence time peaks are recorded in Fig. (4.7.), which correspond to the four

biphoton states |0〉A|1〉B, |0〉A|1〉B) and the states |0〉A|0〉B) and |1〉A|1〉B). The latter

two states are indistinguishable and overlap such that the measured coincidence times

are distributed around the central peak. Therefore, a postselection measurement be-

tween the two time intervals marked in Fig. (4.7.) is made, in order to measure only

the sum of the count rates distributed over the central peak.

It is to note, that the TTL output signal of the detectors had a logic level of 2,6V,

which mismatched from the minimum required trigger level of 3V of the Acam TDC

card. Therefore it was decided to transform the TTL signal into a NIM signal such

as to be reconverted by a NIM to TTL converter with a logic level of 3V, sufficient

for triggering the counts at the TDC card. The additional processing of the detector’s

electronic signal might be the reason for the side peaks splitting up as observed in Fig.

(4.7.). Nevertheless, no splitting in the central peak was observed. Measurements on

the output signals of both interferometers with a fast photodiode enabled to rule out a

possible optical reason for this effect.
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Coincidence count rates of nearly 20-30/s could be observed distributed between all

three peaks, what corresponds to only about 8% of the coincidences before the inter-

ferometers (13,5% coincidence/single ratio). A rough approximation suffices to show

that this fact is accounted for by the losses in the single photon count rates of 42%

and 49% measured in each interferometer, as, due to their random nature, these will

contribute to the squared amount of losses in the coincidence counts. The expected

rate of ≈ 8, 9% corresponds very closely to the value measured above. This already

hints at the necessity of reducing the losses in the interferometers by the use of suited

anti-reflection coatings on the fibre interfaces, for example.

Two-photon correlation and violation of a CHSH inequality It could be ob-

served that for a fixed integration time, the postselected coincidence count rates show

a large variation with a change in the path length difference in each of the interferome-

ters, while the count rates of the side peaks only suffer slight deviations from an average

count rate. This observation can be accounted for by two photon interference between

both postselected biphoton states with a change on both phase settings φA and φB of

the interferometers. This characteristic and the fact that single count rates remained

constant enables to apply the special CHSH Bell inequality as derived in section 2.4.:

S = |3E(Φ) − E(3Φ)| < 2 (4.1)

yielding a minimal visibility V

S = 2
√

2V < 2 ⇒ V ≥ 1/
√

2 ≈ 0, 707 (4.2)

where E(Φ) = V ·cos(Φ) is the correlation function depending only on the sum of Alice’s

and Bob’s phase settings Φ = φA + φB. A change in any of the two phases will show

a cosinosoidal change in the coincidence count rate RA,B
+,+(Φ) = R0/4 · (1 + V · cos(Φ))

and in the correlation function E(Φ).

This is the behaviour actually measured, as depicted in Fig. 4.8, while changing the

phase in the Free Space interferometer with a glass plate mounted on a rotation motor:

It is possible to observe that the coincidence count rates can clearly be fitted by a si-

nusoidal function parameterized as Rc = C(1 +V sin[2π(x+φ)/α]) as a function of the

glass plate tilting angle period α and phase φ. The linearity between the tilting angle

of the glass plate and the phase shift acquired by the photons holds approximately

for small tilting angles. The visibility of the fitted interference fringes corresponds to

V = 86, 39 ± 4, 12%.

Accidental coincidences are registered by the TDC, too, whose average value is given by

the lower bound depicted in Fig. (4.8). These are determined by the finite probability

that two dark counts of the detectors or a dark count and a single SPDC photon whose
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Figure 4.8: Scan of the sum of the postselected coincidence count rates distributed around the central

peak (A) and around one side peak (B) in dependence of the tilting angle of a glass plate on the Free

Space interferometer. With the tilting of the glass plate the phase setting φA in this interferometer is

changed. The variation of the measured coincidence rates can clearly by fitted by a sinusoidal function

Rc = C(1 + V sin[2π(x + φ)/α]) yielding a two-photon interference visibility of V = 86, 39 ± 4, 12%.

After subtracting the measured accidental coincidence count rate delimited by the dotted line, a visibility

of VAC = 94, 70 ± 4, 53% can be fitted. No interference can be observed in the count rates of the side

peak, as expected.

pair has been absorbed in one of the interferometers are measured as coincident by

the TDC over the postselection window’s time width. With the TDC they could be

directly measured by counting the coincidences inside a postselection window with the

same width as chosen for the central peak, but placed some ns far away from where

a coincident count is expected. The measured average accidental coincidence rate was

1,095/s. The net visibility which can be fitted when subtracting this offset value cor-

responds to VAC = 94, 70 ± 4, 53%.

The observed visibility therefore clearly exceeds the bound of V ≥ 1/
√

2 ≈ 0, 707

for a LHV theory. The Bell parameter reads as S = 2, 443 ± 0, 117 > 2 and as

SAC = 2, 679 ± 0, 128 > 2 when subtracting the accidental coincidences, such that

the energy-time CHSH inequality is violated by 4 and 5 standard deviations, respec-

tively. According to the reasoning in section (2.5) the considered biphoton states are

energy-time entangled.

It is clear however, that this experiment isn’t designed to close the most important

loopholes inherent to the formulation of a Bell inequality for this experimental setup.

As the detection efficiencies are below the minimal required levels of η ≥ 66% [57], the

detection loophole isn’t closed, while the locality loophole isn’t closed for the interfer-

ometers being situated at less than 2 meters from each other and the phase settings

are not switched on a timescale lower than the propagation time of light between the

source and the analyzer devices. However this loophole could in principle be closed by

switching Alice’s and Bob’s phase settings with a phase modulator driven by a random
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signal generator.

It is to note, that as it was not completely possible to suppress all background counts

attributed to the stabilization laser passing through the Hybrid interferometer, the

counting of wrong counts from the HeNe laser would have resulted.

This had to do with the fact that the optical chopper method described in section

(3.1.3) still suffered from another problem. Due to the extension of the spatial modes

of the HeNe laser guided through the fibre, they weren’t completely blocked when the

chopper blades edges were situated on the centre of the mode. This means that during

the short switch intervals between the measurement and stabilization time a small com-

ponent of the HeNe spatial mode was still transmitted to the MM coupler. Additional

filtering with a set of long-pass filters didn’t suffice to reduce the wrong count rates.

This problem couldn’t be fixed completely in the short time available. However, as it

was sufficient to measure with low integration times of 2s, the total measurement times

were reduced to less than 2 minutes, such that only small fluctuations in the relative

phase of the hybrid interferometer were expected during this time. In fact, during the

measurement it sufficed to stabilize only the Free Space interferometer, while the stabi-

lization laser wasn’t guided through the Hybrid interferometer. The main contribution

to the deviations of some measurement points from the fitting function observed in Fig.

(4.8) could be due to this fact.

4.2 Time-bin experiment

4.2.1 Pulsing of the blue laser diode

Timing considerations For the time-bin experiment a pulsed laser has to be used.

Several timing criteria have to be met by diode lasers in order to be implementable in

the experimental setup designed before. A first stringent criteria to be met is that the

pulse width ∆tD still remains smaller than the time delay ∆T a photon pair acquires

in their respective interferometers. Limited by the timing resolution of the detectors,

a minimal time delay ∆T > 2ns has to be chosen.

The second limitation is given by the Hilbert space dimension d of the entangled state

to be encoded. The initial pump pulse would be split up into a succession of d pulses

by the preparation interferometer, while the SPDC photon pairs created are delayed

additionally by the analyzer interferometers. The photons acquire a total maximum

time delay of (2d − 1) · ∆T . In order to avoid the overlap of photons created by

subsequent pulses of the laser diode, the time delay has to hold to the condition (2d−1)·
∆T < ∆tRR = 1/FRR with the time delay ∆tRR between subsequent pulses. Concretely

for 2, 4 and 8 dimensions in the Hilbert space, a maximum repetition rate of FRR,2 =

166, 6MHz, FRR,4 = 47, 62MHz and FRR,8 = 33, 33MHz shouldn’t be surpassed for
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this reason.

Measurements For this experiment a pulsed laser diode fulfilling these requirements

has to be implemented. The first practical problem arises due to the fact that only

ps-pulsed blue laser diodes are commercially available, which don’t offer the possibility

to operate them in the CW modus. This has an important disadvantage related to the

experimental conception:

The best way to adjust the mode overlap at the unbalanced preparation interferom-

eters required for this experiment is by maximizing the interference visibility of two

overlapping spatial modes. This cannot be done with a laser diode in pulsed operation

as the required coherence length is much smaller than the path length difference to be

introduced. An alternative solution based on the implementation of a suited SM fibre,

such that either a pulsed or a CW laser can be coupled into it and guided through

the same path through the interferometer, would have the disadvantage that the laser

pulse would be exposed to additional dispersion.

Therefore it was chosen to pulse the implemented blue laser diode directly, regardless

of the fact that tests on the pulsed operation of these diodes weren’t available. For

this purpose a high speed pulse generator (AvTech AVM-1-C) was available, with vari-

able pulse widths between 250 ps and 6ns and a rise time down to 100ps. The maximal

pulse height corresponds to 5V and the maximal pulse frequency of the device is limited

to 25MHz, lower than the minimal frequency allowed by the experimental conditions.

The time reference of this pulse generator had to be triggered by an additional pulse

generator, in this case we took a SRS345 model with a maximum settable frequency of

30MHz.

Nevertheless the optimal pulsed operation of the diode couldn’t be warranted with this

device, as the pulse and bias current applied to the diode could only be indirectly set

by adjusting the offset voltage and the pulse height falling off at the diode’s resistance.

With a diode characteristic not behaving ideally linear, the manual adjustment of the

ideally suited pulse height is difficult. Possibly due to this reason the pulses of the

diode driven with this device were accompanied by an unwanted pulse background

reaching about 13% of the maximal optical pulse height (See Fig.(4.9)). In addition,

as a possible damage of the blue diode on its long term operation could take place, this

possibility would have to be circumvented.

Luckily, a laser diode driver evaluation board with a laser driver chip (ATMEL ATR0885)

designed for driving blue laser diodes was provided by ATMEL. Research on these blue

laser diode drivers has been an ongoing effort since the introduction of DVD players

with blue laser diodes, such that these laser diode drivers have been tested to offer a

high reliability. However the suitability of this driver for driving the diode laser with

sub-ns pulse widths had to be tested.
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Figure 4.9: Optical output power of a blue laser diode directly pulsed by a ps pulse generator, as mea-

sured on a fast photodiode and displayed on a 10GHz bandwidth oscilloscope. The measured background

intensity reaches up to 13% of the maximal pulse power.

The corresponding outputs of the laser driver chip had to be connected to the laser

diode (NDHV310APC diode of Nichia, maximum output power of 60mW) with a BNC

cable as short as possible, in order to reduce the noise signals the cable could acquire. In

order to prevent reflections of the electronic pulse signal at the diode back into the laser

driver chip, an additional resistance of 300 Ohm was applied in parallel between the

diode’s cathode and anode. By this way, the operating diode resistance Rop = 52, 94Ω

above the laser threshold is adapted to the chip’s output closure resistance of R = 50Ω.

Basically, the laser diode driver allowed to apply a fixed bias current to the diode, while

its pulse height could be independently controlled by the application of a modulated

pulse current with inverse polarity on the cathode of the diode. Therefore, effectively a

pulse with positive polarity is applied between the diode’s anode and cathode. However,

a reference pulse generator generating pulses with a sub-ns width has to be applied on

the laser diode chip, such as to trigger the electronic pulses applied on the diode. The

laser driver was suited to be driven by a single signal with logical levels of 3V or by a

differential signal, with differential logical levels of 0,5V.

Nevertheless, both the rising and falling edge of the electronic input pulse triggers the

start and stop time of the electronic pulse on the diode respectively. Therefore, the

width of the electronic signal at the diode is effectively determined by the pulse width

of the pulses from the pulsing device. For this reason the same AvTech pulse generator

was applied to trigger the laser diode driver in single signal operation. For this purpose

the maximal pulse height of 5V was ideally suited. However, using this device limited

the repetition rate of the pulsed laser to 25MHz.

Alternatively, a sub-ns pulse generator developed in the group for cryptographic exper-

iments generating a differential pulse signal was tested for triggering the laser driver.

However the differential signal offset levels weren’t suited to the required levels of the

driver chip. A modification in the design of this electronic component should suffice to

adapt it to the required logic levels in the future. This would offer the advantage that a
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higher repetition rate than 25MHz could be achieved, such as to maximize the average

power of the diode laser. It is to note, that for the pulsed operation with frequencies

higher than 40MHz a reduction in the lifetime of a pulsed diode could be observed 4.

The optical output signal could be coupled into a fast photodiode (SUV7-FC of Thor

Labs) and displayed at a 10GHz oscilloscope (Agilent 80000B Series Infiniium). It could

be demonstrated experimentally that the laser driver was suited for driving the diode

with ps pulses down to a FWHM of 176ps for an optical pulse power of 50mW, as

depicted in Fig. (4.10 A). In order to achieve higher average pulse powers, an increase

of the optical pulse area would be of advantage. However, for FWHM pulse widths

higher than 500ps a variation of the pulse form could be observed (Fig. (4.10 B)). A

possible reason for this effect are relaxation oscillations between the photon density and

the charge carrier density in the laser diode, as long as a short electrical pulse with a

width larger than the relaxation time is applied on the diode [58]. For relaxation times

shorter than the width of the applied electrical pulse, no modulations in the pulse form

can be observed. This is the qualitative behaviour which can be inferred from Fig.

(4.10).

A B

Figure 4.10: Optical output pulse power as measured with a fast photodiode and displayed on a 10GHz

oscilloscope. A minimum FWHM of 176ps could be achieved for an maximal pulse power of 50mW (A).

For higher pulse widths a modulation of the pulse form could be observed (B). This behaviour is possibly

due to relaxation oscillations between the laser diode’s energy level populations.

As could be measured on a multimode blue diode (NDH310AFBE1) with 200mW of

maximum optical power, the laser diode driver is suited for pulsing a blue laser diode

with a peak power of 115mW and a FHWM of 167ps (See Fig. (4.11)). However, as

the frequency operation of this diode is multimode, it isn’t suited for this experiment.

This measurement shows that it would be possible to pulse a 60mW diode with almost

the double of its CW corresponding maximum power without a significant increase in

its pulse width. Nevertheless, as the performance and lifetime of a pulsed blue diode

4Observations by Picoquant, a company related to the production of ps-pulsed laser diodes
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wasn’t known under these conditions, this wasn’t tried.

Figure 4.11: Optical output pulse power of a blue laser diode with 200mW of maximal output power

as measured with a fast photodiode and displayed on a 10GHz oscilloscope. A minimum FWHM of

167ps could be achieved for a maximal pulse power of 115mW.

Spectrum of a pulsed blue laser diode and pulsed down conversion process

As measured with a 0, 25nm resolution spectrometer, the spectrum of a pulsed laser

diode was shifted by up to (0, 75 ± 0, 25)nm with respect to the central wavelength of

the predominant mode at 401, 47nm in the CW operation modus (See Fig. (4.12)).

Figure 4.12: Measured spectra for the pulsed (A) and the CW (B) operation of a blue laser diode

with a 0,2nm resolution spectrometer. A shift of (0, 75 ± 0, 25)nm between the central wavelength of

both spectra could be observed. The displayed fitting function is a Gaussian.

The reasons contributing to this rather large change can be associated to a change in

the temperature and in the average current which is applied onto the diode during the

pulsed operation. This is a factor which has to be accounted for when pumping a down

conversion crystal for creating correlated SPDC photons. As the emission directions ~ks

and ~ki of the correlated photon pairs are bound by the phase matching condition (2.7.)

and (2.8.), they will be slightly changed with a variation in ~kp = 2π
λp

, the wave vector
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of the pump photons. The coupling into the single mode fibre will be lost.

For a 1MHz pulsed laser diode (Nichia NDH310AFBE1) with 30mW of maximal output

power the optical power PP corresponded to 2,05% of the measured optical power

PCW for the CW operation. Nevertheless, the measured coincidence count rates were

negligible with respect to the measured count rates of CCW = 458/s for the CW

operation.

A slight heating of the pulsed laser diode helped in shifting the frequency back by

0,3nm, but only with a readjustment of the coupling of the SPDC photons into the

single mode fibre, the expected reduction in the count rates η = CP

CCW
= 1, 8% ≈ PP

PCW

could be measured.

These readjustments in the SPDC photon coupling will have to be done, when running

the laser diode in pulsed operation instead of in the CW modus.

4.3 Conclusion

The Hybrid and Free Space interferometer configuration is well suited for being im-

plemented for higher dimensional entanglement. Both interferometers offer similar

stability characteristics over up to 6 hours of measurement time, what enables them to

be used in experiments, where measurements are to be performed over long integration

times.

As it was easier for the Hybrid interferometer configuration to achieve a high indistin-

guishability between both overlapping modes, this type should be preferentially used

in a higher dimensional entanglement experiment, requiring the connection of several

interferometer arms.

Measurements were limited on the study of the energy-time correlations of the SPDC

photon pairs in the two dimensional Hilbert Space. These were inconsistent with the

results predicted by a LHV theory, as a corresponding energy-time CHSH inequality

could be violated by up to 5 standard deviations. A quantum mechanical model could

be applied in order to understand the observed energy-time correlations.

Preparatory measurements for the time-bin experiment, such as the pulsing of the blue

laser diode implemented, were performed. The pulsing of the diode with a required

minimal pulse width below the detector’s timing resolution could be achieved.
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Chapter 5

Future Prospects

Here, the details about future possible realizations and implementations of higher di-

mensional entangled states are discussed. The experimental scheme which can be em-

ployed is described in detail.

In parallel, several theoretical proposals can be further investigated with the help of

higher dimensional states. Only to name a few, the violation of a Bell inequality for

higher dimensional bipartite systems or the experimental implementation of a Kochen-

Specker theorem can be explored.

5.1 Experimental Prospects

5.1.1 Time-Bin experiment in higher dimensions

As discussed in the theoretical section (2.3.2.), the scheme chosen for encoding the

SPDC photons in a higher dimensional Hilbert state is a natural extension of the time-

bin entanglement scheme, with the implementation of multiple-path interferometers.

A preparation and two analysis interferometers with up to 3 interferometer arms are

necessary for preparing and analyzing the photon states in a 8 dimensional Hilbert

space.

Nevertheless, as discussed in the Appendix A, the high inefficiency in the preparation

and analysis process as well as losses in each of the interferometer arms contributes to a

high decrease in the coincidence count rate. Therefore the pumping of a PPLN waveg-

uide yielding down-conversion efficiencies up to 4 orders of magnitude higher than for

the BBO-setup used here is recommended.

The pulsed character of the source allows the implementation of phase modulators,

which can be driven triggered to the repetition rate of the laser, such that a distinct

phase setting φ0,φ1,...,φd−1 can be applied for the entangled SPDC photons created in

distinct time bins. It is to note however, that this requires to drive the phase mod-

ulators with a pulse pattern modulated on a frequency scale of 500MHz. This is the

87
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frequency range required such as to switch the phase setting every 2ns, the time delay

between the distinct time bins. Nevertheless, a non trivial solution to this problem con-

sists in driving the phase modulators by Field Programmable Field Arrays (FPGAs)

triggered by the laser repetition rate. Alice and Bob can be provided with two distinct

phase modulators such as to analyze the entangled state.

Under these conditions the photons can be prepared and analyzed in an d ≤ 8 dimen-

sional entangled state:

|Ψ8〉 = ei(φA,0+φB,0)|7〉P |0〉A,B + ei(φA,1+φB,1)|6〉P |1〉A,B + ...+ ei(φA,6+φB,6)|1〉P |6〉A,B +

ei(φA,7+φB,7)|0〉P |7〉A,B.

Stabilization scheme for the multiple-arm hybrid interferometer As dis-

cussed in section (3.1.3), the stabilization scheme of a multiple-path Hybrid interfer-

ometer is not straightforward: An independent active stabilization scheme is required

for each interferometer arm appended in series. This requires to extract the two out-

put modes of the stabilization laser directly after overlapping on the second fused fibre

coupler of each interferometer arm, while the stabilization laser for the previous arm

has to be coupled into the same second fused fibre coupler (See Fig. (5.1)).

As the stabilization laser is guided through the interferometer configuration sharing

exactly the same mode as the SPDC photons, the spatial discrimination between both

modes is not trivial. To simplify this task, the wavelength of the stabilization laser

and of the SPDC photons have to be chosen to be dichroically separable, for example

a HeNe laser at 632.8nm and SPDC photons at 805nm. In this case, standard dichroic

optical components can be used to discriminate between both wavelengths.

The simplest solution based on a dispersion prism wouldn’t work: The stabilization

laser mode HeNe1 of the first interferometer arm in Fig. (5.1) has to be extracted on

both outputs of the middle interferometer arm. Nevertheless, the stabilization mode

HeNe2 introduced in the prior interferometer arm meant to stabilize this middle arm

would be extracted too by the same dispersion prism. The same problems holds for a

HeNe laser mode HeNe3 used to stabilize a third interferometer arm. A discrimination

based on the employment of dichroic mirrors would cause similar problems.

Additionally, it is difficult to warrant that the SPDC photons don’t suffer from addi-

tional transmission losses due to a reduced transmission at these optical components.

Under these circumstances, it is obvious that the additional discrimination between the

different stabilization laser beams is necessary.

A discrimination scheme based upon the implementation of polarizing beamsplitters

suited for a wavelength of 630nm, but still offering a full transmission of the SPDC

photons at 805nm would enable to discriminate between different stabilization lasers

by their polarization, adjusted at the respective fibre polarization controllers of each

interferometer arm. In parallel, the same polarization controllers have to be used to
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adjust the polarization state such as to be the same for both the long and short path

in each interferometer arm. However, as observed in optical fibres, the rotation in the

polarization state is wavelength dependent, therefore making an optimal adjustment

on the polarization of both wavelengths difficult.

A different approach to discriminate between all three laser beams is to use the method

of frequency modulation and demodulation, as it is routine in the conversion and re-

conversion of radio frequencies: A carrier signal is modulated with a signal frequency

to be transmitted. At the point of reception it is demodulated again, such that only

the carrier signal can be filtered out. Similar techniques are standard in the field of

Frequency Modulation (FM) Spectroscopy.

In this case, the modulation of the respective HeNe laser frequency with a different

modulation frequency Ω1, Ω2 and Ω3 would be necessary, such that even if both laser

beams are spatially indistinguishable, they can still be discriminated by demodulating

their respective frequencies. A schematic of this procedure is given in Fig. (5.1).

The modulation of the HeNe laser frequency can be achieved by the implementation

of Acousto Optical Modulators (AOMs). The refraction of first order m = 1 yields

the special characteristic, that its frequency is Doppler shifted by up to Ω = 400MHz

with respect to the laser frequency ωHeNe. Additionally, the amplitude of the wave is

modulated between 0 and up to 80%.

The frequency and amplitude modulation can be parameterized as fHeNe,i(t) → f(ωHeNe+

sin(Ωi · t)) · (1 +αsin(ΩA,it+φ)) with the amplitude modulation (1 +αsin(ΩA,it+φ))

and the frequency variation f(ωHeNe + sin(Ωi · t)).
Nevertheless, as long as the coupling α between frequency and amplitude modulation

is small, the modulation (1 + αsin(ΩA,1t + φ)) in the amplitude in the HeNe laser

amplitude will be of no relevance here, as the modulation frequency ΩA,1 ∝ 1MHz is

much higher than the inverse response time 1
tR

≈ 100Hz of the piezos used to stabilize

the interferometers (See section (3.1.3).

As depicted in Fig.(5.1), both laser beams can be extracted by a 50/50 beamsplitter

applied on the path of both interferometer outputs. The choice of a 50/50 beamsplitter

designed for 630nm ensures that half of the component of the HeNe1 and HeNe2 laser

beams are still transmitted. Placing another 50/50 beamsplitter on the other interfer-

ometer arm ensures that the losses in both long and short paths are the same and that

therefore the interference visibility at the second fibre coupler isn’t reduced. In order

to minimize losses for the 805nm SPDC photons the same beamsplitter coatings should

be suited for fully transmitting the SPDC photons at 805nm.

For example, both the HeNe1 and HeNe2 modulated with different frequencies Ω1

and Ω2 are reflected on the same output mode of a BS. The sum of both signals

fHeNe,1(t) and fHeNe,2(t) is measured on a photodiode with a bandwidth higher than
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Figure 5.1: Schematic representation of a possible stabilization scheme for a 3 arm Hybrid interfer-

ometer based upon the modulation and demodulation of the HeNe laser signals. Each interferometer

arm is comprised by two fused fibre couplers and a free space path implementing the double path length

difference with respect to the previous arm. The frequency modulated HeNe laser beams with three dif-

ferent frequencies Ω1, Ω2 and Ω3 are coupled into the respective interferometer arms by making use of

suited 50/50 Beamsplitters at 630nm. After having followed the path of the corresponding interferom-

eter arm, each HeNe laser beam, containing the contribution of up to three frequency modulated HeNe

lasers, is extracted by another BS situated after the respective outputs of each interferometer arm. Sub-

sequently, the amplitude of each HeNe laser is measured on a photodiode and its output signal applied

on a frequency mixer. The mixing with the corresponding oscillator signal with frequencies Ωi and the

application of a suited frequency filter allows to extract the DC signal proportional to the amplitude of

the HeNe laser stabilizing the respective interferometer arm. Both corresponding DC output signals can

be used to stabilize each interferometer arm independently. The SPDC photons coupled into this set of

interferometers can finally be extracted at the outputs by making use of suited dichroic mirrors.

the modulation frequencies of the AOMs. A scheme for extracting the DC output signal

corresponding to each modulated signal of a specific HeNe laser beam is described in

the Appendix C. Only frequency mixers and filters are required for this purpose. The

output signals extracted at the respective outputs of each interferometer arm can be

used in order to implement the active stabilization scheme described in this work.

The scheme works analogously when more than two different modulation frequencies
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have to be demodulated. Nevertheless, in order to avoid the expansion into terms with

higher harmonics, the respective modulation frequencies Ω1,Ω2 and Ω3 have to be cho-

sen such as to be no multiple of each other.

5.2 Theoretical Prospects

5.2.1 Higher Dimensional Bell Inequality

The demonstration that higher dimensional maximally entangled states (i.e. qudits)

more strongly violate a local realistic theory than a two dimensional states (i.e. qubits)

[40] has motivated the formulation of Bell inequalities for these systems by different au-

thors, such as Peres [20] or Collins et al. [59]. A maximally entangled state in a higher

dimensional Hilbert space is defined as |Ψ〉 = 1√
d

∑d
m=1 |m〉A|m〉B, a state which is

considered in this work.

In [59] the constraints on possible correlations between bipartite qudits could be for-

mulated by an expansion of the CHSH inequality, showing that the largest violation of

local realism could be expected in the limit d → ∞. Nevertheless, Bell inequalities of

this type have to be further analyzed in detail such that the required observables to

be measured can be adapted to the time-bin entanglement scheme as regarded in this

work.

5.2.2 Possible implementation of a Kochel Specker Theorem

Similarly, the possibility to test non-contextual hidden variable theories, first termed

by Kochen and Specker [60], is given for higher dimensional entangled states. A non-

contextual theory is defined by the characteristic that the expected measurement out-

comes are independent of the context of the measurement process, i.e. independent of

the special characteristics of the measurement device. The theorem states that a theory

based upon the assumption of hidden variables determining its measurement outcomes

(value dependency) isn’t compatible with the assumption of non-contextuality.

In this sense, the test of a non-contextual hidden variable theory would enable to fur-

ther restrict the class of possible hidden variable theories. It is to note that non-local

hidden variable theories as proposed by Bohm [61, 62], which are intrinsically contex-

tual, aren’t classified in this category.

Several proposals exist for displaying the incompatibility between both assumptions of

non-contextuality and value dependency for higher dimensional Hilbert spaces up to

d = 4. A proof by Cabello et al. [63] requires that for an individual system in H4, 4

propositions Pu(represented by a projector Pu = |u〉〈u|) P1,P2,P3,P4, corresponding to

the four distinct eigenvalues q1, q2, q3, q4 with possible yes-no outcomes qi = {0, 1},
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are considered.

The constraints derived for the measurement outcomes on a system described by quan-

tum mechanics would require to test up to 18 different measurement result configura-

tions {q1, q2, q3, q4}. As these constraints cannot be fullfilled by all these configurations,

the inconsistency of the assumptions of non-contextuality and value dependency can

be derived.

The verification that these constraints cannot be fullfilled for a quantum system and

that therefore Quantum Mechanics isn’t compatible with a non-contextual hidden vari-

able theory, can be provided for a higher dimensional system as considered in this

work. Nevertheless, the details about the experimental realizations have to be further

discussed.

Other experimental tests were proposed for example in [33].

5.2.3 Possible emulation of Continuous Variable Systems

Due to their increased robustness with respect to decoherence, continuous variable

systems, such as Gaussian states, play an important role in the field of quantum infor-

mation [64]. Naturally present as coherent light emitted for example by lasers, these

states are characterized by a Gaussian distribution function in the phase space as well

as a Gaussian density operator in the Fock space. Bipartite Gaussian states have been

proven to be well characterized by their separability, being an important advantage for

the manipulation of quantum information encoded in these states.

These states are defined in an infinite dimensional Hilbert space, but an interesting

possibility would be to emulate their characteristics for low dimensions with a quan-

tum system as described in this work. This would allow to study their entanglement

properties in more detail.



Appendix A

Coincidence count rates for a

higher dimensional entangled

time-bin state

Another important question relevant for the development of the experiment are the

coincidence count rates to be expected for a higher dimensional state. For low coinci-

dence count rates, the measurement times have to be extended accordingly and a high

stability of the interferometers over these time intervals would have to be ensured. For

the higher dimensional time-bin entanglement scheme as treated in section (2.3.2), the

SPDC photon pairs can be detected in any of the 2d-1 detection time windows in the

tA − tB − tP time basis after traversing the preparation and analysis interferometers.

However, only SPDC photon pairs post-selected in any of these windows would be

indistinguishable with respect to each other and be maximally entangled. As the de-

tection times of the SPDC photon pairs are randomly and equally distributed over any

of the 2d−1 detection windows, a total detection probability of d ·/2 · (1/2)2d−1 can be

evaluated for the higher dimensional entangled state with dimension d. The additional

factor 1/2 denotes the losses at the final beamsplitter of the interferometers, when

only one output is coupled, while the factor d denotes that up to d different triggered

coincidences can be detected in this PW. For a 4 and 8 dimensional Hilbert space a

reduction of the coincidence count rate by a factor of 32 and of 8192 can be expected,

respectively.

In analogue, another limiting factor which has to be considered is the loss rates at

each of the interferometer arms implemented, which can be parameterized as P =

(1−PIF )(5log2d) as a function of the dimension d. Here the loss rate PIF in each of the

m = log2d arms of the required preparation and analysis interferometer configurations

is introduced and is assumed to be equal for all arms and interferometers. Losses in the

two analyzer interferometers contribute to the squared amount of losses (1−PIF )(2log2d)
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in the final coincidence count rate: Is a photon lost on one of the interferometer arms,

will the coincidence not be registered even if the correlated photon isn’t lost, and vice

versa. Nevertheless, as these losses are of statistical nature, any of the photons of a

pair can be lost in any of the interferometer configurations.

Making the realistic assumption that the total loss rates can be reduced down to

PIF = 25% (See section (2.2.4)) yields a reduction of the coincidence count rate by

a factor of 23 and of 99 for photons encoded in a 4 and 8 dimensional Hilbert space,

respectively.

These two points make clear that the maximization of the efficiency of the SPDC pro-

cess has to be improved, in order to warrant a suitable coincidence count rate.

In order to approximate the rate of coincident SPDC photons, the number of pump pho-

tons emitted by a pulsed laser diode has to be calculated. Pulsing a diode with the max-

imal output power per pulse of PP,max = 60mW , a Gaussian FHWM of ∆tD = 0, 6ns

and a repetition rate of FRR = 33MHz will lower the average power to PP ≈ 1, 98mW .

The energy per pulse can be approximated as EP =
∫ ∆tP
0 dt ≈ PP · ∆tP = 36pJ when

using the peak power PP,max of the diode. To each pump photon of λ = 403nm corre-

sponds an energy of EPh = h · c/λ = 4, 92 · 10−19J , such that the mean photon number

emitted with each pulse amounts to NP,max = EP

EPh
= 7, 3 ·107/s. The blue photon rate

will therefore correspond to NP · FRR = 2, 41 · 1015/s. Are the pump photons to be

down-converted into two SPDC photons by a BBO crystal as considered in our setup,

only each 10−10th pump photon will undergo this process. A further reduction can be

expected for this setup, as only a small portion ηFilter = ∆λFilter

∆λFilter
of the photons has to

be filtered out by an additional filter, such as to minimize the dispersion at the optical

fibres implemented.

Under idealized conditions, with detector quantum efficiencies of up to 60%, single count

rates of SBBO = 22000/s and coincidence count rates of CBBO = 4300/s for a single to

coincidence ratio of 20% can be accounted for under these settings. Considering again

the high inefficiency of the preparation and analysis of the states described above, very

low count rates of higher dimensional entangled photon pairs can be expected. With

additional losses given by each interferometer, the coincidence count rates would even

be lowered to CBBO,4 ≈ 6/s and to CBBO,8 ≈ 5 · 10−3/s for the 4 and 8 dimensional

case.

These the reasons why SPDC photon pairs created on Periodically Poled Lithium Nio-

bate (PPLN) waveguides are considered for a future experimental implementation.

Indeed, this special arrangement of down-conversion crystals allows to yield a down-

conversion efficiency ∝ 10−6 [65], 4 orders of magnitude higher than for conventional

BBO crystals. A SPDC photon count rate of SSPDC,PPLN = 10, 4 · 107/s and a coin-
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cidence count rate of CSPDC,PPLN = 2, 89 · 107/s can be expected for this device 1.

Considering both the inefficiency of the preparation and analysis of the higher dimen-

sional state, as well as the losses in each interferometer arm, a total reduction in the

count rates by a factor of 736 and of 8, 1 · 105 for 4 and 8 dimensional entanglement

respectively can be assumed. Under idealized conditions, coincidence count rates of

40000/s can be assumed for a 4 dimensional entangled state while for 8 dimensional

entanglement this rate would be reduced to 36/s. With count rates of this magnitude,

measurement times of up to 1 hour would completely suffice.

Nevertheless, as an increase in the probability for creating multiple photon pairs could

be measured in [65] for higher average pump powers, a compromise has to be found

between the expected increase in the multiple photon pair creation (See section 2.4.3.)

and the coincidence count rates required. If a coincidence count rate not lower than

0, 1/s has to be warranted, the average power of the pump source can be reduced ac-

cordingly such as to diminish the probability for multiple photon pair creation. The

pump power per pulse would have to be reduced by a factor ≈ 360 to PP = 166µW

in order to reach these coincidence count rates. Nevertheless, only the experimental

study of the source would allow to make exact statements about the required reduction

in the power per pulse.

1Again assuming a ratio of 20% between the single and coincidence count rates and quantum effi-

ciencies of the detectors of up to 60%
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Appendix B

Coincidence function in second

order quantization

A framework using second order quantized SPDC photon fields was used in section

(2.5) for evaluating the time-distribution of the SPDC photon modes due to dispersion,

based upon the detailed derivations as presented in [46]. A similar approach can be

chosen to evaluate the coincidence count rate Rc(φA, φB) between the photons encoded

in both biphoton states, corresponding to the integral over the second order correlation

function G(2)(τA, τB) = |A(τA, τB)|2 with the respective detection times of Alice’s and

Bob’s photon and the biphoton amplitude |A(τA, τB)| as defined in Eq. (2.43). A

similar approach was chosen in the original paper of Franson [35].

The aim is to derive the correlation function for both two-photon real valued amplitudes

α and β for both photons having taken the long or the short arm in their respective

interferometers.

The coincidence count rate directly after the down-conversion crystal reads as

R0 =
1

T

∫ T

0
dtA

∫ T

0
dtBG

(2)(τA, τB) =

1

T

∫ T

0
dtA

∫ T

0
dtB〈Ψ(2)(0, t0)|Ê(−)

A (rA, t
′
A)Ê

(−)
B (rB, t

′
B) ·

Ê
(+)
A (rA, t

′
A)Ê

(+)
B (rB, t

′
B)|Ψ(2)(0, t0)〉. (B.1)

Here the respective electric field operators Ê
(−)
m (r, t) of the down-conversion field are

defined as

Ê(−)
m (r, t) =

∑

km

em(ωkm
)âm[km(ωkm

)]ei(km(ωkm )r−ωkm t) + h.c. (B.2)

for general arrival times t′A = t0 + τA and t′B = t0 + τB with respect to their creation

time t0 at the crystal.
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The concrete temporal evolution of the SPDC two-photon state |Ψ(2)(0, t0)〉 won’t be

of interest here, as in this case the dispersion for both possible paths of the interferom-

eters is equal.

Only the transformation on the electric field amplitudes by the interferometers intro-

ducing the same time delay ∆T and with a general splitting ratio
√
α and

√
β will be

considered:

Êm(rm, t
′
m) →

√
αÊm(rm, t

′
m) +

√

βeiφAÊm(rm, t
′
m − ∆T ) (B.3)

In full analogy to [35], it can be shown that the coincidence function derived under

these conditions with both interferometers put into the path of the SPDC photons is

determined by

Pc =
Rc

R0
=

1/2(α+ βe−i[
(ωkA

+ωkB
)∆T

~
+φA+φB ])(α+ βei[

ωkP
∆T

~
+φA+φB ]) =

1/2(α2 + β2 + 2αβ cos(φA + φ′B)) (B.4)

with R0 being the coincidence count rate without any additional interferometer trans-

formation as defined by Eq. (5.1). An additional phase offset
ωkP

∆T

~
is given by the

wavelength of the pump photon. Under experimental conditions, the fluctuations in

the wavelength introduces an additional phase variation, as is explained in more detail

in section (3.3.2).

With reference to the notation chosen in section (2.2), the amplitudes α and β corre-

spond to the amplitude of the biphoton states |0〉A|0〉B and |1〉A|1〉B.



Appendix C

Demodulation of a MHZ

frequency modulated signal

The output signal of the photodiode is applied on a frequency mixer. A local oscillator

sin(Ω1 · t+φ) given by the modulation signal of the first AOM, is mixed with this signal

at this device.

A short proof of principle for the function of the frequency mixer can be given by

applying a Taylor expansion on the frequency modulated functions:

f(ω + sin(Ωit)) ≈sin(Ωi·t)→0 f(ω) + f ′(ω) · sin(Ωit) + f ′′(ω)
2 sin2(Ωit) + ...

The respective frequency mixers apply the transformation f(ω+ sin(Ωit)) · sin(Ωi · t+

φ) = f(ω) · sin(Ωi · t + φ) + f ′(ω) · sin(Ωit) · sin(Ωi · t + φ) + .... It can be shown

on these grounds that the non-oscillating part of the signal is limited to the uneven

expansion terms f ′(ω) cos(φ),f ′′′(ω) cos(φ), etc., depending only on the fixed relative

phase φ between the input signal and the local oscillator signal. This relative phase can

be set by changing the length of the BNC cables connecting the local oscillator to the

frequency mixer. Only even terms proportional to f(ω), f ′′(ω) will show an oscillatory

dependency on the frequencies Ωi and 2Ωi.

Therefore, in order to extract the DC signal proportional to the amplitude of the

corresponding HeNei beam, the discrimination of the non-oscillating output signals

has to be realized with suited frequency filters.
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